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ABSTRACT. In this paper, by introducing a new general framework, the enhanced
(%)-expansion method and its algorithm are proposed by studying Wang’s (%)-
expansion method and constructing a first order nonlinear ordinary differential

equation with a third-degree nonlinear term to the nonlinear (2 + 1)-dimensional
typical breaking soliton and Burgers equations. As results, some new exact trav-
eling wave solutions are obtained which include solitary wave solutions.

1. INTRODUCTION

In recent years, nonlinear wave equations have been played essential roles in
many scientific and engineering areas such as fluid mechanics, plasma and elastic me-
dia and optical fibers, etc. Thus, it has had a considerable attention to find explicit
traveling wave solutions of those problems. Several methods have been presented to
obtain new exact solutions for many nonlinear evolution equations such that the ho-
mogeneous balance method [15], the tanh-function method [3], the algebraic method
[4], the Hirota bilinear method [8], [9], the F-function expansion method [16], [17],
the inverse scattering transform [1], the exp-function expansion method [7], the Ja-
cobi elliptic function expansion [12], [19], the Bécklund transform [13], [14], the
sub-ODE method [11], the original (%)—expansion method [18], the improved (%)—

expansion method [5], the generalized (%)—expansion method [10], the extended

(%)—expansion method [6], the modified (%)—expansion method [2] and so on. The

objective of this article is to use the improved (%)—expansion method which pro-

posed by Guo et al [5] together with the generalized (%)—expansion method which
proposed by Lii et al [10], to find the exact solutions of nonlinear evolution equations
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via the (2+1)-dimensional typical breaking soliton and Burgers equations which play

an important role in mathematical physics. The main idea of this method is that

the traveling wave solutions of the nonlinear evolution equations can be expressed

by polynomials in G where G = G (f) is based on a first order nonlinear ordinary
3

. d
differential equation G’ = Z h;G* with a third-degree nonlinear term, and ' = —

; ¢’

=0
The degree of these polynomials can be determined by considering the homogeneous
balance between the highest order derivatives and the nonlinear terms appearing
in the given nonlinear equations. The coefficients of these polynomials can be ob-
tained by solving a set of algebraic equations resulted from the process of using
the proposed method. This method will play an important role in expressing the
traveling wave solutions in terms of hyperbolic, trigonometric and rational functions
for the nonlinear evolution equations in mathematical physics. The enhanced (%)—
expansion method used in this article can be applied to further nonlinear equations
as the difference-differential equations which can be done in forthcoming articles.

2. DESCRIPTION OF THE ENHANCED (%)—EXPANSION METHOD
Suppose that a nonlinear equation is given by
F(u, ug, Ug, Ugt, Ugt, U, Uy, Uyt Uyy s Uy, ---) = 0, (2.1)
where v = u(z,y,t) is an unknown function, F' is a polynomial in u = u(z,y,t) and
its various partial derivatives, in which the highest order derivatives and nonlinear

terms are involved. The main steps of the enhanced (%)-expansion method are the
following:
Step 1. The traveling wave variable

u(x,y,t) :u(f), E=ax+y—Vt, (2.2)

where V' is a constant, permits us reducing Equation (2.1) into an ODE in the form

P(u,u',u",...) =0, (2.3)
where P is a polynomial in u and its total derivatives.
Step 2. Suppose that the solution of Equation (2.3) can be expressed by a
polynomial in G as follows:

ug) = Y, ———, (2.4)
i=—m [1 n a(%)}
where G = G(§) is the solution of the first order nonlinear ODE in the form
G = ho+ G + hoG? + hsG®, (2.5)

where o, A; (—m,—m+1,...,m —1,m), ho, h1, ha and hs are constants to be deter-
mined and A,, # 0, while m is called the balance number.
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Step 3. The positive integer m can be determined by considering the homo-
geneous balance between the highest order derivatives and the nonlinear terms ap-
pearing in Equation (2.3) as follows: If we define the degree of u(§) as D{u(§)] = m,
then the degree of other expressions is defined by

diu\*
D [ur <d—£‘1> } =mr+ s(qg+m). (2.6)

Therefore, with (2.6), we can get the value of m in (2.4).

