J. Adv. Math. Stud.
Vol. 4(2011), No. 2, 83-96

http://journal.fairpartners.ro

ON THE FURTHER UNIFIED THEORY OF
IDEAL GENERALIZED CLOSED SETS

JOSE SANABRIA, ENNIS ROSAS, CARLOS CARPINTERO AND MARGOT SALAS-BROWN

ABSTRACT. In this paper we introduce and study two new notions of sets called
J-mng-closed sets and mn-Jg-closed sets, which are defined on a nonempty set
with two minimal structures and an ideal. These sets enables us to obtain unified
properties for certain notions of generalized closed sets with respect to an ideal.
Moreover, we establish a new separation property called the class mn-T5, which
generalizes the class mn-T} 5 [17].

1. INTRODUCTION

After Levine’s work [12], where he introduced the notions of generalized closed
sets (briefly g-closed), many mathematician have been published their articles using
notions related with generalization of closed sets (see [1]-[2], [4]-[8], [10], [12]-[14],
[16], [18], [21], [23], [26], [29] and [32]). A particular attention is the article Unified
operation approach of generalized closed sets by J. Dontchev, M. Ganster and T. Noiri
[6], where they introduced and studied the notion of J-generalized closed sets (briefly
J-g-closed) using the notion of ideals on a topological space. Another mathematician
using the notion of minimal structures have been studied some unified approach of
generalized closed sets, as we mention some of them: mx-g-closed [27], mg*-closed
[19], mng-closed [17], m-Jg-closed [22] and J-mg-closed [20] (or mJg--closed in [31]).
In this work, in order to unify modifications of g-closed sets, we define and study
two new notions of sets called J-mng-closed sets and mn-Jg-closed sets, which are
defined on a nonempty set with two minimal structures and an ideal. Also, we
introduce a new separation property called the class mn-Tj, which generalizes the
class mn-T /5 [17].

2. PRELIMINARIES

On a topological space (X, 7) the following variants of the notions of open sets
are very well-known (see [1],[2], [4]-[23] and [26]-[32]). Semi-open sets, SO(X,7),
preopen sets, PO(X, 1), a-open sets, a(X,7) or 7%, semi-preopen sets or [-open
sets, SPO(X, 1) or B(X, 1), b-open sets, BO(X, 7), d-open sets, §(X, T) or 75,regular
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open sets, RO(X, 7). In the case that a : P(X) — P(X) is an operator associated
to a topology 7, that is, for all U € 7, U C «(U), we obtain the notion of a-semi
open sets: A C X is said to be a-semi open set if there exists U € 7 such that
UCACa(U). Now if a, 5 are operators associated to a topology 7, A C X is said
to be (a, 3)-semi open set (see [27]) if for each = € A, there exists a S-semi open set
V such that x € V and o(V) C A. The family of (o, 3)-semi open set is denoted by
(a, B)-SO(X, 7).

The complements of semi-open (resp. preopen, a-open, semi-preopen, b-open,
0-open, (v, B)-semi open, regular open) sets are called semi-closed (resp. preclosed,
a-closed, semi-preclosed, b-closed, d-closed, («, 3)-semi closed, regular closed) sets.
For a subset A of (X,7), the closure (resp. semi-closure, preclosure, a-closure,
semi-preclosure or -closure, b-closure, d-closure, («, 3)-semi closure), is denoted by
Cl(A) (resp. sCl(A), pCl(A), aCl(A), spCl(A) or SCI(A), bCI(A), Cls(A), («,5)-
sCI(A)), is defined as the intersection of all closed (resp. semi-closed, preclosed,
a-closed, semi-preclosed or S-closed, b-closed, d-closed, (o, B)-semi closed) sets of X
containing A.

The family of closed sets above mentioned are extended to a general class of
sets called a generalized closed sets. The following definition give many well known
concepts of generalized closed sets.

Definition 2.1. A subset A of a topological space (X, 7) is said to be:

(1) g-closed [12], if C1(A) C U whenever A C U and U € 7.

(2) gs-closed [1], if sC1(A) C U whenever A C U and U € 7.

(3) gp-closed [18], if pCl(A) C U whenever A C U and U € 7.

(4) ag-closed [14], if «Cl(A) C U whenever A C U and U € 7.

(5) gsp-closed [4], if spCl(A) C U whenever A C U and U € 7.

(6) ~yg-closed [7], if bCl(A) C U whenever A C U and U € 7.

