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FIXED POINT RESULTS FOR WEAKLY CONTRACTIVE
MAPPINGS IN ORDERED PARTIAL METRIC SPACES

HASSEN AYDI

ABSTRACT. We prove some fixed point theorems for weakly C-contractive map-
pings in ordered partial metric spaces. These results extend the main theorems
of Harjani, Lopez and Sadarangani [Fixed point theorems for weakly contractive
mappings in ordered metric spaces, Computers and Mathematics with Applica-
tions, 61 (2011), 790-796] to the class of partially ordered partial metric spaces.

1. INTRODUCTION

There are a lot of generalizations of the Banach contraction mapping principle
in the literature. Fixed point theorems are very useful in the existence theory of
differential equations, integral equations, functional equations, partial differential
equations, random differential equations and other related areas. Existence of a
fixed point for contraction type mappings in partially ordered metric spaces and
applications have been considered recently by many authors (see, for details, [4, 5,
7,12, 14, 17, 18]).

Chatterjea [8] introduced the following definition.

Definition 1.1. A mapping 7: X — X where (X, d) is a metric space is said to be
1
a C-contraction if there exists o € <O, 5) such that for all z,y € X the following
inequality holds:
d(Tz,Ty) < ofd(z, Ty) + d(y, Tx)).
Chatterjea in [8] proved that if X is complete, then every C-contraction has a

unique fixed point. Choudhury in [9] introduced a generalization of C-contraction
given by the following definition.
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Definition 1.2. A mapping 7: X — X, where (X, d) is a metric space is said to
be weakly C-contractive (or a weak C-contraction) if for all z,y € X,

A(Te, Ty) < 3 (d(w, Ty) + d(y, Tx)) — pld(z, Ty), d(y, Tx)),

where : [0,+00)? — [0, 4+00) is a continuous function such that ¢(x,y) = 0 if and
only if z =y = 0.

In [9], the author proves that if X is complete then every weak C-contraction
has a unique fixed point. Recently, Harjani et al, [11] presented this last result in
the context of partially ordered metric spaces. In this paper, we extend the results
of Harjani et al [11], to the class of partially ordered partial metric spaces. Also, we
give an example illustrating our result.

2. PRELIMINARIES

The concept of partial metric space was introduced by Matthews [13] in 1994.
In such spaces, the distance from a point to itself may not be zero. Matthews [13]
extended the well known Banach contraction principle to complete partial metric
spaces. After that, many interesting fixed point results were established in such
spaces. For more details, we refer the reader to [1, 2, 3, 6, 10, 13, 15, 16, 19, 20].

First, we start by recalling some known definitions and properties of partial
metric spaces.

Definition 2.1. Let X be a nonempty set. A partial metric on a X is a function
p: X X X — [0,+00) such that for all z,y,z € X:

(pl) z =y < p(z,z) = p(z,y) = p(y,y),

(p2) p(z,z) < p(z,y),

(p3) p(z,y) = p(y, ),

(p4) p(z,y) < p(x, 2) + p(2,9) — p(2,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is
a partial metric on X.

Remark 2.1. It is clear that, if p(x,y) = 0, then from (pl) and (p2), x = y. But
if z =y, p(x,y) may not be 0.

A basic example of a partial metric space is the pair (R, p), where p(x,y) =
max{z,y} for all z,y € R,.

Each partial metric p on X generates a T topology 7, on X which has as a
base the family of open p-balls {B,(z,¢), z € X,e > 0}, where By(z,e) = {y € X :
p(z,y) < p(z,z) +e} for all z € X and € > 0.
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If p is a partial metric on X, then the function p®: X x X — R given by

p*(w,y) = 2p(x,y) — p(x,7) — p(Y,Y), (2.1)

is a metric on X.
Let {x,} be a sequence in X. Then
(i) {xn} converges to a point x € X if and only if p(x,z) = liI_i?El p(x, ),
n—-+0oo

(ii) {z} is called a Cauchy sequence if there exists (and is finite) lm  p(x,, ).
n,m—-+0o

)

(iii) (X,p) is said to be complete if every Cauchy sequence {z,} in X converges,
with respect to 7,, to a point x € X, such that p(z,z) = lim+ P(Tn, ).
o

Lemma 2.1. Let (X,p) be a partial metric space. Then
(a) {xn} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the
metric space (X,p*),
(b) (X,p) is complete if and only if the metric space (X,p*) is complete. Further-
more, lim p°(z,,z) =0 if and only if

n—-+o0o

p(r,r) = nggloop(xn,x) = Wllgnmp(wmxm)-

Definition 2.2. [1] Suppose that (X,p) is a partial metric space. A mapping
F: X — X is said to be continuous at x € X, if for every € > 0, there exists 6 > 0
such that F(By,(x,0)) C By(Fz,¢).

