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ON THE CONVERGENCE AND ADHERENCE OF GRILLS

V. RENUKADEVI

ABSTRACT. We define the convergence and adherence of grill in topological space
with respect to the family of all a-open sets, semiopen sets, preopen sets, b-open
sets and [-open sets, characterize such sets and discuss their properties.

1. INTRODUCTION AND PRELIMINARIES

Grills in a topological space (X, 7) is initiated by G. Choquet [6] in 1947. Prop-
erties of grill in topological spaces are further investicated in [8, 10, 11, 15, 16]. In
this paper, we define the convergence and adherence of grill in the following family
of sets obtained from 7, namely the family of all semiopen sets (o), preopen sets (),
b-open sets (b) and [S-open sets (3).

A grill G [6] is a nonempty collection of subsets of X which satisfies (1))A € §
and A C B C X implies B € § and (ii) A, BC X and AUB € G implies A € §
or B € §. By a space (X, 7), we always mean a topological space (X, 7) with no
separation properties assumed. If A C X, cl(A) and int(A) will, respectively, denote
the closure and interior of A in (X, 7). A subset A of a topological space is said
to be semiopen [9] (resp. preopen [1], b-open [4], S-open [2] or semipreopen [3]) if
A C cl(int(A)(resp. A C int(cl(A4)), A C int(cl(A)) Ucl(int(A)), A C cl(int(cl(A))).)
A filter F on a space X is said to #-adheres at x € X if for each F' € F and each
open set U containing z, F'Ncl(U) # . F is said to f-converge to x € X if for each
open set U containing z, there corresponds F' € J such that F' C cl(U). If open sets
are replaced by preopen sets, we get p(6)-convergence and p(6)-adherence defined
and discussed in [10]. If G is a grill (or filter) on a space X, then the sectionof G,
[10] denoted by sec§, is given by secG = {A C X | ANG # O, for all G € G}.
Let (X,7) be a space and P = {o,m,b,}. For p € P and a subset A of X, i,(A)
is the union of all p-open subsets of A and ¢, (A) is the intersection of the p-closed
supersets of A. Clearly, for x € X and A C X, v € c,(A) ifand only if UN A # O
for all U € p containing z. For any subset A of X, let us denote by cy,(4), the
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set of all points € X such that c,(U) N A # © whenever x € U € p. That is,
co,(A) = {z € X | Anc,(U) # O for every p-open set U containing z}. The
following lemma will be useful in the sequel.

Lemma 1.1. [16] Let (X, 7) be a space. Then the following hold.

(a) For any grill (resp. filter) G on a space X, sec G is a filter (resp. grill) on X.
(b) If F is a filter and G is a grill such that F C G, then there is an ultrafilter U on
X such that F C U C G.

2. MAIN THEOREMS

Let (X,7) be a space and P = {o,7,b, f}. Throughout the paper, up € P. A
grill § on X is said to be 6,-adheres at z in X if for each U € p containing x
and each G € G, ¢,(U)NG # ©O. G is said to §,-converges to x € X if for each
U € p containing x, there exists G € § such that G C ¢, (U). Clearly, a grill § is
6,-converges to € X if and only if § contains the collection {c,(A) | x € A € pu}.
A filter J on a topological space (X, 7) is said to be §,-adheres at x € X if for each
U € p containing = and each F' € JF, ¢,(U) N F # . J is said to 6,-converges to
x € X if for each U € p containing x, there exists /' € J such that F' C ¢,(U). The
following Theorem 2.1 shows that 6,-adherence of a grill is strictly stronger than
that of 6,-convergence.

Theorem 2.1. Let (X, 7) be a space with a grill G. If G 0,,-adheres at some point
x € X, then G is 0,,-convergent to x.