(7) 0-g-closed [5], if Cls(A) C U whenever A C U and U € 7.

(8) rg-closed [23], if CI(A) C U whenever A C U and U € RO(X, 7).
(9) sg*-closed [16], if C1(A) C U whenever A C U and U € SO(X, 7).
10) pg*-closed [16], if C1(A) C U whenever A C U and U € PO(X, 7).
11) ag*-closed [16], if C1(A) C U whenever A C U and U € a(X, 7).
12) Bg*-closed [16], if C1(A) C U whenever A C U and U € SPO(X, 7).
13) sg-closed [2], if sC1(A) C U whenever A C U and U € SO(X, 7).
14) pg-closed [18], if pCl(A) C U whenever A C U and U € PO(X, 7).
15) ga-closed [13], if «Cl(A) C U whenever A C U and U € a(X, 7).
16) pgs-closed [32], if pCl(A) C U whenever A C U and U € SO(X, 7).
17) gpr-closed [8], if pCl(A) C U whenever A C U and U € RO(X, 7).
18) ags-closed [26], if a«Cl(A) C U whenever A C U and U € SO(X, 7).
19) (o, B)-sg-closed [29], if («, 8)-sCl(A) C U whenever A C U and U € («, 5)-
SO(X, 1)
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Recall that an ideal J on a nonempty set X is a nonempty collection of subsets
of X which satisfies the following two properties:

(1) AeJand B C Aimplies B € J.
(2) A€Jand B €Jimplies AUB € 7.

Let J an ideal on X and G a nonempty family of subsets of X. For a subset A of
X we define the generalized local function of A with respect to J and G as follows:

A*(3,9) ={x e X:UNA¢7J for every U € G such that z € U}.

A topological space (X, 7) with an ideal J on X is called an ideal topological
space and is denoted by (X, 7,7).

Using the concept of local function, we find in the literature the following class
of generalized closed sets:

Definition 2.2. A subset A of an ideal topological space (X, 7) is said to be:

(1) J-g-closed [6], if A*(J,7) C U whenever A C U and U € 7.
(2) gJ-closed [10], if A*(J,SO(X, 7)) C U whenever A C U and U € 7.
(3) J-sg-closed [20], if A*(J,7) C U whenever A C U and U € SO(X, 7).
(4) J-pg-closed [20], if A*(J,7) C U whenever A C U and U € PO(X, 7).
(5) J-ag-closed [20]], if A*(J,7) C U whenever A C U and U € a(X, 7).
(6) J-Bg-closed [20], if A*(J,7) C U whenever A C U and U € B(X, 7).

3. MINIMAL STRUCTURES

Definition 3.1. Let X be a nonempty set and P(X) the power set of X. A subfamily
mx of P(X) is called a minimal structure (briefly m-structure) on X [24] if ) € mx
and X € my.

A set X with an m-structure mx (resp. two m-structures my and nx) is called
an m-space (resp. bi m-space) and is denoted by (X, mx) (resp. (X,mx,nx)).
Each member of mx is said to be m x-open and the complement of an m x-open set
is said to be mx-closed. The family of all mx-closed sets is denoted by m5.

Definition 3.2. Let X be a nonempty set and mx an m-structure on X. For a
subset A of X, the mx-closure of A and the mx-interior of A are defined in [15] as

follows:
(1) mx-Cl(A) =n{F:ACF, X\F¢€mx},
(2) mx-Int(A)=U{U:U C A, U € mx}.

Lemma 3.1. [15] Let X be a nonempty set and mx a minimal structure on X. For
subsets A and B of X, the following properties hold:
(1) mx-Cl(X\A) = X\mx-Int(A) and mx-Int(X\A) = X\mx-Cl(A4),
(2) If (X\A) € mx,then mx-Cl(A) = A and if A € mx,then mx-Int(A) = A,
(3) If AcC B,then mx-Cl(A) C mx-Cl(B) and mx-Int(A) C mx-Int(B),
(4) mx-Cl(mx-Cl(A)) = mx-Cl(A)and mx-Int(mx-Int(A)) = mx-Int(A).

Lemma 3.2. [24] Let (X,mx) be an m-space and A a subset of X. Then x €
mx-Cl(A) if and only if UN A # O for every U € mx containing x.
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Definition 3.3. A minimal structure myx on a nonempty set X is said to have
property B [15] if the union of any family of subsets belonging to myx belongs to
mx.

