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ON MODIFIED ITERATIVE METHOD FOR GENERALIZED
EQUILIBRIUM PROBLEMS AND FIXED POINT PROBLEMS

PEIXIA YANG AND YONGHONG YAO

ABSTRACT. In this paper, we present a new iterative method for finding a com-
mon element of the set of solutions of generalized equilibrium problems and the set
of fixed points of a strict pseudocontractive mapping. Furthermore, we prove that
the proposed iterative method has strong convergence under some mild conditions
imposed on algorithm parameters.

1. INTRODUCTION

Let C be a nonempty closed convex subset of a real Hilbert space H. A mapping
A: C' — H is called monotone if

<A$—Ay,$—y>20, V.Z',Z/EC,
and A: C' — H is called inverse strongly monotone with coefficient o > 0 if
<A$—Ay,$—y> ZCYHAJ)—A:I/H2, vxvyec

It is obvious that any inverse strongly monotone mapping A is monotone and Lips-
chitz continuous. Recall that T: C' — H is said to be a strict pseudo-contraction if
there exists a constant 0 < k < 1 such that

1T = Ty|l* < |z — ylI* + kl|(I = T)a — (I = T)y|?, Va,yeC.

For such case, we also say that T: C — H is a k-strict pseudo-contraction. From
Acedo and Xu [1], we know that, if T: C — H is a k-strict pseudocontractive
mapping, then T satisfies Lipschitz condition, that is,
14k

1—-k
We use Fixz(T) to denote the set of fixed points of the mapping 7. It is well-known
that the class of strict pseudo-contractions strictly includes the class of nonexpansive
mappings which are mappings S: C — H such that ||Sz — Sy|| < ||z — y||, for all
xz,y € C.

[Tz =Tyl < lz =yll, Va,yedl.
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Let A: C — H be a nonlinear mapping. Now, we concern the following varia-
tional inequality problem which is to find * € C such that

(Az*,z —2*) >0, VxeCl. (1.1)

The set of solutions of the variational inequality (1.1) is denoted by VI(A,C). The
variational inequality problem has been extensively studied in the literature. For
finding an element of Fiz(S) N VI(A,C) under the assumption that a set C C H
is closed and convex, a mapping S of C into itself is nonexpasive and a mapping A
of C into H is a-inverse strongly monotone, Takahashi and Toyoda [21] introduced
the following iterative scheme:

rg=x € C, (1 2)
Tnt1 = QnZp + (1 — ap)SPo(x, — \yAzy), VYn >0, ’

where P is the metric projection of H onto C, {ay,} is a sequence in (0,1) and
{An} is a sequence in (0, 2«). They showed that, if Fiz(S)NVI(A,C) is nonempty,
then the sequence {z,} generated by (1.2) converges weakly to some z € Fiz(S) N
VI(A,C).

Nadezhkina and Takahashi [17] introduced a so-called extragradient method
motivated by the idea of Korpelevich [8] for finding a common element of the set
of fixed points of a nonexpansive mapping and the set of solutions of a variational
inequality problem and obtained a weak convergence theorem. Zeng and Yao [28]
introduced the following extragradient method

{yn = Po(x, — \Axy,),

1.3
Tnt1 = anxo + (1 — ap)SPo(xn — A\yAyn), Vn >0. (13)

They obtained the strong convergence of the sequences {x, } and {y,} generated by
(1.3) to Ppiz(s)nvi(a,c)(wo) under some assumptions.
Very recently, Yao and Yao [26] presented the following new extragradient
method
Yn = PC(xn - Anflxn)a
Tnt1 = QU + By + Y SPo(yn — M Ayy), ¥n > 0.

They also obtained the strong convergence of the sequences {z,,} and {y,} generated
by (1.4) to Ppiy(s)nvi(a,c)(u) under some mild assumptions.