Step 4. Substituting (2.4) into (2.3) and using the ODE (2.5), collecting all
terms with the same order of G together, we get a polynomial in G. Equating each
coeflicients of this polynomial to zero, yields a set of algebraic equations, which can
be solved to get A; and V. Since the general solution of Equation (2.5) is well known
to us, then substituting A;, V' and the general solutions of (2.5) into (2.4), we have
traveling wave solutions of Equation (2.1).

Remark 2.1. It is well known [10] that Equation (2.5) admits the following special
solutions.

Theorem 2.1. Suppose that hg =0, hy = 0 and hs # 0.
(i) If hi #0, then Equation (2.5) has the solutions

V/(=hs + C1hy exp(—2h1 &)y
—hs + Cihyexp(—2m§)
(ii) If hy = 0, then Equation (2.5) has the solutions

G==%

1

G=t—m——.
v —2h3& + Cs

Theorem 2.2. Suppose hy = 0.
(1) If ho # 0, hy # 0 and hy # 0, then Eq. (2.5) has the solutions

hi v/ 4hoho —h% £—|-03
=—— 4+ 2% > % /4hohy — h? ) .
e G
(ii) If hg # 0, hy # 0 and hy = 0, then Eq. (2.5) has the solution
h
G = —;JL + C4 eXp(hlf).
—hy

(iii) If hg =0, hy # 0 and he # 0, then Eq. (2.5) has the solution
hy
—hg + Cshy exp(—hi€)
(iv) If hg =0, hy = 0 and he # 0, then Eq. (2.5) has the solution
1
—ho& + Ces

G =

G =
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(v) If ho # 0, h1 =0, and hy = 0, then Eq. (2.5) has the solution
G = hof + 077

where C; (0,1,...,7) are arbitrary constants.

3. APPLICATIONS

In this section, we apply the enhanced (%)-expansion method to find new
traveling wave solutions for some nonlinear PDEs in mathematical physics.

3.1. The (2+1)-dimensional typical breaking soliton equation. Consider the
following (2 + 1)-dimensional typical breaking soliton equation
Ugt — dUpUgy — 2UppUy + Uggay = 0. (3.1)
The traveling wave variable (2.2) permits us converting Eq. (3.1) into the fol-
lowing ODE:

C—-Vu — 3(1/)2 +u" =0, (3.2)
where C' is an integration constant. Consider the homogeneous balance between '
and (u')? in (3.2) we get m = 1. From (2.4) we get

1 G\
Ai(%)

u(§) = Z T
i=—1 [1 + a(%)}

where A; are constants to be determined and G = G(&) satisfies Eq. (2.5). It is easy
to deduce that:

(3.3)

ho — hoG? — 2h3G3
(ho + h1G 4+ ho G2 + h3G3)(0'h3G3 + ochoG? + (1 + Uhl)G + 0‘h0)2

X[(AQO‘th — Alhg)GG + (2A202h2h3 — 2A1h2h3)G5
+ A202h§ + 2A50h3 — Alh% + 2A202h1h3 — 2A1h1h3)G4

/

+(—2A1h1he — 2A1hghs + 2A202h3h0 + 2A90hy + 2A20‘2h1h2)G3

(
(
+(Ag + 2450hy — A1h? + Ayo?h? — 2A1hohg + 24502 hahg) G?

+(—=2A1hohy + 2A50hg + 2A20%h1hg)G — A1h3 + Ayo?hEl; (3.4)

-1
(h() + h1G 4+ ha G2 + h3G3)(0h3G3 + ochoG? + (1 + O'hl)G + Uh0)3

X[(—Aiohihy + Asc®hihy)G3 4 (—8A1h3 — 4A10h3hy — 3A10h3h3
+4A503h3hy + 3A203h3h3)G'2 + (—25A1h3hy — 3A10h3hS 4+ 3A20%h3hy

"