Remark 3.1. Let (X, 7) be a topological space. The families SO(X, ), PO(X, 1),
a(X, 1), B(X, 1), BO(X, ), 75, (a0, )-SO(X, 7) and RO(X, 7) are all minimal struc-
tures on X have property B. It is well-known that (X, 7) and 75 are topologies for
X and the others are not topologies.

Lemma 3.3. [25] Let X be a nonempty set and mx a minimal structure on X
satisfying property B. For a subset A of X, the following properties hold:

(1) A emx if and only if mx-Int(A) = A,

(2) A is mx-closed if and only if mx-Cl(A) = A,

Using the notions of minimal structure, many mathematician working in unify
the notions given in Definition 2.1. This unification was obtained by T. Noiri in [17].

Definition 3.4. Let (X, mx) be an m-space. A subset A of X is said to be m-g-
closed [28] if mx-Cl(A) C U whenever A C U and U € mx.

Definition 3.5. Let (X, 7) be a topological space and mx an m-structure on X.
A subset A of X is said to be mg*-closed [19] if C1(A) C U, whenever A C U and
Uemx.

Definition 3.6. Let (X, mx,nx) be a bi m-space. A subset A of X is said to be
mng-closed [17] if nx-Cl(A) C U whenever A C U and U € mx.

Definition 3.7. Let (X, 7,J) be an ideal topological space and mx an m-structure
on X. A subset A of X is said to be J-mg-closed [20], if A*(J,7) C U, whenever
AcCcUand U € mx.

The above definition almost unify all the notions given in Definition 2.1. In [22],
they introduced a new concept of local function using minimal structure and obtain
a generalization of all concepts given in Definition 2.1.

If (X,mx) (resp. (X,mx,nx)) is a m-space (resp. a bi m-space) and J is an
ideal on X, then (X, mx,J) (resp. (X,mx,nx,J)) is called an ideal m-space (resp.
ideal bi m-space).

Definition 3.8. Let (X,mx,J) be an ideal m-space and A a subset of X. Then
A*(I,mx) ={x € X : ANU ¢ J for every U € mx such that x € U} is called the
minimal local function [22] of A with respect to J and mx.

When there is no ambiguity, we will write A% (J) or simply A%, for A*(J,mx).
Observe that AY, = mx-Cl(A) and A}, (P(X)) = 0. Furthermore, 0%, = 0.

Theorem 3.1. [22] Let (X, mx) be a m-space with I, J ideals on X, and let A, B
subsets of X. Then

(1) AcCB= A, C By,

(2) Apr, =mx-Cl(Ar,) C mx-Cl(A),

(3) ()5 C AL,
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Definition 3.9. A subset A of an ideal m-space (X,my,J) is mx*-closed [22] if
Ay, C A. The complement of an m y*-closed is said to be m x*-open.

Definition 3.10. A subset A of an ideal m-space (X, mx,J) is m-Jg-closed [22] if
Ay, C U whenever A C U and U € mx.

4. J-mng-CLOSED SETS

Definition 4.1. Let (X, mx,nx) be a bi m-space and J be an ideal on X. A subset
A of X is said to be J-mng-closed if nx-Cl(A)\U € J, whenever A C U and U € mx.
The complement of an J-mng-closed set is said to be J-mng-open.

Observe that in the above definition, we obtain the unification of all the con-
cepts of generalized closed sets given in Definitions 2.1, 3.4, 3.5, 3.6 and 3.7, also it
generalize the notions of mng-closed sets.

Remark 4.1. Let (X, 7) be a topological space.

(1) If mx =7, nx =7 (resp. SO(X,7), PO(X,7), a(X,7), SPO(X, 7), BO(X, 1),
75) and J = {0} , then an J-mng-closed set is a g-closed (resp. gs-closed, gp-closed,
ag-closed, gsp-closed, vg-closed, d-g-closed) set.

(2) f mx =nx = (X, 1) (resp. SO(X,7), PO(X, 7)) and J = {0}, then an J-mng-
closed set is a ga-closed (resp. sg-closed, pg-closed) set.

(3) If mx = RO(X,7) (resp. SO(X,7), PO(X,7), a(X,7), B(X,7)) and nx = 7
and J = {0}, then an J-mng-closed set is an rg-closed (resp. sg*-closed, pg*-closed,
ag*-closed, Bg*-closed) set.