Proof. Suppose G 0,-adheres at x € X. Then for each u-open set U containing z
and each G € G, ¢,(U) NG # O. Now ¢, (U) NG # O implies that ¢,(U) € sec§
for each p-open set U containing x. Moreover, X — ¢, (U) ¢ § whenever z € U € p.
Since X € §and Gis a grill on X, ¢,(U) € § for each p-open set containing z. Thus,
§ is 6,,-convergent to x. O

If © = 7 in the above Theorem 2.1, we get Theorem 2.6 of [10] and Example
2.7 of [10] shows that the converse of the above theorem is not true for yu = 7. Let
(X, 7) be a space, G be a grill on X and z € X. We define §(6,, ) = {A C X |
r € cg,(A)} and secG(0,, v) = {AC X | ANG # O for all G € §(0,, 2)}. The
following Theorem 2.2 gives a characterization of 6,-adherence of a grill in terms of
§(0,,, ) which is nothing but Theorem 2.9 of [10] if 4 = m and Theorem 2.3 gives
a characterization of 6,,-convergence of a grill which is nothing but Theorem 2.10 of
[10] if p = 7.

Theorem 2.2. Let § be a grill on a space (X, 7). Then the grill G 0,,-adheres at
x € X if and only if § C §(0,, x).
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Proof. G 0,-adheres at x € X implies that ¢, (U) NG # O for all G € G and
for every p-open set U containing x. Therefore, € ¢y, (G) for all G € G and so
G € §(0,, x) for all G € G which implies that § C §(6,, z). Conversely, suppose
that § C G(0,, z). Then for every G € G, G € §(0,, =) and so = € ¢y, (G) which
implies that ¢, (U)NG # O for every U € p containing x. Hence G 6,-adheres at the
point x. O

Theorem 2.3. Let G be a grill on a space (X, 7). Then G is 6,-convergent to x € X
if and only if sec §(0,, ) C G.

Proof. Let G be a grill on X which 6,,-converges to z € X. Then for each p-open
set U containing z, there exists a G € § such that G C ¢, (U). Since G is a grill
on X, ¢,(U) € G. Let A € secG(0,, ). Then ANG # O for all G € §(0,, z) and
so X —A¢ G(0,,x). Now X — A ¢ §(0,, z) implies that = ¢ cy, (X — A) and so
c,(V)N (X —A) = O for some V € pu containing . Again, ¢, (V)N (X —A) =0
implies that ¢, (V) C A which in turn implies that A € G. Thus, sec (6,, ) C .
Conversely, suppose that § does not 6,-converge to x € X. Then there exists a
p-open set U containing x such that ¢, (U) ¢ G and so ¢, (U) ¢ sec §(8,, z). Since
cu(U) & sec §(0,, x), there exists G € §(6,, x) such that ¢,(U) NG = O. Since
G €50, x), x € c,(G) and so ¢, (U) NG # O for all p-open set U containing =,
a contradiction. Hence G 6,,-converges to x. (Il

A nonempty set A of a space (X, 7) is said to be u-closed relative to X if for
every cover {V, | @ € A} of A by p-open sets of X, there exists a finite subset
Ag of A such that A C U{c,(Va) | @ € Ag}. A space X is p-closed if A = X. If
= T, then the family of all 7-closed spaces coincides with the family of all almost
compact(QHC) spaces [14], if = 7, then the family of all 7-closed spaces coincides
with the family of all p-closed spaces [1, 10], if 4 = /3, then we have the family of
all B-closed spaces [5], if 1 = b, then we have the family of all b-closed spaces [13]
and if g = o, then the family of all o-closed spaces coincides with the family of all
s-closed spaces [7]. The following Theorem 2.4 characterizes p-closed spaces, which
is also true for yu = 7.

Theorem 2.4. Let (X, 7) be a space and p € P. Then the following are equivalent.
(a) X is p-closed.

(b) Every mazimal filterbase 6,,-converges to some point of X.

(c) Every filterbase 0,,-adheres at some point of X.