Let A: C — H be a nonlinear mapping and F' be a bifunction of C' x C' into R.
Now, we concern the following generalized equilibrium problem which denoted by
EP(F,A) is to find z € C such that

F(z,y)+(Az,y—2) >0, VYyeC. (1.5)

In the case of A = 0, (1.5) is denoted by EP(F'). In the case of F' = 0, (1.5)
reduces to the variational inequality (1.2). The problem (1.5) is very general in the
sense that it includes, as special cases, variational inequality problem, optimization

problems, minimax problems, Nash equilibrium problem in noncooperative games
and others. Please see [2], [3], [5]-[7], [9], [11]-[27].

(1.4)
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For solving the generalized equilibrium problem (1.5), Moudafi [10] introduced
an iterative algorithm and proved a weak convergence theorem and Ceng et al.
[4] introduced an iterative algorithm for finding an element of EP(F) N Fix(S).
Takahashi and Takahashi [23] introduced a new iterative algorithm for finding an
element of EP(F, A) N Fix(S) and proved a strong convergence theorem.

Inspired by the above results, in this paper, we present a new iterative method
for finding a common element of the set of solutions of generalized equilibrium prob-
lems and the set of fixed points of a strict pseudocontractive mapping. Furthermore,
we prove that the proposed iterative method has strong convergence under some mild
conditions imposed on algorithm parameters.

2. PRELIMINARIES

Let C' be a nonempty closed convex subset of H. Throughout this paper, let us
assume that a bifunction F': C x C' — R satisfies the following conditions:

(H1) F(x,z) =0 for all z € C}

(H2) F' is monotone, i.e., F(x,y) + F(y,z) <0 for all x,y € C;

(H3) for each z,y,z € C, ltifg F(tz+ (1 —t)z,y) < F(z,y);

(H4) for each z € C, y — F(z,y) is convex and lower semicontinuous.

Lemma 2.1. ([6], [22]) Let C' be a nonempty closed convex subset of H and F' be a
bifunction of C x C into R satisfying conditions (H1)-(H4). Let r > 0 and x € C.

1
Then there exists z € C such that F(z,y)+ ;(y—z, z—x)y >0, VyeC. Further, if
1
T, (x) = {z €eC:F(z,y)+—(y—z2—1z)>0,Vy € C}, then the following hold:
T

(1) T, is single-valued and T, is firmly nonexpansive, i.e., for any x,y € H,
T2 — Toy|* < (Trx — Ty, — y);
(2) Fix(T,) = EP(F,A) and EP(F,A) is closed and convez.
We also need the following lemmas for proving our main result:
Lemma 2.2. ([20]) Let {z,} and {yn} be bounded sequences in a Banach space X
and {Bn} be a sequence in [0,1] with 0 < hm mf Bn < limsup 8, < 1. Suppose that
n—00
Tnt1 = (1 = Bn)yn + Bnzn, Yn >0 and hmsup(HynH — Ynll = |Jnt1 — zn||) < 0.

n—oo

Then lim |y, — z,| = 0.
n—oo

Lemma 2.3. ([1]) Assume that C is a closed convexr subset of a real Hilbert space
H. LetT: C — C be a k-strict pseudocontractive mapping. Then the mapping I —T
is demiclosed at zero. That is, if {x,} is a sequence in C such that x, — x* weakly
and (I — T)x, — 0 strongly, then (I —T)z* = 0.

Lemma 2.4. ([1]) Assume that {ay,} is a sequence of nonnegative real numbers such
that apn+1 < (1 — yn)an + 0n, Vn > 1 where {v,} is a sequence in (0,1) and {0, }
is a sequence such that
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(1) 370 = o0
n=1

o
(2) limsup d, /v, <0 or Z |0n] < o0.
n—oo n—=1

Then lim a, = 0.
n—o0

3. MAIN RESULTS

Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F,G: C x C — R be two bifunctions which satisfy the assumptions (H1)-(H4). Let
A,B: C — H be two inverse strongly monotone mappings with coefficients o > 0
and B > 0, respectively. Let » > 0 and A > 0. From Lemma 2.1, we know that, for
fix x € C, there exist u € C' and v € C such that

1
F(u,y)—l—;(y—u,u—x)ZO, vyecv

and )
G(v,z)—i—x(z—v,v—@ >0, VzeC.
Set .
Py(z) = {uEC:F(u,y)—l—;(y—u,u—@ >0, VyEC},
and