(4) If mx = SO(X,7) (resp. RO(X, 7)) and nx = PO(X,7) and J = {0}, then an
J-mng-closed set is a pgs-closed (resp. gpr-closed) set.

(5) If mx = SO(X,7) and nx = a(X,7) and J = {0}, then an J-mng-closed set is
an ags-closed set.

(6) If a and f are associated operators to the topology 7 on X and mx = nx =
(o, B)-SO(X,7) and J = {0}, then an J-mng-closed set is an («, 3)-sg-closed set.

Remark 4.2. (1) Let (X, mx,J) be an ideal m-space. If nx = mx and J = {0} ,
then an J-mng-closed set is an mx-g-closed set.

(2) Let (X,7,7) be an ideal topological space and mx an m-structure on X. If
ny =7 and J = {0} , then an J-mng-closed set is an mg*-closed set.

(3) Let (X, mx,nx,J) be an ideal bi m-space. If I = {(}} , then an J-mng-closed set
is an mng-closed set.

The following example shows that the union and the intersection of two J-mng-
closed sets need not be an J-mng-closed set.

Example 4.1. Let X = {a,b,¢,d}, mx = {0, X, {a},{c,d},{a,b,c}}, nx = {0, X,
{a,d},{b,c},{c,d},{a,b,d}} and T = {0,{a},{c},{a,c}}. Then, n§ = {0, X, {c},
{a.b}, {a,d}, {b,ch. Let A = {a}, B = {c}, C = {a,ch, D = {e.d}, E = {b,c,d}
and F' = {a,c,d}. Observe that,
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nx-Cl(A) = nx-Cl({a}) = {a},
nx-Cl(B) = nx-Cl({c}) = {c},
nx—CI(C) = nx—CI({CL, C}) = X,
nx-Cl(D) = nx-Cl({c,d}) = X,
nx-Cl(E) = nx-Cl({b,c,d}) = X,
nx-Cl(F) = nx-Cl({a,c,d}) = X.
Furthermore, nx-Cl(A)\U € J and nx-Cl(B)\V € J for every U,V € mx such that
A CU and B C V. Therefore, A = {a} and B = {¢} are J-mng-closed sets. On the
other hand, nx-Cl(C)\{a,b,c} = X\ {a,b,c} ={d} ¢ J. Thus, AUB =C = {a,c}
is not J-mng-closed. Finally, nx-Cl(E) \ U € J and nx-Cl(F) \ V € J for every
UV € mx such that E C U and F C V. Thus, F = {b,¢,d} and F = {a,c,d}
are J-mng-closed sets and nx-Cl(D) \ {¢,d} = X \ {c,d} = {a,b} ¢ J. Therefore,
ENF =D = {c,d} is not J-mng-closed.

In the sequel, the ideal bi m-space (X, mx,nx,J) is simply denoted by X. We
give some results related with J-mng-closed sets.

Proposition 4.1. Fvery mng-closed set is J-mng-closed.

Proof. Suppose that A is mng-closed and let U € mx such that A C U. Then,
nx-Cl(A) C U and hence nx-Cl(A) \U = 0 € J for each ideal J on X. Therefore, A
is J-mng-closed. ]

The following example shows that the converse of the above theorem is in general
not true.

Example 4.2. Let X = {a,b,c}, mx = {0,X,{a}, {b}}, nx = {0,X,{a},
{c}} and T = {0,{b},{c},{b,c}}. Then, {a} is J-mng-closed but not mng-closed
in X, since nx-Cl({a}) = {a,b} is not contained in {a} € mx.

Proposition 4.2. If A is J-mng-closed and A C B C nx-Cl(A), then B is J-mng-
closed.

Proof. Suppose that A is an J-mng-closed set and A C B C nx-Cl(A). Let U € mx
such that B C U. Then A C U and hence nx-Cl(A) \ U € J. Since B C nx-CIl(A),
we have nx-Cl(B) C nx-Cl(A) and nx-Cl(B) \ U C nx-Cl(A) \ U € J. Therefore,
B is an J-mng-closed set. O

Proposition 4.3. A subset A of X is I-mng-open if and only if F'\ G C nx-Int(A)
for some G € J, whenever F C A and F is mx-closed.