—16A10h3h1hy — 9A 0hhg + 3A203h2h3 + 9A20°hghg + 16 Aga®h3hy ho )G
+(12A4503h3h? — 21 A 0h2hih3 — 12A,0h3h? — 28 A1h3h3 — 34 A 0h3hohs
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+21A90°h3h b3 — Ayohyhs 4+ 124502 hihy + 6A20?h3h3 + Asahshy
—20A1h3hy + 344203 h3hohe) G0 + (45 Ayo3h3h3ho 4+ 3Asohihy — 17T A hoh
—13A, hah3—40A0h3hohi +33A20%h3h1hy +40As03 h3hohy +30 A0 h3h2 ho
+10A503hghy b3 —30A 0h3h3hg —10A 0hyhahi —45A 0hihohs —43A1h3hy ho
+27h3 Asa®hg + 3A202h3h3)G® + (—28A1hshih3 — Ajohahy — 2TA1oh3h3
+24h3 Ago3hshg + 102A50°h3hihohy — 21A10h3hah + 12A00h3hy — 2h3 Ay
+3A0h3h3 + 24A30°hsh1h3 —102A 0h3hohiho —16 A1 h3h3 421 Ay hah3 h3
+27 Aoa® h3h3 + 24 A90% h3h3 +T2A20° W3 hoha — 24h3 Ay hsohg + 12h3 Ayah3
—36A1hohah? + Aso®hahy —12h3 A1h30)GB 4 (T8 Aya®hshihahg + 3As03hih?
—16ho A1h3ohs + 4h3 Ayohg — 4hy Ayohg + 27 Asahoh’ — 23A1hoh3hs
+81A902h3hohy + Ashohs + 3Ay02h3hy — 54A10h3hoh? — 19A1hshihy
—3A10h3h? + 69A20°h2hoh3 — T8 A1y hshohs —27A1hohih3 418 Asohsh hy
+54A203h3h2hg — 69A10h3h3hg + 16hy Ayo3h3hs+33Aso?hahhy —5h3 A1hy
+57A202h3h3ho)GT + (—12A1h2h% — 4A 1 hoh3 — 4A10hths — 3A 0h3h}
+54A902h3h3 + 12A50h3h? + 124502h3h3 + 4A20°hshi — 4A hgh}
—32A1hohihohs + 4Ashshy — 4h3A1h? — 54A 0h3hsh? — 69A,0h2hih,
—78A10h3hshohg + 69A203h3h1h3 + 54As03hih3hs — 16 A 0hyhoh
+42A50hohohs 4+ 124202 hoh3 + 3Ay0h3hy 4+ 6A30°hah3 + 3Ay0° hah?
+120A4502hghihohy + 78 Ay hah hoha + 16 A2 hoh3hy )GP
+(—=15A1h3hohs — 11A1hoh?hs — TA1hohih3 — 27TA oh3hd — 12A,0h3h?
+27A203h3h3 + 124503 h3h3 + 12As0hoh3 + 9Ashohs — ho AR 4 ho Ashy
—24A10h3h3hg — 102A10h1hshihy + 1024503 h3h1hahs — 21 A 0h¥hoh?
+42A50hoh1hg — ha Ajhio + 3ha Ash3o + 3ho Ayo® b + ho Agohi
+57A20%hsh?hg + 81402 hshohd + 24A503hsh3hg + 33As0hohih’

+21 4503 hoh2h3)G® + (24A20%hoh2hy 4+ 4Ashohg + 10A303hoh3hy
—40A,0hohshi + 27Aschdhs + 18 Asohohyhg + 24A20°h2h3 + 30A20° h3hi h3
—4A1hoh3hy — 30A 0hihih3 + T2A50%hghy b2 + 40 A2 h3hohs — 45A10h3hshd
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—4A1h2h3 + 45 A0 h3h3hs — 12A1h3hihs — 10A 0k hoho )G

+(—12A10h3h3 + Aaa®hohi — 5A1h3hs + 33A20°h3h1ha + 21 A20°h3h3 hy
—Ajohthg — 21A10h3h2he + 12As0h3he + 3As0hoh} — 34A 0hyhah
+34A203h3hy by + 27 Ago?hdhs + 3As0%hoh} — TA1hEhihy + Ashohy
+124503h3h3 — A1hoh?)G® 4 (3As0hihy — 4A1h3hy — 9A ohshy + 9A20°hyhs
+12A420°h3hy — 16 A1ohy h3hy +6 A0 hih? —3A10h3hd —4A R3S +3As03hin3
+16A4203h3h1ho)G? 4 (3A90%h3hy — 5A1h3hy + 3A90°h3h3 + 4A203hihs

—4A 0hohy — 3A10h3R3)G — 2A1hy + AsaPhghy — Ajohihy); (3.5)

-1

(ho + h1G + hoG? + thS)(Jth?’ + ochoG? + (1 + Uhl)G + 0‘h0)4

x[(Ago*hShy — A102hShe) G + (6430 h3h3 — 6A102h3h3)GT
+(14A50*h3h3 — 14A 0hohl + 10A20*h3hihy — 14A10° Rk