1
PB(.Z‘):{UEC:G(’U,Z)—FX(Z—U,’U—.Z‘>ZO, VZEC}.

Again, from Lemma 2.1, we know that P4(x) and Pp(x) are single-valued and
firmly nonexpansive mappings. Let T: C — C be a k-strict pseudocontractive
mapping. We use 2 to denote EP(F, A) N EP(G, B) N Fiz(T), that is,

Q=FEP(F,A)NEP(G,B) N Fix(T).
Now we state and prove the following strong convergence theorem:

Theorem 3.1. Let C' be a nonempty closed convex subset of a real Hilbert space H.
Let F,G: C x C — R be two bifunctions which satisfy the assumptions (H1)-(H4).
Let A, B: C — H be two inverse strongly monotone mappings with coefficients o > 0
and B > 0, respectively. Let r € (0,2a) and X € (0,23). Let T: C — C be a k-strict
pseudocontractive mapping such that Q # @. For fized w € C and xg € C arbitrarily,
let {z,}, {yn} and {z,} be the sequences generated iteratively by

zn = Pa(xy, — rAzy),
yn = Pp(zn, — A\Bzy), (3.1)
Tpt1 = QU+ BnTn + YnYn + 60 TYn, Yn >0,
where {an}, {Bn}, {m} and {0,} are four sequences in [0, 1]such that:
(i) an+ Bn+ 9+ 0n =1 and (v + 0n)k < vy, for all n > 0;
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(ii) lim a, =0 and Zan = 00;

n—oo

n=0
(iii) 0 < liminf 3, <limsupf, < 1 and liminf§, > 0;
n—oo n—oo n—oo
. . Y41 Tn
iv) lim ( — ) =0.
( )n—>oo 1_/Bn+1 1_1871

Then the sequences {xn}, {yn} and {z,} generated by (3.1) converge strongly to
Po(u).
Proof. We divide the proof into several steps:
Step 1. {z,}, {yn} and {z,} are bounded. In fact, take a point z* € Q to get
st — 2*1) = (s — 2°) + Bu (0 — %) + Yl — 2%) + 80 (T — 2°)|
< apllu — 2% 4 Bullen — 2| + [ (yn — 27) + 60 (Tyn — 27)|.
From (3.1) and (3.2), we obtain
1y (Y — @) + 8n (T — )12
= 7721||yn - x*||2 + 5721‘|Tyn - x*||2 + 29060 (TYn — T*, yn — 2°)
< (m+ 5n)2Hyn - x*||2 + [5721k — (1 = k)vnbn]llyn — Tyn||2
= (m + 571)2”1%1 - 37*||2 + 0n[(n + 0n)k — Ynlllyn — Tyn||2
< (v + 571)2”1%1 - 37*||27
which implies that
[ (yn = %) 4 0n(Tyn — 27)|| < (90 + 6n)llyn — 27 (3-3)

Since A is a-inverse strongly monotone and B is S-inverse strongly monotone, we
have

(3.2)

(I —rA)z — (I —rA)y|? <|z—yl|*+r@ - 20)[| Az — Ay|? (3.4)
and
(I = AB)z — (I = AB)y|* < llz — ylI* + A(A — 28)|| Bz — By||*. (3.5)

It is clear that, if 0 < 7 < 2c and 0 < A < 20, then (I —rA) and (I — AB) are all
nonexpansive.
Note that ©* = Py(z* — rAxz*) = Pg(z* — ABx™). From (3.1), we obtain

[y — "] = | PB(2n — ABzy) — Pp(z” — ABx™)|

<z — ¥
= ||Pa(xy, — rAx,) — Pa(z* — rAz")||
< ||@n — 2. (3.6)

It follows from (3.2), (3.3) and (3.6) that
[Zns1 — "] < anllu = 27| + Bullzn — 27| + (v + ) lyn — =7
< apllu = 2| + Bullen — 2% + (yn + 0n) |20 — 27|

= anllu — 27| + (1 — an)lzn — 27
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By induction, we obtain
ln — pll < max{n:co — &, uu—x*u}, _—