The following result is easy to check.

Lemma 2.2. Let (X,p) be a partial metric space. F: X — X is continuous if and
only if given a sequence {xn,} € N and v € X such that p(z,z) = lit}rl p(z,xy,),
n—-+0oo

then p(Fz,Fzx) = lh}} p(Fz, Fxy).
n——+0oo

3. MAIN RESULTS

Before giving our result, we need the following lemma.

Lemma 3.1. Consider non-negative real sequences (uy), (vy), (an) and (by,) such

that there exists § > 0 with lim w, = lim v, =9, and
n—-+00 n—-+00

Up < Uy —@(an,by), VYneN

where @: [0,4+00)% — [0, 4+00) is a continuous function such that p(z,y) = 0 if and
only if t =y =0. Then,

liminf a,, = liminf b, = 0.
n—-+oo n—-+oo
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Proof. Taking the lim sup and using the continuity of ¢, we have

0 = limsupu,, <limsupwv, — liminf ¢(a,,by)
n——+o0 n——+o0 n—+00

<0 — ¢p(liminf a,, liminf b,),
n——+o0o n—-+0o
which implies that ¢(liminf a,,liminf b,) = 0, and by the fact that ¢(x,y) = 0 if
n—-+00 n—-+o0o

and only is x = y = 0, we get liminf a,, = liminf b, = 0. g
n—-+00 n—-4o00

Now, we state our result.

Theorem 3.1. Let (X, <x) be a partially ordered set and suppose there is a partial
metric p on X such that (X,p) is a complete partial metric space. Let T: X — X
be a continuous and non-decreasing mapping such that

p(Tz,Ty) < %(p(x,Ty) +p(y, Tz)) — o(p(z, Ty),ply, Tx)) for each x>xy,
(3.1)
where : [0, 4+00)% — [0, +00) is a continuous function such that ¢(x,y) = 0 if and
only if t =y =0.
If there exists xg € X such that xo <x Txg, then T has a fixed point, say z.
Moreover, p(z,z) = 0.

Proof. If Txy = xg, then the proof is finished. Suppose that x¢o < Txg. Since
xg < Txg and T is a non-decreasing mapping, we obtain by induction that

xo < Txg <x T?wg <x T?x0 <x -+~ <x T'wo <x T""aog <x - .

Put z,4+1 = Tx,. Then, for each integer n > 1, from (3.1) and, as the elements x,,_;
and x,, are comparable, we get using (p4) and a the fact that ¢ is non-negative

p(xn—i-laxn) :p(TxnaTxn—l)
1
§X§(p(:cm Trn_1) 4+ p(@n-1,Txyn)) — @(P(@n, T2n-1), p(Tn-1,T2n))
1
== (p(@n, zn) + p(Tn—1,Tn+1)) — @P(Tns Tn), P(Tr—1, Tni1
2( ( )+ ( )) — o(p( ), p( )

1
§X§(p(xm Tpn) + p(Tn-1,Tns1))

1
§X§(P($n—1, Tn) 4+ p(Tn, Tnt1)).

Therefore,

p(xn—l—la xn) <x p(ﬂﬁm xn—l)-
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Thus {p(xn+1,2n)} is a non-increasing sequence of non-negative real numbers and
hence it is convergent. Let

Jm p(zp41, 2a) = 6. (3.3)
Letting n — 400 in (3.2) we have
1 1
5 5 tim (p(ans o) + pltn1,8001) < 5(5+0),
that is
nll)r_{loo(p(xm Tp) + p(Tn-1,Tnt1)) = 20. (3.4)

v (3.2) and the condition (p2)

2p(Tn+1,Tn) < p(@n, Tn) + P(@n—1, Tnt1) < D(Tnt1,Tn) + P(Tn-1, Tnt1),

so for any n € N*, we get

P(Tnt1, Tn) < P(Tn—1, Tnt1)- (3.5)

Again, by (3.2)

1
P(Tnt1,2p) < §(p($n,l'n) + p(@n—1,Tnt1)) — P(P(Xn, Tn), P(Tn—1, Tnt1))-
Thanks to (3.3), (3.4) and Lemma 3.1 , we obtain

lﬁglirgp(xmxn) —lggligfp(a?n 1, Tnt1) = 0.