—9A50 hohS + 9A1hoo®hS — 10A10%h3hho + 4A303h3hy ) GO
+(—8A10°h3h3 —44A 0% hah3hy —16A102h3hy —48 Ayoh3hi +44Asc* hihih,
+8A20*h3h2 + 20A20°hah3 + 16 Ago*hih3 + 36 A1 hoo > hohy— 36 Ayohohghsy
—48A1h3 —52A,0h3h3) G+ (—T2A16°h3h3h1 —181 A  hsho + 63A20 hihah?
—90A1hoohi—9A10°h3h3+9 A0 hih% — 18 Ayo hohjhy +T72As0  h3h3hy
+6A202hahy —T2A10h3h3 +54A1hoo® haha + 36 Ay h3h3 — 54As0thohih3
+18A1hoo®hih3 — 63A102h3h2ho — 36 Ag03hohl — 234 A 0hohihy
+36A20°h3h1ho) G + (—262A1h3h3 — 144 A, hihy + 32h3 Ao hj
—18A20*h3h3 + 244502 h3h3 + 28 Aso3hihy + 32A20*hihg 4+ 2450 hShs
—16A90*hohihihy + 40A1hoo?h3h3 + 16 A hoohjhihy — 400A; hoohoh
—408A0h3h3hy — 148A102h3h3h3 — 52A 0% h3h3hy — 40As0® hohih
+148 A9 h3h3h? + 120A203h3h3hy + 52420 hih3hy — 1124503 hohihs
+18A1h30%h] — 160A 0h3h? — 44A10hsh3 — 32A10°h3h3 — 2A10%h3hS) G
+(—404A1 h3h1ho+184 A0 h3h2 ho +49 Ayohohih? +4Asoho b +30 Ay 3 b
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+8A203h3hs — 123A1hohs — 42A20 h3h3hy + 56 Agohohih3hs — 179A, h3h3
—49A1hoo?h3h3 + 21 A hoohih3 — 56 A1 hoo®hihihy + 42A1h30%hhsy
—438A1hgohihy — 664A hooh3h3 — 14A 0% hsh3hy — 54Asc®hohis

—312A 0h3h3hy — 524 A 0hah3h? — 140A10°h3h3hy — 140A, 0% h2R5R3
—21As0 hohyh3 + 48 Ago®hihihy + 140 A0 h3h3h3 + 140Ay0*h3hohi
+132A903h3h3hy 4 14450 hihshy — 36 Asc®hohihy — 124 As03hoh3hs
—10A,0h3h3)G' + (—56 A1 hyhs — 396 A1 h3h1h3 — 36 Aso®hihg + 48 Ayo®hih?
+12A90h3h% 4 124502 hahs + 96 Aga®hih3 + 48 Ao hih3 + 48 Aso®hoh3hy ha
—152A1h3h3 + 36 Asa® h3hahy + 264As0  hohihihy — 24 A5  R3h3H3
+72A50%hoh1 h3h3 — 120A20%hohohs + 12A1 hoo®h3hs — 264A1 hoo*h3h3hs
—72A1hoo?h3h3hy + 24A k202 h3h3 — 36 A h2o2hihy — 504 A1 hooh3h3
—192A,0%h2h3h3 — 48 Ay0%hahah? — 1392A 1 hooh3hihy — 576 A oh3h3h3
—96A,0h3hshy — 12420 hohShs + 288 Ao h3h3h? + 48 Ascthihsh?
+192A50*h3h3h% + 108 Ayo?h1h3h3 + 48 Aso3hihshy — T2As03hoh2hs
—340A; hohoh3 — 252A1hiohi — 192A10h3h% — 48 A10*h3hT)GM