(d) For every family {V, | o € A} of u-closed subsets such that {Vy | a € A} = O,
there exists a finite subset Ag of A such that N{i,(Va) | @ € Ao} = 0.

Proof. (a)=(b). Let I be a maximal filterbase on X. Suppose that J does not 6,,-
converge to any point of X. Since F is maximal, F does not 6,-adheres at any point
of X. For each x € X, there exists F, € J and p-open set U, containing x such
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that F, Nc,(Uy) = 0. Now {U, | x € X} is a p-open cover for X. By (a), there
exists a finite subset {z1, o, ..., z,} of X such that X = U{c,(Uy,) |1 <1i < n}.
Since J is a filterbase, there exists F' € J such that ' C NF,,. Now, NF,, =
(NFy,) N (Ucp(Uy,)) = U((NFy,) Nep(Us,)) = O. Hence F' = @, a contradiction.

(b)=-(c). Let F be a filterbase on X. Then there exists a maximal filterbase JF
such that F C Jy. By (b), Jy 0,-converges to some point x € X. For every F' € F
and every U € p containing x, there exists Fy € Jp such that Fy C ¢,(U). Now
Fy C ¢,(U) implies that Fy N F C ¢,(U) N F. Since Jy is a filterbase, F' N Fy # O
and so F'N¢,(U) # O. Hence F §,-adheres at x.

(c)=(d). Let {V, | @« € A} be a family of u-closed subsets of X such that
Vo | @« € A} = O. Let J be the family of all finite subsets of A. Assume that
Ar = {iu(Vo) | @ € I} # O for every I € J. Then the family F = {A; | I € J}
is a filterbase on X. By hypothesis, J 6,-adheres at some point x € X. Since
{X -V,|ae A} is a p-open cover of X, x € X — V3 for some 3 € A. Since
cu(X —Vg)Ni,(Va) = O, we have a contradiction to the fact that F 6,-adheres at
x € X. Thus N{i, (Vo) |« € I} = O for some I € J.

(d)=(a). Let {V, | @« € A} be a cover of X by pu-open sets of X. Then
{X =V, | @ € A} is a family of u-closed subsets of X such that \{X -V, | a € A} =
@. By (d), there exists a finite subset Ag of A such that N{i,(X-V,) | a € Ag} = 0.
Hence X —N{i,(X—-V,) | @ € Ag} = X which implies that U{c,(Va) | o € Ag} = X.
Hence X is p-closed. O

The following Theorem 2.5 gives a characterization of p-closed spaces in terms
of ,,-convergence of a grill. Theorem 2.6 gives a characterization of u-closed relative
to X subsets in terms of 6,-convergence of a grill. Theorem 3.4 of [10] gives similar
characterization of 7-closed relative to X subsets. The following Corollary 2.1 shows
that Theorem 2.5 is true for p = 7.

Theorem 2.5. A space (X,7) is p-closed if and only if every grill G on X 0,-
converges in X.

Proof. Let G be a grill in a u-closed space X. Then by Lemma 1.1, sec § is a filter on
X. Let B €secG. Then BN G # O for every G € G which implies that X — B ¢ G.
Hence B € G, since G is a grill. Thus, secG C §. By Lemma 1.1, there is an
ultrafilter U on X such that secG C U C §. Since X is p-closed, by Theorem 2.4,
U 6,-converges to some point x € X. Then for each p-open set U containing x,
there exists some G € U such that G C ¢, (U). Since ¢,(U) € U, ¢,(U) € G for every
U € p containing x. Hence § 6,,-converges to x. Conversely, let U be an ultrafilter
on X. Since every ultrafilter is a grill, U 6,,-converges to some point of X. (Il

Corollary 2.1. A space (X, T) is almost compact if and only if every grill G on X
0-converges in X.
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Corollary 2.2. A space (X,T) is s-closed if and only if every grill G on X 0,-
converges in X.