Proof. Necessity: Suppose that A is J-mng-open. Let F C A and F be mx-closed.
Then, X\ A C X\ F € mx and X \ A is I-mng-closed. Therefore, nx-Cl(X \ A4) \
(X \ F) € J and hence, nx-Cl(X \ A) C (X \ F) UG for some G € J. This implies
that, X \ (X \ F)UG) C X \ nx-Cl(X \ A) and hence F'\ G C nx-Int(A).

Sufficiency: Let X \ A C U and U € mx. Then, X \U C A and X \ U is mx-
closed. By the hypothesis, we have (X \ U) \ G C nx-Int(A) = X \ nx-Cl(X \ A)
for some G € J. This gives X \ (UUG) C X \ nx-Cl(X \ A) and consequently
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nx-Cl(X \ A) C UUG for some G € J. Therefore, nx-Cl(X \ A)\ U € J and hence,
X \ A is I-mng-closed. O

Definition 4.2. Let (X, mx) be an m-space and A a subset of X. The subset
A (A) [3] is defined as follows: Ay, (A) = {U: ACU € mx}.

Theorem 4.1. A subset A of X is I-mng-closed if and only if nx-C1(A)\A,,(A) € J.

Proof. Necessity: Suppose that A is J-mng-closed. Let U be any mx-open set
containing A. Then nx-Cl(A)\U € J and A,,,(A) C U. Hence, nx-Cl(A)\ A (A) C
nx-Cl(A)\ U € 7J.

Sufficiency: Suppose that nx-Cl(A) \ A, (A) € J and let V be any mx-open set
containing A. Then,

nx-ClA)\V C |J {nx-ClA)\U:AcCU}
Uemx
=nx-Cl(A)\ (| {U:AcU}
Uemx

=nx-Cl(A) \ An(A) € 7.
Thus, nx-Cl(A) \ V € J and hence A is an J-mng-closed set. O

5. mn-Jg-CLOSED SETS AND mn-T5-SPACES

The Definition 4.1 can not be described using the concept of minimal local
functions [22]. In consequence, we define a new class of sets in order to unify all the
given concepts in Definitions 2.1, 3.4, 3.5, 3.6, 3.7 and 3.10.

Definition 5.1. Let (X, mx,nx) be a bi m-space and J be an ideal on X. A subset
A of X is said to be mn-Jg-closed if Ay C U, whenever A C U and U € mx. The
complement of an mn-Jg-closed set is said to be mn-Jg-open.

Remark 5.1. Note that if J = {0}, then
mn-Jg-closed < J-mng-closed < mng-closed.

Thus, the Remarks 4.1 and 4.2 are also true if we replace J-mng-closed by mn-Jg-
closed.

Remark 5.2. Let (X, 7) be a topological space and J be an ideal on X.

(1) If mx = 7, nx = 7 (resp. SO(X)), then an mn-Jg-closed set is an J-g-closed
(resp. gJ-closed) set.

(2) If mx = SO(X,7) (resp. PO(X,7), a(X,7), f(X,7)) and nx = 7, then an
mn-Jg-closed set is an J-sg-closed, J-pg-closed, J-ag-closed, J-3g-closed) set.

Remark 5.3. (1) Let (X, 7,7J) be an ideal topological space and mx an m-structure
on X. If nx = 7, then an mn-Jg-closed set is an J-mg-closed set.

(2) Let (X,mx,J) be an ideal m-space. If nx = mx, then an mn-Jg-closed set is
an m-Jg-closed set.



90 José Sanabria, Ennis Rosas, Carlos Carpintero and Margot Salas

The following two examples shows that, in general, the notions of J-mng-closed
and mn-Jg-closed are independent.

Example 5.1. Let X = {a,b,c}, mx = {0, X, {a},{b}}, nx = {0, X, {a},{c}} and
J = {0,{b},{c},{b,c}}. Then, n§ = {0,X,{b,c},{a,b}}. Let A = {a}. Observe
that nx-Cl(A) = nx-Cl({a}) = {a,b}, A ={a} C {a} € mx and A = {a} C X €
myx. Furthermore,
nx-ClA)\ {a} = {a,b} \ {a} = {b} €7,

nx-Cl(A)\ X ={a,b} \ X =0 €.
Therefore, A = {a} is an J-mng-closed set. On the other hand, A% = {a,b} is not
contained in {a} € mx. Thus, A = {a} is not mn-Jg-closed.