Hence {x,} is bounded. Consequently, we deduce immediately that {y,} and {z,}
are also bounded.
Step 2. lim ||zy41 — z,| = 0.
n—oo
Define xy, 41 = Bran + (1 — Bp)w, for all n > 1. It follows that

Tnt2 — Pnt1Tnsl Tngl — Bnln

Wn+1 — Wnp = 1_ Bn-i—l - 1_ Bn
_ Op+1U . anp + 'Vn-l—l(yn—i-l - yn) + 5n+1(Tyn+1 - Tyn)
1-— Bn-I—l 1—- Bn 1-— /Bn—i-l
Tn+1 Tn Ont1 on
+( - Jon+ ( - )Ty (37
1— /Bn-l—l 1— /Bn on 1— /Bn-l—l 1— /Bn Yn ( )

Observe that

H’Yn-l—l(yn-H - yn) + 5n+l(Tyn+1 - Tyn)||2

= Yo lyns1 — ynll* + 6o | TYns1 — Tynl?
+29n4+10n+ 1T Yn+1 — TYn, Ynt1 — Yn)
<2 llyns1 — ynal? + 0o i lyns1 — ynll® + Bl (Yns1 — Tyntr)

—(yn — Tyn) Il + 279n+16n+1[[Ynt1 — ynl)?
1-%
_?H(yn—i-l - Tyn—i—l) - (yn - Tyn)||2]
= ('Yn—i—l + 5n+1)2”yn+1 - yn||2
F0nt1[(nt1 + 0nt 1)k — Vg 1)l (Wns1 — TYns1) — (Yn — TYn)

< (Yot + 00 1) Yns1 — ynll?

2
|

which implies that
Yt 1(Yns1 = Un) + On1 (Tyns1 — Tyn) || < (1 + Ong 1) [[Ynsr —wnll- - (3.8)
Next, we estimate ||y,+1 — yn|| and ||zp+1 — 25| From (3.1), we have

lznt1 — 2zall = [[Pa(mpy1 — rAzng1) — Pa(w, — rAxy)||

< g1 — @

A

and

|Yn+1 — ynll = | PB(2n+1 — AB2nt1) — Pp(zn — AB2)||
< znt1 — zall
< lzns1 — znll- (3.9)
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From (3.7), (3.8) and (3.9), we have

Onp+1
a1 = wnll € 2 ((lu] + Tyal)) + (lull + 1Tyal)
/Bn 1 - /Bn
i +1 ’Y
1 = aall + |2 - (lyall + 1 Tgall).
= — B
Therefore, it follows that
timsup ([[wns1 = wall = |1 = 2l
n—oo
. Qp41 n
< timsup { =2 (ul] + Tyal) + (lull + 1 Tyal)
n—oo - /Bn—I—l /Bn

Tn+1
+ 2 (lyall + ITal) } < 0.

"l

- /Bn-l—l - /Bn

This together with Lemma 2.2 imply that lim ||w, — z,| =0 and so
n—oo

lim ||zp41 — zn|| = 0. (3.10)
n—o0

Step 3. lim |z, — T'z,| = 0.
n—oo
It follows from (3.4) and (3.5) that
lyn — "> = ||Pp (2 — ABzn) — Pp(¢* — ABa”)|?
< |lzn = 2*[* + A\ = 28)[|Bzn — Ba*||?
= ||Pa(an — rAzn) — Pa(z” — rAz")|* + X(X = 28)|| Bz, — Ba"|”
< lzg — ¥ + r(r — 20)|| Az, — Az*||?
+A(\ = 28)|| Bz, — Bz*|?. (3.11)
From (3.1) and (3.3), we also have
[Znt1 —2* H = an{u— 1", xn+1_$*>+/3n< — 2%, Tpg1 — T7)
Y (Yn — %) + 00 (Tyn — %), Tp1 — 27)
<0‘n<u_l' Tny1 — ) + Bullzn — &7[|[|2p41 — 27|
+lm(yn —27) + n(T — )[[[enta — 2]