+(Aghoh? — 154A1hyhshi — 282A1h3h3hy — 6hy Ayoh + 28 Ash2hoohy
+8As0h3hs + Asa?h3h3 + 2004503 hohih? + 372 A0 hohIhih3
—20A503h3h3hy — 6h3 A1 + 2420  hohihyhy 4 23220 h2h3h i hy
+180A903hoh3h3hy — 6 Ay0*h3h3h3 — 90As0hoh3h3 — 164A1hoo’hihi
—232A1h%0%hihihy — 372A1 hoo*hih3h3 + 6 A1h3o?h3h3 — 2A1hoo®hihhs
—676A1hgohihs — 166 A hoohshs — 88A 02 hsh3h3 —36 Asohohi 418 Asa® hih}
—1512A 1 hooh3h1h3 — TT6 Ay h3ohihy — 404A 0hah3h3 — 232A,0h3hsh?
—127A10%h%h1hy — 40 A5 hohshs + 164 As0* hoh by + 180 A0 haohih?
+140A50°hihsh? + 88 Ay hihihs 4 60 Ayc®h3hshy + 280A20° 3 h2hy
+127 A0 hih3hy + 4A1hoo®hS — 18 A1h3o?hs — 252 A1 hohy b3
—327A1hoh3h3 — A1o?h3h? — 4420 hohS)GMY0 + (—64h3 A1h3 — 18h3 A1 hy
—102A1h3h3 + 2A2h3hs + 2004203 i h3hs 4 86 Ay hih3hs — 150A1 h3hsh3
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—20A,0hah? + 144 A0 hah3hs 4+ 32As0h3h? + 96 Ayo?h3h 4+ 96 Ayohi b
+32A90 h3h3 + 4A50  hyh? + 4 A0 hah? — 48 Agohohoh3 + 336 Aga h2hah3hy
+432A50% hoh3hoh? + 216 Ayo3h3h3hy + 624 A20°hoh2hihy — 18 Ay h2hahs
+136 A0 hoh3hihs 4+ 104A20*h3hihe + 48 Ago®h2h3h3 + 260 A0t h3R3NT
—48Ay02hoh3hs — 456 A1hohihoh3 + 16 A hoo?h1hy — 336 A1h3c*hahy b3
—104A,h30%hihy — 136 A hoo?h3hihs — 432A1hoo?h3h3hy — 96 A1oh3h]
—260A1h30*hihy 4+ 18A1h3c*hahs — 624 A1 hoohihihs — 139241 hooh3hah?
—86A102h3h3hi — 16 A0 hohl — 816 A1hiohahi — 696 A, hiohih,
—232A10h3hsh? — 4A16°h3h3 — 16 Ay hohhy + 32As0h3hshy — 16 A1 hooh)
+144A50%hoh3hihy + 48 Ayo®hohihihy — 124 A1 hohihs — 32A10°h3R3)G?
+(—19R3 A1 b3 — 14A 1 hohy — 9Ashoh3 + 1324503 hihohs + 42450 hS hohs
+6Ashohghy — 60hg A1h3hs — 24A10h3h3 + 252As0°hohih? — 21 Asothohah?
—12450*h3h3 + 124503h3h3 + 6 A20°h3h3 + 6 Aso* hihs — 24Aschohihs
+36Aachohih + 684450 32 iRy + 150 Aaa* h3h3R3 + 264 Aa0* hoh3h3hs
+684A203h3h3h1he + 108A20*h3h3hihy + 216 Ago*h3hihy — 48 A0 hohyhy
—234 A1 hohihahs + 21A1hoo®h2hi — 153 A1 hoo®hihi — 108 A h2o2h3hihs
—150A1h30?h3h3 — 216 A hio?hihy — 684A1h302h3hoh3 — 264A1 hoo?h3h3hs
—1368A1hiohihah3 — 396 A1hgohih: — 66A1hoohihy — T92A1hoohhihs
—42A102h3h3hg + 1084203 h3hs — 324 A1 h2oh3hs — 102A,0hohshi
+60A20hah3h? 4+ 144A202 R hohs + 360 A203hohih + 153 Ago hohh}
+108A4202hoh3hihg 4+ 90As0?hih3hg + 396 Ago*hoh3hihs — 177 A hihoh
—150A1hoh3h3 + 12A1h202h5 — 216 A1hdohs — 6A102h3h] — 24A50%hohs)G®
+(—8h3A1h3 + 8Ashsh? — 8A1hihs — 16A10hihs — 12A10h3hT + 32Ash3hio
+4Ash3h30 — 8A10°hShy — 4A10%h3R3 4+ 48 Ay’ hshi + 324503 hshs
+12450%h3h3 4+ 124503h3hT + 8A20 hah8 + 450" h3R — 404903 hoh3h?
—32A50°h3h3 — 4Aghohahs + 80Aschohihohs + 408 Ago*hihih3hs
+568 A9  h3hih2hy + 336 Aoo*h3h3h3 + 328 Ay h3h2hy + 360 Asc>hohihahs
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—32A90 h3h3hy + 56 Aac  h3h3hs + 624 A2  h3h3h3 — 48 Aya?hohi b
—132A1hoh3hohs + 8A1hoo®h3hs — 568 A hio?hihah3 — 56 Ay hio?hihs
+32A1h30%hyhy — 408A1h302h3ih3hs — 336 A h2o?h3h3 — T20A1h3chyh3hs
—188A1hgo®hihahs — 88A1hgohihy — 400A  hooh3hahs — 528 A1h3ahih3
+36Ay0h3h: — 16 Agohohs 4 T2A20 hih3 — 392A1h3ohihy — 8Asa*hoh3hd
+72A50%h2h3hs + 324 A0 h3h3hy + 464A203hoh3hohs + 432A20°h3h3h1 hs
+188A90*hohthohs — 108A1h3hih% — 84 A1 h2h3hs — T2A1h§o*h3 — 32A1h3ahs
—28A1hoh1h3)GT + (—ho Ayh] — 8A hEh3 — 4Ashoh3 4 156 Ao hohfhs
+46 Ay0* hohShy — 24A20*h2h3 + 18 Ashghshy — 16 Ayohghy h3
+72A20h3hohs 4 356 Ago hihih3hs + 408 Ay h3h3hohs + 404 Ay  h3h3 hE
+189A50 hihoh? + 540 Ayo3h3h3hy + 468 Ayc®h2hihohs 4 192 A2 hoh3hs
—18A90%hoh3h? — 22 A2 h3h3h3 + ho Ash? — 46 A1hoohShs — 2A1hoo? hih3
—356A1h3co>hihihs — 189 A1 hio?h3hy — T8 A1hihihohs — 408 A1 h2a?h3hahs
—404 A, h3c®h3nE + 22A1h30%h3h3 — 66 A1hgohihs — 40A1hoohih3
—172A1h3oh3hs + 4hg Aya®hy + 100Asohohihs + 162A20°h3h3 — 8 Ao hihs
—456A1h3chah?hs — 60A1h3ohihy — 264A hioch3h, — 4As0°hohiha
+2A50%hohih3 + 804A20°h3h2 hohs — ho A1hSo? — 48 Ay h3h3hy
+224A903h3h3hs — 21 A1 h3h3 + 6ha Agc®h] — 20A1hoh3hs + 4hy Ashic
—2hy Ay h30 + hoAsc®h§ — 15A1hoh3h3 + 8A1h3o?hy) GO + (18 Axh3hs
—36A1hgoh} 4+ 252450 hghi h: 4 180 Aac®hgh3 + 504 A0 hih hahs
+360A90°h2h3hs + 360A02h3h3hs — 4A1h3hohs — T2A1h2oh3hs
+240A50%h3hohs — 126 A1 h2o?hihs + 126 Agohihahs + 144Ash2hy hso
—504A1h3c%hoh3hs — 126 A1 hgo?h3hs — 6A1h3h2hs + 126 Ayo*h2hihs
—144 A, h3chihohs + 720 A0 h3hyhohs — 252A1 hgo®hihy)GP