Letting n — 400 in (3.5), we have

§= nll}}_l p(xn-l—h xn) = hm_il_nfp(xn—l—h xn) < 1113)141_1;517(3771 15 xn-l—l) 0,

so d = 0, that is,
lim p(xn-l—laxn) =0. (3'6)

n——+o0o
In what follows we prove that {x,} is a Cauchy sequence in (X, p). From Lemma 2.1,
it is sufficient to prove that {z,} is a Cauchy sequence in the metric space (X, p®).
Suppose to the contrary. then there exists ¢ > 0 for which we can find subsequences
{Tm@)} and {z, )} of {zn} with n(k) > m(k) > k such that for every k

P (T, Tmr)) = €- (3.7)

Further, corresponding to m(k) we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) and satisfying (3.7). Then

P (Tr(k)—15 Tm(k)) < € (3.8)
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Using (3.7), (3.8) and the triangular inequality, we have
& <P*(Tn(k)s Lm(k))
<P (Tn (k) Tn(k)—1) + P (Tn(k) =15 Tm(k))
<P (T (ks Tn(k)—1) + €.

Making k — +o0 in the above inequality and using (3.6)

m p* (@), Tmey) = M p (@)1, o)) = €. (3.9)

k—+o00 k—+o00

Again, the triangular inequality gives us
P (Tim(k) Tnk)—1) < P°(To)s Tmk)—1) + P (Timk)—1> Tn(k)) + P° (Tn(k)s Tngk)—1)-
P (Trm(k)=15 Tn(k)) < P°(Tmk)=1> Tm(k)) + P (Tm(k) Tn(k))-
Letting k — +o0 in the above two inequalities and using (3.6) and (3.9) we get

lim ps(xm(k)—h xn(k)) =¢. (3.10)

k—-+oco

On the other hand, by definition of p* given by (2.1), we have

P (Tim(k) =15 Tnk)) = 2P(Tmk)—1> Tnk)) — P(Tmk)—15 Tmk)—1) — P(Tn(k)s Tn(k))s

then referring to (3.6)-(3.10), we obtain

. 3
kEI—iI-loop(xm(k)_hxn(k)) = 5 (3.11)

Similarly, using (3.6)-(3.9) one can shows

. . €
kgljrloop(flfn(k),flfm(k)) = kll)rfoop(flfn(k)_bfﬁm(k)) =3 (3.12)
As n(k) > m(k) and xp,)—1 and ;) are comparable, using (3.1) we have

€ <p*(Tp(k)> Trm(k))
<2p(Zp (k) s Tm(k))
=20(Txn(k)—1, TTm(k)—1)
<P @nk)y-15 T Tmr)-1) + P(@mE) -1, TTn(r)-1)
—2¢ <P($n(k)_1, Txm(k)—l)vp(xm(k)—laTxn(k)—l))
=P(Tn(k)=1> Tm(k)) + P(Tmk)—1> Tn(k)) — 2¢ (p(xn(k)—la Tin(k))s P(Tm(k)—1> Tn(k) )) -
Making k — +o00 and taking into account (3.11), (3.12) and the continuity of ¢, we

+E—2 (E E)<E
5 P \33) =%

have
€<

N ™
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and from the last inequality, ¢ ( —) = 0. From the fact that p(z,y) =0 <=z =

€ €
272
y = 0, we have ¢ = 0, which is a contradiction. This proves that {z,} is a Cauchy
sequence in (X, p°). From lemma 2.1, (X, p®) is complete, so {x,, } converges to some
z € X, that is

lim p*(xy,,2) =0.

n—-+o0o

Therefore, from lemma 2.1, using (3.6) and the property (p2), we have

p(z,2) = lim p(x,,z) = lm p(x,,z,) =0. (3.13)

n—-+oo n—-+oo

Since T' is continuous, we have

p(Tz,Tz) = lim p(Tx,,Tz)= lim p(rpt1,T2). (3.14)

n—-+o0o n——+o0o
On the other hand, thanks to (3.13), it is obvious that El}rl p(zpi1,T2) =p(Tz, 2),
so (3.14) reads
p(T2,T2) = p(T=, 2).