Corollary 2.3. [10, Theorem 3.3] A space (X, T) is p-closed if and only if every
grill G on X 0,-converges in X.

Corollary 2.4. A space (X,7) is b-closed if and only if every grill G on X 0,-
converges in X.

Corollary 2.5. A space (X,7) is B-closed if and only if every grill G on X 03-
converges in X.

Theorem 2.6. A subset A of a space (X, T) is p-closed relative to X if and only if
every grill § on X with A € G, 0,,-converges to a point in A.

Proof. Let A be p-closed relative to X and G be a grill on X such that A € §
and G does not 6,-converge to any point of A. Then, for each x € A, there exists
Uy € p containing x such that c¢,(U,) ¢ 9. Now, {U, | € A} is a cover of A by
u-open sets of X. Since A is u-closed relative to X, there exists a finite subset B
of A such that A C U{c,(U;) | z € B}. Since G is a grill, U{c,(U,) | x € B} € §.
Hence A ¢ G, a contradiction. Hence G 6,,-converges to some point of A. Conversely,
let U = {U, | @ € A} be a cover of A by p-open sets of X. If A is not p-closed
relative to X, then for every finite subset Ag of A, A —U{c,(Us) | @ € Ao} # O.
Let § = {A—Ucy(Us) | @ € Ag,Ag C A is finite}. Then J is a filterbase on X.
The family F can be extended to an ultrafilter M on X. Then M is a grill on X.
Since for every F' € F, ' C A, we have A € M. Since U is a cover of A, for each
x € A, there exists § € A such that x € Ug. For any G € M, GN (A —¢c,(Up)) # 9.
Hence G ¢ ¢, (Up) for all G € M and so M does not ,,-converge to any point of A,
a contradiction. ]

Theorem 2.7. Let (X, 7) be a space such that every grill G on X with the property
Mo, (Gi) | 1 < i < n} # O for every finite subfamily {G1,Gs,...,Grn} of G, 0,-
adheres in X, then X is a u-closed space.

Proof. Let U be any ultrafilter on X. Then U is a grill on X. Also, for each finite
subcollection {Uy, Uy, ...,Up} of U, N{U; | 1 <1i < n} # . Since
MU |1 <i<n} CN{ey, (Uy) |1 <i<n},  N{ey,(Ui) |1 <i<n}#0.
Hence by hypothesis, U 60,-adheres in X. By Theorem 2.4, X is u-closed. O
A grill § on X is said to be 0,-linked if for any two members A,B € G,
co,(A)Ncy, (B)#D. G is said to be 0,-conjoint if for every finite subfamily

{A1, Ay, ., An} of G, i (M{cg, (Ai) | 1 < i < n}) # O. Clearly, every 6,-conjoint
grill is 0,,-linked. If x = 7, we have the p(6)-linked grill [10] and p(#)-conjoint grill
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[10]. Example 2.12 of [10] gave an example of a p(f)-linked grill which is not a
p(0)-conjoint grill.

Theorem 2.8. Let (X,7) be a p-closed space. Then every 6,,-conjoint grill 0,,-
adheres in X.

Proof. Let G be a 0,,-conjoint grill on a u-closed space X. Since cg, (A) is p-closed for
every A C X, {cg,(A) | A € G} is a collection of u-closed sets in X. Since § is 6,,-con-
joint, for any finite subfamily {4, Ao, ..., Ay} of G, i,(N{cg, (A:)[1 <i<n})#0O
and so N{d,(cy, (A4i))|1 < i < n} # . Hence by Theorem 2.4, N{cy,(A)|A € G} # O
and so there exists x € X such that = € ¢g,(A) for every A € G which implies that
A € G(0,, x) for all A € G which in turn implies that § C §(6,,, ). Therefore, §
0, -adheres at x, by Theorem 2.2. (Il

The following Lemma 2.1 will be useful to prove Theorem 2.9 below.

Lemma 2.1. Let (X,7) be a space and p € {o,b,8} and A C X. Then
ca, (co, (A)) = cg,(A).