Example 5.2. Let X = {a,b,¢c,d}, mx = {0,X,{c} {a,b}}, nx = {0,X,
{a},{c}} and T = {0,{b},{c},{b,c}}. Then, n5 = {0,X,{b,c,d},{a,b,d}}. Let
A = {c}. Observe that nx-Cl(A) = nx-Cl({c}) = {b,¢,d}, A = {c} C {c} € mx,
but nx-Cl(A) \ {c} = {b,c,d} \ {¢} = {b,d} ¢ J. Therefore, A = {c} is not an
J-mng-closed set. On the other hand, A} = () and so A% C U, whenever A C U and
U € mx. Therefore, A = {c} is an mn-Jg-closed.

Now, we present some results related with mn-Jg-closed sets.
Proposition 5.1. Fvery mng-closed set is mn-Jg-closed.

Proof. Suppose that A is mng-closed and let U € myx such that A C U. Since
Ar C nx-CI(A), then A% C U. Thus, A is also mn-Jg-closed. O

The following example shows that the converse of the above theorem is not true.

Example 5.3. Consider the ideal bi m-space (X, mx,nx,J) given in Example 5.2.
Then, A = {c} is an mn-Jg-closed but not mng-closed in X, since nx-Cl(A) =
{b,¢,d} is not contained in {c} € mx.

Definition 5.2. A minimal structure myx on a nonempty set X is said to have
property &F if any finite intersection of subsets belonging to mx belongs to mx.

Definition 5.3. Let (X, mx) be an m-space. A family A = {4 : A € A} of subsets
of X is said to be mx-locally finite if for each x € X, there exists an mx-open set
U containing x and U intersects Ay at most for finitely many A.

Note that every finite family of subsets of (X, mx) is mx-locally finite.

Proposition 5.2. Let (X, 7) be a topological space and mx an m-structure on X
such that T C mx. Then, every locally finite family of subsets of X is mx-locally
finite.

The following example shows that the converse of the above proposition need
not be true in general.

Example 5.4. Let X = R be the real numbers and 7 = 7, the usual topology. Let
A={{1/n}:n=1,2,...} and mx = SO(X, 7). Then the family A is mx-locally
finite since for every a € X we have (a — 1, 0] € mx but A is not locally finite.
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Lemma 5.1. Let (X,mx,J) be an ideal m-space and mx has property F. If {Ay :
X € A} is an mx-locally finite family of subsets of (X, mx,J), then

U@ = (U A

AEA AEA

Proof. For every A € A we have Ay C U Ay and this implies (Ay)}, C (U Ay,

AEA AEA
Hence we have U (Ax)y, C (U Ay,
AEA AEA
Conversely, let = € (U Ay)r, and U an mx-open set such that € U. Since

AEA
{A) : A € A} is mx-locally finite, there exists an mx-open set V containing x

and V intersects Ay at most for finitely many A, says Ay, Ay,,...,Ay,. Note that
UNYV is an my-open set containing z. Since = € (U Ay)r,, then (UNV)N

AEA
(U Ay) = U (UNV)NAy) ¢ 7 for every U € mx such that z € U. It follows that
AEA AEA
k

U((U NV)NA),,) ¢ 3 for every U € my such that x € U. Therefore, there exists
i=1
Ay, € {Ax, Axy, oo, Ay} osuch that (UNV) N Ay, ¢ 7, and hence U N Ay, ¢ J.

k
Thus, we obtain = € (A, )y, which implies = € U(AAZ):n C U (Ax)r,- This shows

=1 AEA
that (U Ay, C U (Ax)r,- This completes the proof. O

A€A AEA
Theorem 5.1. Let (X, mx,nx,J) be an ideal bi m-space where nx has the property
F.If A ={A\: X € A} is an nx-locally finite family of subsets of X and Ay is
mn-Jg-closed for each A € A, then U Ay is mn-Jg-closed.
AEA

Proof. Let U € mx such that U Ay CU. Then, Ay C U for each A € A. Since Ay

AEA
is mn-Jg-closed for each A\ € A, we have (A,); C U and hence, U (A))r Cc U. By
AEA
Lemma 5.1, we have (U Ay)r C U. Therefore, U Ay is mn-Jg-closed. O
AEA A€A

Corollary 5.1. Let (X,mx,nx,J) be an ideal bi m-space where nx has the property
F. If A and B are mn-Jg-closed sets of X, then AU B is also an mn-Jg-closed set.