By (3.1), one can write
p(Z,TZ) = p(TZ,TZ) < p(Z,TZ) - (P(p(Z,TZ),p(Z,TZ)),

which implies that ¢(p(z,T2),p(2,T%)) = 0, and from the fact that ¢(z,y) =0 <=
x =1y =0, we get p(z,Tz) = 0, so Tz = z, that is, T has a fixed point. This
completes the proof of Theorem 3.1. O

In the following theorem we remove the continuity of 7'. But, we add a condition
on X:

if a non-decreasing sequence {x,} converges to z, then =z, <y x for all n.
(3.15)

Theorem 3.2. Let (X, <x) be a partially ordered set and suppose there is a partial
metric p on X such that (X,p) is a complete partial metric space. Assume that X
satisfies (3.15). Let T: X — X be a non-decreasing mapping such that for each

rT2xY
p(T2,Ty) < 5 (e, Ty) + ply, T2)) — ool Ty), (3, T2),

where : [0, 4+00)% — [0, +00) is a continuous function such that ¢(x,y) = 0 if and
only if t =y =0.

If there exists xg € X such that xo <x Txo, then T has a fixed point, say z.
Moreover, p(z,z) = 0.
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Proof. Following the proof of Theorem 3.1 we only have to check that Tz = 2. As
{z,,} is a non-decreasing sequence in X and x,, — z in (X, p), then, the condition
(3.15) yields that x,, <x z for every n € N and, consequently, the contractive
condition (3.1) leads to

p(py1, Tz) =p(Txyn, T2)

<—(p(xn,Tz)+ p(z,Txy)) — @(p(xn, T2),p(z,Txy))

N = DN =

(p(meZ) +p(z7xn+l)) - go(p(xn,Tz),p(z,xn+1)).

Since 111}_1 p(zn,Tz) = p(Tz, z), then letting n — +o0 and using (3.13) together
n——+0oo

with the continuity of ¢ we have

p(2,Tz) <5(p(2,Tz) + p(2,2)) = ¢(p(2,T2),p(2, 2))

N = N =

1
(p(z, TZ) + 0) - cp(p(z, TZ), 0) < 5])(2’, TZ)?
which implies that p(z,7z) = 0, so z = T'z. This completes the proof. O

Now we give a sufficient condition for the uniqueness of the fixed point.

Theorem 3.3. In addition to the hypotheses of Theorem 3.1 (or Theorem 3.2),
suppose that for x,y € X there exists z € X which is comparable to x and y. Then
T has a unique fixed point.

Proof. Let z and y be two fixed points of T. We consider two cases.
o If y is comparable to z, then, for every n = 1,2,..., we have T"y = y is
comparable to Tz = z. Also

p(y,z) =p(T"y,T"2)

1
<SSOy, T72) + p(T" 2, Ty)) = (p(T" 1y, T72), p(T" 2, Ty))
1

2

(p(y7 Z) +p(27 y)) - cp(p(y, z),p(z, y))

:p(y7 Z) - cp(p(y, Z)ap(y7 Z)) < p(y7 Z)?

and this inequality gives us p(p(y, 2),p(y,2)) = 0, and, by our assumption about ¢,
we get p(y, z) = 0, or, equivalently, y = z.

e If y is not comparable to z, then there exists x € X such that x is comparable
to y and z. Then, for every n = 1,2,..., monotonicity of T implies that T"x is
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comparable to 7"y = y and 7"z = z. Therefore, from (3.1), we have

p(z, T"x) =p(T"z,T"x)

1

§§(p(T"_1z, T"x) —l—p(T"_la:, T"z2)) — cp(p(T”_lz, T”x),p(T"_lx, T"2))
1 n n— n n—

= (b T"0) + (T 2,2)) — (ple, T p(T" ', 2)
1

Si(p(z, T"x) + p(Tn_lx, z)).