< (U — 2 g — o) + <mm—xuﬁwmm4—xn>
(Yn + 6n) . .
+—£3JLN%—$H”me4—xW%
that is,
e = 2| < g7 = " s = 2) e — 2P
+ o,
+ 0y, — a2 (3.12)

1+ o,
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Thus it follow from (3.11) and (3.12) that

[Tns1 — 2| < 71+Zn\|u—fv znsr — 2™ + 1+"an\lwn —z*|?
) . ) .
Trallan =@ | + (e — 20)|| Az, — Az
Yn + On %12
A\ — 28)||Bz, — B
HIA - 29)]| B, — Ba|
and hence
5 5
In 0 00 — 1)l Aan — A2 + 2220\ (28 — A)||B2n — Ba*|?
1 " 1+ oy,
2a * * * *
< 1+anlu—x I Zns1 — 2*|| + |20 — 2*1* = |41 — 2|
2an * * * *
>~ - n+1 — n n+1 — n — Ln+l]|-
+a lu— 2|2 ||+ (lon — 2% + ||z o |)|zn — Tpgal]
n

Yn + on

Qn

Yn + on

n

From lim inf
n—oo

a, — 0, we have

r(2a—r)>0, liégiogf A28 —=X)>0, ||xn —xpt1||—0 and

| Az, — Az*| =0, Bz, — Ba*| = 0. (3.13)

lim lim
n—oo n—oo
Noting that P4 and Pp are all firmly nonexpansive, then we have

llzn — 2%|1? < ((zn — 7Az,) — (2 — rAz*), 2, — z¥)
1 * * *
= 5 (Izn = rAz0) = @* = AT |2 + |20 — 2"
—||(zy, — rAxy) — (2 —1AZ™) — (2, — x*)HQ)

1 * * *
< 5 (lon = 1 + llzn = 212 = l(@n — 20) = (20 — Az*)]|?)
1 * *

= 5 (lon = "2 + 120 = 2112 = llzn — 2l

+2r(x)y — 29, Ay, — Az™) — 12| Az, — A:c*||2)
and
lym = "I < (20 = ABza) — (2" = AB&"), o — @")
= 2 (Ien = ABz) — (* = ABa) P + g — 27|
(20 = ABz) = (" = ABa") = (g — 2|

1 * * *
< 5 (llzn = 212 + llym = 2112 = 1z = 9) = A(Bzn — Ba")|?)
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= 2 (ln = "1 4l — 212 — 120 — w0
+2XM 2y — Yn, B2z, — Bz*) — \?|| Bz, — Bm*||2>.
Hence it follows that
lzn = 2*|I* < llzn — 21° = llzn — 2nll* + 2rl|2n — 20|l [| A2 — A2 (3.14)
and
lyn = 2*11* < lzn — 21 = 20 = yal® + 27|20 — yull | Bzn — Ba*|l.  (3.15)
Therefore, combining (3.14) and (3.15), we get
lyn = 2*1* < llzn — 2*|1* = 2 — zal® = 120 — ynll?
+2r||z, — zn||[|Azn — Ax™|| + 2X|| 20 — ynl||| Bz — Bx™||. (3.16)
From (3.12) and (3.16), we get

2 8
W%H—xW2ST:§ﬂu—ﬁmmm4—fw+1+2J@n_ﬁw
+6
+ 32 e = &7 = e = 2all” = 120 = 9al?
n

+2rljen = znll| Az — A2*|| + 27|20 = yal | Bzn — Ba”|.
It follows that

Y + 6
0 o = 2l o+l = vl
n
20, . . . )
= lu — z*(|[|zn+1 — 2| + (lzn — 2% + |[2p1 — "D ]|2n — Tpta |
1+ oy,
+6 ) *
71717” [2r||:cn — zo|||Azy, — Ax*|| + 2\ 20 — yu ||| B2n — Bz ||].
+ oy,

0
From (3.13), liminf Tn + On
n—00 =+ ap,
that

>0, lim o, =0 and lim ||z,4+1 — x,|| =0, we deduce
n—oo n—oo

lim ||z, — 2z,|| =0, lim ||z, —yn|| = 0. (3.17)
n—oo n—oo
Thus, from (3.1), (3.10) and (3.17), we have
lim || Ty, — x| = 0.
n—oo