The following example shows that the condition that nx has the property JF is
necessary in the above corollary.
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Example 5.5. Let X = {a,b,c,d}, mx = {0, X,{a,b},{a,c,d}}, nx = {0, X,
{a,b},{b,c},{c,d}} and T = {0, {b},{d},{b,d}}. Then, A = {a} and B = {c,d} are
mn-Jg-closed sets but AUB = {a, ¢,d} is not mn-Jg-closed in X, since (AUB)} = X
is not contained in {a,c,d} € mx.

Definition 5.4. Two minimal structures mx and nx on a nonempty set X are said
to have property D if M € mx and N € ny imply M NN € nx.

Lemma 5.2. Let (X, mx,nx,J) be an ideal bi m-space and mx and nx have prop-
erty D. If {Ax : X € A} is an mx-locally finite family of subsets of (X,mx,nx,J),

then
U@ = 4.

AEA AEA

Proof. Arguin as in the proof of Lemma 5.1. Just use the fact that mx and nx have
property D instead of mx has property J. O

Theorem 5.2. Let (X,mx,nx,J) be an ideal bi m-space where mx and nx have
property D. If A = {Ay) : A € A} is an mx-locally finite family of subsets of X and
Ay is mn-Jg-closed for each A € A, then U Ay is mn-Jg-closed.

AEA

Proof. Follows from Lemma 5.2, using a similar argument as in the proof of Theorem
5.1. O

Corollary 5.2. Let (X,mx,nx,J) be an ideal bi m-space where mx and nx have
property D. If A and B are mn-Jg-closed sets of X, then AU B is also an mn-Jg-
closed set.

Proposition 5.3. If A is mn-Jg-closed and A C B C A}, then B is mn-Jg-closed.

Proof. Suppose that A is an mn-Jg-closed set and A C B C A;. Let U € mx
such that B € U. Then A C U and hence A7, C U. Since B C A}, we have

n?

By C (Ar)r C Ax, C U. Therefore, B is an mn-Jg-closed set. O
Theorem 5.3. A subset A of X is mn-Jg-closed if and only if A}, C Ap(A).

Proof. Necessity: Suppose that A is mn-Jg-closed. Let U be any mx-open set
containing A. Then A7 C U and hence, we obtain A% C A,,(A).

Sufficiency: Suppose that AX C A,,(A) and let U be any mx-open set containing
A. Then, A C A,,,(A) C U and hence A is an mn-Jg-closed set. O

Proposition 5.4. If mx has property B and A is a subset of X, then the following
properties are equivalent:

(1) A is mn-Jg-closed.

(2) nx-Cl(A%) C U for every mx-open set U containing A.

(3) mx-Cl({z})NA#0D for every x € nx-Cl(A}).



On the further unified theory of ideal generalized closed sets. 93

Proof. (1) = (2). Suppose that A is mn-Jg-closed. Let U € mx such that A C U.
Then, Ay C U and so by Theorem 3.1, nx-Cl(A}) C U whenever A C U and
Uemgx.

(2) = (3). Let = € nx-Cl(4}) and suppose that mx-Cl({z}) N A = (. Then,
A C X\ mx-Cl({z}) and X \ mx-Cl({z}) is mx-open, since that mx has property
B. By (2), we have nx-Cl(A4}) € X \mx-Cl({z}) C X \ {z}.This is a contradiction.
Therefore, mx-Cl({z}) N A # 0.

(3) = (1). Suppose that A is not mn-Jg-closed. Then, there exists an m x-open set
U such that A C U and A}, is not contained in U. Therefore, there exists a point
x € A% such that x ¢ U. Thus, we have {x}NU = () and hence, mx-Cl({z})NU = (.
Since A C U, we obtain mx-Cl({z}) N A = (. By Theorem 3.1, we have x € A} =
nx-Cl(A}) and it follows that (3) does not hold. This complete the proof. O

The following example shows that the implication (2) = (3) of Theorem 5.4 is
not satisfied when mx does not have property B.

Example 5.6. Let X = {a,b,¢,d}, mx = {0,X,{a,b},{b,c}}, nx = {0, X,{a},
{a,c},{c,d}} and T = {0,{b}}. Let A = {a,c}, then nx-Cl(A}) = A7 = X and X
is the only mx-open set containing A. Thus, (2) is satisfied. On the other hand,
d € nx-Cl(A}) = X and mx-Cl({d}) = {d}. It follows that mx-Cl({d}) N A =0
and hence (3) is not satisfied.