+(Arhoht + 8A1h3h3 + 63A90*hgh3 + 16 Agohihihg + 326 Ago* hghyhahs
+22A450* h3nIh3 + 18 Ag0®h3h3hy — Ashoh? + 324A50°h3hhs + 4Ashihy
4200450 h3h3hs + 248 Ayo3hihohs + 2A1h30%hihy — 326 Ay hgo?hihohs
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—200A1h3o?h3hy — 22A1h30*h3h3 + 60 A, hiohihy + 8Ah3ohihs

+40A1h3ohhy + T2A90h3hs — Asohoh$ — 6As0°hoht — 4Ayohoh?

+24 A0 h3h3 + 8As0*hihi + 14A1hiohohs 4 4As03h2h3hy

+452A50°h3h3hs + 48 Ago®hhihy — 250 hihihy + 18 A h3hyhs

+15A1h3h3hg — 63A1hio?h3 + 2A1hooh] + Arhoo?h$ — 8 A1hjo?h3

—4A50°hohl) G + (8A1h3h3 + 1241 hihs — 84A 0% hohShs — 4A0*h2h]

+84 A0 h3hohs — 12A4502h3h3 — 12A503h2hT + 184 A0 hih2hs

132400 hih1h3 + 48 Ayo?h3hiho + 288 Ay hihihy — 32A1hio?h3hy

—184A1hgo?hihg — 8A1hjo*hiha + 88A1hiohihe + 48 Ayhgohihs

+16Ay0hdhg + 1084202 hghs + 32A20°hghs + 40 Asa®hdh2ho + 8 Aso® R3S hy

+28A1h3h1hg + 4A1hEo? R 4 32A1hiohs — 4As0h3h? +12A,h30h)G?