At the same time, we note that

1+k
|z = Tan|| < [|n = Tynll + [Tyn — Tonl| < llon — Tyall + m”yn — T |

and so
lim ||z, — Tz,| = 0and lim |y, — Ty,|| = 0.
n—oo n—oo
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Step 4. limsup(u — z*, 2, — ") < 0 where z* = Py(u).
n—o0

To show this inequality, take a subsequence {xy,} of {x,} such that

limsup(u — z*, z, — ™) = lim (v — 2%, zp, — z").
n—00 100

Without loss of generality, we may assume that z,, — w. Since C is closed and
convex, C is weakly closed. So, we have w € C. Let us show w € ). By the similar
argument as that in [23], we have w € EP(F, A) and w € EP(G, B).

Next, we show that w € Fixz(T). In fact, this follows from ||z, — Tx,| — 0 and
Lemma 2.3. Hence w € ). Further, we have

limsup(u — ¥, z,, — 2*) = lim (u — 2™, zp, — 2*) = (u — 2™, w — 2¥) < 0.

n—00 1—00

Step 5. x, — z* as n — co.
From (3.3), we have

fown =212 (1= T2 = 0P+ 22— o, - )
n n

2
1+ oy

o
It is clear that Z = 00. Hence all the conditions of Lemma 2.4 are satisfied.
n=0

Therefore, we irﬁmediately deduce that z,, — x* as n — oo. Consequently, we also
have y,, — z* and z, — z* as n — oo. This completes the proof. O

Corollary 3.1. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let F\G: C x C — R be two bifunctions which satisfy the assumptions (H1)-
(H4). Let A, B: C' — H be two inverse strongly monotone mappings with coefficients
a >0 and B > 0, respectively. Let r € (0,2a) and X € (0,28). Let T: C — C be a
nonexpansive mapping such that Q # @. For fired u € C and xg € C' arbitrarily, let
{zn}, {yn} and {z,} be the sequences generated iteratively by

zn = Pa(zy, — rAx,),
Yn = Pp(zn — ABzy),
Tng1 = QU+ BnZpn + Yoln + 00,.TYn, Y >0

where {an}, {Bn}, {} and {0,} are four sequences in [0,1] such that:
(i) on + Bn+vn +0p =1 for all n > 0;

(ii) lim «, =0 and Zan = 00;
n=0

)

) n—oo

(iii) 0 < liminf 3, <limsup 3, < 1 and liminf §,, > 0;

n—00 n—00 n—00
. Yn+1 Tn

lim ( — ) =0.

) n—00 1_/Bn+1 1_1671

Then the sequences {xyn}, {yn} and {z,} converge strongly to Po(u).

(iv
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We note that, if T: C' — C' is a k-strict pseudocontractive mapping, then the
mapping kI + (1 — k)T is nonexpansive. Hence, from Corollary 3.1, we have the
following conclusion:

Corollary 3.2. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let F\G: C x C — R be two bifunctions which satisfy the assumptions (H1)-
(H4). Let A, B: C' — H be two inverse strongly monotone mappings with coefficients
a >0 and B > 0, respectively. Let r € (0,2a) and X € (0,28). Let T: C — C be a
nonexpansive mapping such that Q # @. For fired u € C and xg € C' arbitrarily, let
{zn}, {yn} and {z,} be the sequences generated iteratively by

zn = Pa(zy — rAzy),
Yn = Pp(zn, — ABzy),
Tpt1 = opu~+ B2 + 7, Tyn, Yn >0,
where {al, }, {8}, {1} are three sequences in [0,1] such that:
(i) of, + B, +h =1 for alln > 0;
o0

(ii) nli_r)lgoa;l =0 and Za; = 00;
n=0
(iii) 0 < liminf 3, < limsup 3, < 1.
n—ro0 n— 00

Then the sequences {xy}, {yn} and {z,} converge strongly to Po(u).
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