Definition 5.5. Minimal structures myx and nx on a nonempty set X are said to
have property C [17] if M € mx and N € nx imply M UN € mx.

Theorem 5.4. If a subset A of X is mn-Jg-closed, then nx-Cl(A;)\ A=A\ A
does not contain any nonempty mx-closed. The converse holds if nx has property
B and mx and nx have property C.

Proof. Suppose that A is mn-Jg-closed. Assume that F' C A7\ A and F' is m x-closed.
Observe that A C X \ F and X \ F' is mx-open. Then, A% C X\ F and F' C X\ A7.
Since F' C A}, we have F' C (X \ AX)N A% = (). Thus, nx-Cl(AX)\ A = AF \ A does
not contain any nonempty m x-closed.

Conversely, suppose that nx has property B and mx and nx has property C.
Let AC U and U € my. Since nx-Cl(A}) = A% and nx has property B, then A%
is nx-closed. Note that AX N (X \U) C A5\ A and (X \ U) is mx-closed. Since mx
and nx have property €, then A% N (X \U) is an mx-closed set contained in A\ A.
By assumption, A* N (X \ U) = 0 and hence A% C U. Thus, A is mn-Jg-closed. O

The following example shows that, in the theorem above, the conditions that
nx has property B and mx and nx have property € cannot be dropped.

Example 5.7. Consider the ideal bi m-space (X, mx,nx,J) given in Example 5.2.
If B = {a}, then B} = {a,b,d} and B = {a} C {a,b} € mx but By = {a,b,d}
is not contained in {a,b}. Therefore, B = {a} is not an mn-Jg-closed set. On the
other hand, m§ = {0, X, {c,d},{a,b,d}}. Thus, By \ B = {b,d} does not contain
any nonempty m x-closed.
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Proposition 5.5. A subset A of X is mn-Jg-closed if and only if AANF =0
whenever ANF =0 and F is mx-closed.

Proof. Necessity: Suppose that A is a mn-Jg-closed set. Let ANF = () and F be
mx-closed. Then A C X \ F and X \ F' is mx-open. Therefore, AX C X \ F and
AXNF =0.

Sufficiency: Let A C U and U is mx-open. Then, AN (X \U) =0 and X \ U is
mx-closed. By the hypothesis we have A* N (X \ U) = () and hence, A} C U. This
shows that A is a mn-Jg-closed set. ]

Definition 5.6. An ideal bi m-space (X, mx,nx,J), is said to be mn-Ty if every
mmn-Jg-closed set of X is nx*-closed.

Theorem 5.5. For an ideal bi m-space (X, mx,nx,J), the following properties are
equivalent:

(1) X is mn-Ty,

(2) For each x € X, {x} is an mx-closed set or {x} is an nx*-open set.

Proof. (1) = (2). Let x € X. If {z} is not mx-closed, then A = X \ {z} is not
mx-open and hence, A is trivially mn-Jg-closed. By (1), A is nx*-closed and hence,
{z} is nx*-open.

(2) = (1). Let A C X be mn-Jg-closed and let x € A%. We have the following two
cases:

Case 1. {x} is mx-closed. By Theorem 5.4, A%\ A does not contain any nonempty
mx-closed. Since x € A}, then we obtain x € A.

Case 2. {z} is nx*-open. We have X \ {z} is nx*-closed and hence:

(X \ {z}); € X\ {z}
or equivalently

{z} C X\ (X \ {z})5.-
Since x € {z}, then x ¢ (X \ {z})} and hence, there exists an nx-open set U such
that x € U and UN (X \ {z}) € 3. On the other hand, z € A} entails that VN A ¢ J
for each nx-open set such that x € V. In particular, there exists U € nx such that
reU, UNA¢Tand UN(X \{z}) € J. We claim that {z}NA# 0. If {x}NA =10,
then A C X \ {z} and hence UN A Cc UN (X \ {z}) €J. It follows that UN A € J.
This is a contradiction. Therefore, {z} N A # () and so x € A.

Thus in both cases x is in A and hence A7 C A. Thus, A is nx*-closed, which
shows that X is mn-Tj. O

Definition 5.7. [17] A bi m-space (X, mx,nx), where nx has property B, is said
to be mn-T , if and only if every singleton {z} of X is nx-open or mx-closed.

Corollary 5.3. Let (X,mx,nx,J) an ideal bi m-space. If X is mn-Ty 9, then X
is mn-T4.
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