+(14A1hgho + 18A1hdohs + 19A1h3h? — 21 A hio®hihy — 12A20°h3h3

—90A1h30?hi1hs — 6A20°h3h3 — 12A1h302h3 + 24 A1 hioh? + 66 A hgohy ho

+48A903hgh1ho + 6A1h30%h] + 90As0?h3hihs + T2A203hhs + 24As02hihy

+12A90%h5h3 — 6420 R3] + 21 A2 hih3hy)G? + (—16hy A1o?hohf

+16h1 Ago*hghg + 16 Ao hghg + 18 A1hihg + 18 A0 hihs + 20A 0h3hg

—18A1h§0hs — 4 A0 hihs + 4A1hio®h3 + 16 A1hohy — 4A50°hih?)G

+A1hY0 22 +4A90*hSho +6 A1 hgohy +6A1h) — Asa hih —4A 1 h§o?hy).  (3.6)
Substituting (3.4) and (3.6) into (3.2) we obtain a polynomial in the power of

G. Equating the coefficients of this polynomial to zero, we get a system of algebraic
equations which can be solved by Maple or Mathematica. We obtain the results:

2h1ho
—hy + C5hy exp [—hl (x +y— h%t)] ’
2C5h3(1+ ohy) exp [—hi(z 4+ y — hit)]
—hy + Cshq (1 + Uhl) exp [—hl (.7) +y— h%t)] ’

up = Ag + 2hy +

UQ:A0+

where hy # 0, hy # 0 and C5 are arbitrary constants.

2hohy

= Ay — 2hy —
us 0= 2m —ho + Cihyexp [hy(z +y — hit)]’
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204h%(1 + Uhl) exp [hl (x +y— h%t)]
—ho + C4h1(1 + Uhl) exp [hl (ac +y— h%t)] ’
where hg # 0, h1 # 0 and C} are arbitrary constants.

U4:A0—

4C1h3 exp [—2hy (z 4+ y — 4h3t)]
—hs + C1hyexp [—2h1 (x +y— 4h%t)] ’
4C’1h% (1 + O'hl) exp [—2h1 (a: +y— 4h%t)]
—hs + C1hy (1 + O'hl) exp [—2h1 (;U +y— 4h%t)] ’
where hy # 0, hs # 0 and C are arbitrary constants.

= Ay +

ug = Ao +

4hs
Tyt hs[o—2(s +y 2V 300)]
+\/W{CQ + h3 [a— 2(ac +y— 2@75)]}
6hs ’
where hg # 0, and Cs are arbitrary constants.

2hs N V=3C [Cs+ ha(0 — z — y + 2v/=3Ct)]
Cs+ hg(a—x — Y+ 2V —3Ct) 3ho ’

where ho # 0 and Cg are arbitrary constants.

ug = Ao+

2hy +\/—30 [Cr+ ho(o + x4y +2v-3Ct)]
Cr+ ho(o + =+ y + 2v/=3Ct) 3ho

where hg # 0, and C7 are arbitrary constants.

ug = Ao—

9

3.2. The (2 + 1)dimensional Burgers equations. In this section, we consider
the following (2 4 1)-dimensional Burgers equations:

—Up + Uy + VU + Blyy + aBug, = 0,

Uy — Uy = 0, (3.7)
where o and 3 are nonzero constants. The traveling wave variable (3.7) permits us
converting Eq. (3.7) into the following ODE:

Vu' +uu' + avu’ 4+ B(1 + a)u” =0,
u —v =0. (3.8)
Consider the homogeneous balance between u” with vu’ and u” with uu’ in (3.8)

we get n = 1 and m = 1. Using the same idea in Sec. 3.1, we may choose the solution
of Equation (3.7) in the form

0 X Ty

/

Q 7
(%) (3.9)

)"