(3.16)
This yields that
p(z, T"z) < p(z, T '2).
This proves that the nonnegative non-increasing sequence {p(z,T"x)} is convergent.
Put lit}rl p(z, T"x) = r. Letting n — 400 in (3.16) and taking into account the
n——+00

continuity of ¢ we obtain

1
r < 5(1"—1—7“)—90(7“,7“) <r

This gives us ¢(r,r) = 0, and, by our assumption about ¢, r = 0. Consequently,
lim,, o p(2z,T"x) = 0. Analogously, it can be proved that

lim p(y,7"x) = 0.

n—+oo
By triangular inequality, p(z,vy) < p(z,T"x) + p(T™x, z), and letting n — +o0, we
get

p(y,z) =0,
so y = z. The proof is finished. O

Remark 3.1. Notice that if (X, <x) is a totally ordered set, the condition given in
Theorem 3.3 is obviously satisfied and we obtain uniqueness of the fixed point.

Remark 3.2. The Theorems 3.1, 3.2 and 3.3 are the extension of the main results
of Harjani et al. [11] on the class of partially ordered partial metric spaces.

Example 3.1. Let X = [0, +00) endowed with the natural ordering of real numbers
<. Let p(x,y) = max(z,y). For any =,y € X, we have p*(x,y) = |z — y|. Then,
(X,p®) is a complete metric space, and so for (X,p). We define T: X — X by

Tr = 5 It is clear that the mapping T is continuous with respect to the partial

1 1
metric p. Consider ¢(a,b) = 1° + §b for any a,b > 0. For each x > y, we have

p(Tx,Ty)=- < —= ip(lnTy) = %(p(%Ty) +p(Txz,y)) — @(p(z, Ty), p(Tz,y))

ot 8
18
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which is the contractive condition (3.1). Let zy = 0, we have zp = 0 < 0 = T'zy. All
the hypotheses of Theorem 3.1 are satisfied. Clearly T has a fixed point, which is
z = 0. It is unique, since X is totally ordered.

Corollary 3.1. Let (X, <x) be a partially ordered set and suppose there is a partial
metric p on X such that (X,p) is a complete partial metric space. Let o € [0, %)
and T: X — X be a non-decreasing mapping such that

p(Tz, Ty) < a(p(x,Ty) +p(y,Tzx)) for each = >xy. (3.17)

Also suppose either

a) T is continuous or

b) X has the following property: if a non-decreasing sequence {x,} — x, then
Ty <x x for all n.

If there exists xg € X such that vo <x Txo, then T has a fized point, say z.
Moreover, p(z,z) = 0.

1
Proof. Let o € [0, 5) Here, it suffices to take the function ¢: [0, 4+00)? — [0, +00)
1
defined by ¢(a,b) = <§ — a) (a + b). Obviously, ¢ satisfies that ¢(a,b) = 0 if and

1
only if a =b=0, and ¢p(z,y) = <§ — a> (x+y) = ¢(x+vy,0). Then, we can apply

Theorems 3.1 and 3.2. O

Remark 3.3. Note that our result given by Corollary 3.1 is an extension of Chat-
terjea’s fixed point theorem [8] to ordered partial metric spaces.

We give an example to illustrate our obtained result.

Example 3.2. Let X = {0, 1,2} endowed with the natural ordering <. Let p(z,y) =
max(x,y). (X,p) is a complete partial metric space. We define T: X — X by
T0O=0,T1 =0 and T2 = 1. It is easy that T is non-decreasing and the condition

2
(b) given in Corollary 3.1 holds. Letting o = 5> we have
p(T0,T1) =0 < a = a(p(0,T1) + p(T0,1)),

p(T0,72) =1 < - = a(p(0,72) + p(70,2)),

p(T1,72) =1< - =a(p(1,72) + p(T1,2)).

Also, it is obvious that (3.17) is satisfied for x = y. Thus, the contractive condition
(3.17) holds for any z,y € X. Let xy = 0, we have xg < T'zg. All the hypotheses of
corollary 3.1 are satisfied, and T" has a unique fixed point z = 0.

(2] NerNG; § ey
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Now, we will show that Chatterjea’s fixed point theorem [8] is not applicable in
this case. Suppose that

d(Tx, Ty) < k(d(z,Ty) + d(y, Tz))

1
for each k € [O, 5) and all z,y € X, where d is the standard metric given by
d(z,y) = |z —y| for all x,y € X. Then for x =1 and y = 2, we have
1 =d(Tz,Ty) < k(d(z,Ty) + d(y, Tx)) = k(0 +2) = 2k.

This implies that £ > —, it is a contradiction.

1
27
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