Proof. For p = 3, the proof is in [12]. For p = b, the proof is in [13]. For u = o, the
proof is as follows. Clearly, cg,(A) C cg,(cy,(A)). If & cy,(A), then there exists
a semiregular set V' containing x such that VN A = . Since V is semiregular,
Ve, (A) =0 and so x & cg,(c, (A)). O

Theorem 2.9. Let (X, 7) be a p-closed space where p € {o,b,B}. Then every grill
S on X, with the property that N{cy, (Gi) | 1 <i < n} # O for every finite subfamily
{G1,Ga,...,Gn} of G, 0,,-adheres in X.

Proof. Let X be a p-closed space. § = {G, | @ € A} be a grill on X with the
property N{cy, (Ga) | @ € Ag} # O for every finite subset Ag of A. Consider the
family I = {N{cp, (Ga) | @ € Ao} | Ag C A is finite}. Then J is a filterbase on X.
Since X is p-closed, J ¢,-adheres at some z € X which implies that = € ¢y, (cy, (G))
for every G € § which in turn implies that € ¢y, (G) for every G € G. Hence
G c §(0,, z) and so the proof follows from Theorem 2.2. O

Corollary 2.6. Let (X,7) be a space where p € {o,b,B}. Then the following are
equivalent.

(a) EBvery grill G on X, with the property that N{cy,(G;) |1 <i < n} # O for every
finite subfamily {G1, Ga, ...,Gp} of G, 0,,-adheres in X.

(b) X is u-closed.

Proof. (a)=(b). The proof follows from Theorem 2.7.
(b)=-(a). The proof follows from Theorem 2.9. O
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A space X is u compact where p € {r,,0,m b, 5} if every cover U of X by
u-open sets of X has a finite subcover. Every u-compact space is p-closed. A space
X is p reqular if for each x € X and each U € p containing z, there exists a u-open
set V' containing x such that ¢, (V) C U. A space X is 0,-regular if every grill on X
which 60,-converges must p-converge. A grill § on X is said to be u-converge to a
point x € X if pu(x) C G, where p(z) denote the family of all y-open sets containing x.

Theorem 2.10. A space (X, ) is p-compact if and only if every grill u-converges.

Proof. Let G be a grill on a y-compact space X such that G does not u-converge to
any point x € X. Then for each x € X, there exists a py-open set U, containing z
with U, € §. Since {U, | x € X} is a cover of the u-compact X by p-open sets, there
exist finitely many points {z1, 22, ..., ,} in X such that X = U{U,, | 1 <i < n}.
Since X € G, there exists U,, such that U,, € G for 1 < ¢ < n, a contradiction.
Conversely, let every grill on X p-converge. Suppose X is not pu-compact. Then
there exists a cover U of X by p-open sets of X having no finite subcover. Then
F ={X —UlUp | Up is a finite subcollection of U} is a filterbase on X. Then F is
contained in an ultrafilter G and so G is a grill on X. By hypothesis, § u-converges
to some x € X. Then for some U € U, x € U and hence U € . But X —-U € F C G.
Hence U and X — U both belong to G, which is an ultrafilter, a contradiction. [

Theorem 2.11. A p-compact space X is p-closed. The converse holds if X is
0,,-reqular.

Proof. Suppose G is a grill on a p-closed space X. Then § 6,-converges in X, by
Theorem 2.5. Since X is 6,-regular, G pu-converges. By Theorem 2.10, X is pu-
compact. O

Theorem 2.12. Every p-reqular space is 8,,-reqular.

Proof. Let G be a grill on a p-regular space X. Suppose § 0,-converges to a point
x € X. For each U € yu containing x, there exists a V' € u containing z such that
c,(V) C U. By hypothesis, ¢,(V) € § and so U € §. Hence G p-converges to .
Thus, X is 6,,-regular. (I
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