N
@

)] ;1

/\
Q|®
QIQ
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where A;, B; and o are constants to be determined and G = G (§) satisfies Eq.
(2.5). Substituting (3.4), (3.5) and (3.9) into Egs. (3.8), we obtain a polynomial in
the power of G. On equating the coefficients of this polynomial to zero, we get a
system of algebraic equations which can be solved by Maple or Mathematica and we
obtain the following results:

20Cshiexp [—hi(x+y—Vt)]
—hgy + C5h1 exp [—h1 (x +y— Vt)] 7

ul :ﬂ(l—l—a)hl—V—aBo—

28C5h? exp [—hl (x +y— Vt)] .
—hg 4+ C5hq exp [—hl (ac +y— Vt)] ’

2B8C5h}(1+ ohy) exp [—hi(z +y — V)]
—hgy + C5h1(1 + Uhl) exp [—hl (.7) +y— Vt)] ’
,3(1 + a)h1 -V -4 _ 2,305h%(1 + O'hl) exp [—hl(ac +y— Vt)]

« —h2+C5h1(1+0h1) exp [—hl(x—i-y—Vt)] ’

where hy # 0, ho # 0 and Cs are arbitrary constants.

4501h% exp [—th (.7) +y— Vt)]
—hg + C1hy exp [—th (.7) +y— Vt)] ’

UlzBo—

’LLQZAO—

Vo =

ug =268(1+a)hy =V —aBy —

4ﬂC’1h% exp [—2h1 (x +y— Vt)]
—hg + Crhy exp [—2h1 (.7) +y— Vt)] ’

4ﬁ01h%(1 + O'hl) exp [—2h1 (;U +y— Vt)]
—hs + C1hy (1 + O'hl) exp [—th (.7) +y— Vt)] ’
26(1+ )i =V = Ay 4BCihi(1+ohi)exp [-2h(z +y —V1)]

« —hs +Clh1(1+oh1) exp [—2h1(x+y—Vt)] ’

where hy # 0, hg # 0 and C7 are arbitrary constants.

28Cyh? exp [hl (x +y— Vt)]
—hg + Cyhq exp [hl (ac +y— Vt)] ’

’U3:Bo—

U4:A0—

V4 =

us = —5(14-05)}7,1 —V—OéBo+

2ﬂC’4h% exp [hl (x +y— Vt)]
—hg + Cyhy exp [hl (a: +y— Vt)] ’
2ﬂC’4h%(1 + O'hl) exp [hl (a: +y— Vt)]
—hg + Cyhq (1 + O'hl) exp [hl (.7) +y— Vt)] ’
,3(1+Oé)h1—|—V—|—A0 2504h%(1+0h1) exp [hl(x+y—Vt)]
@ —ho—l—C4h1(1—|—Uh1) exp [hl(x+y—Vt)]’
where hg # 0, h1 # 0 and C} are arbitrary constants.

vs = By +

’U,6:A0+

Vg — —
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Remark 3.1. The ansétz (2.4) and (2.5) proposed in this paper is more general
than the ansitz in the original (%)-expansion method [18], the improved (%)-

expansion method [5], the generalized (% )-expansion method [10], the extended
(%) -expansion method [6] and the modified (& )-expansion method [2]. If we
set the parameters in (2.4) and (2.5) to special values the above methods can be
recovered by our proposed method. Therefore our new method is more powerful than
the above methods and some new types of traveling wave solutions and solitary wave

solutions would be expected for other nonlinear equations.

Remark 3.2. By writing the exact solutions of nonlinear equations as polynomials
(€

7

140(%)
equations which can be solved with the help of symbolic computation. Therefore

our method is a pure algebraic algorithm which can be applied to integrable system
and non-integrable system.

, the equations can be changed into the nonlinear system of algebraic

Remark 3.3. All solutions presented in this article have been checked with Math-
ematica by putting them back into the original equations (3.1) and (2.2).

4. CONCLUSIONS

In this work, the enhanced (%)-expansion method has been successfully applied
to find the exact solutions of the (2 + 1)-dimensional typical breaking soliton and

3 .
Burgers equations. In this paper, we investigated the case when G’ = Y h;G". In
i=0
the future, the proposed method can be extended to the case i > 4. The present work
shows that the enhanced (%)—expansion method is direct, concise and effective, and

can be applied to other nonlinear equations in mathematical physics.

Acknowledgment. The authors wish to thank the referee for his comments
on this paper.
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