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SOME MARKOV-BERNSTEIN TYPE INEQUALITIES AND
CERTAIN CLASS OF SOBOLEV POLYNOMIALS

DILCIA PEREZ AND YAMILET QUINTANA

ABSTRACT. Let (uo, 1) be a vector of non-negative measures on the real line,
with po not identically zero, finite moments of all orders, compact or non compact
supports, and at least one of them having an infinite number of points on its
support. We show that for any linear operator T" on the space of polynomials
with complex coefficients and any integer n > 0, there is a constant v,(7") > 0,
such that

ITplls < v (T)lplls,
for any polynomial p of degree < n, where v, (7T) is independent of p, and

lolls = { / Ip(@) P dpuo() + / p’(lf)Qdul(x)}% .

We find a formula for the best possible value (T of v,(T) and inequalities for
n(T). Also, we give some examples when T is a differentiation operator and
(o, p1) is a vector of orthogonalizing measures for classical orthogonal polyno-
mials.

1. INTRODUCTION

Markov-Bernstein type inequalities are estimates connecting the norm of deriva-
tives of a polynomial with the norm of the polynomial itself. These inequalities are
interesting by themselves and fundamental for the proof of many inverse theoremsin
polynomial approximation theory, (see [3], [7], [8], [15], [16], [17], [21], [24], [25], [26],
27]). For instance, let || - || 12((4).w) be a weighted L*-norm on the space P(C) of
polynomials with complex coefficients, given by

b 1/2
1Pl 22 )y = ( / rp<x>|2w<w>dx) ,
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where w is an integrable function on (a,b), —o0o < a < b < oo, such that w > 0 on
(a,b) and all moments

b
Tn ::/ x"w(zr)dx

are finite. Then, using the orthonormal polynomial system {p,}>2, with respect
to the positive measure w(z)dz, Mirsky [23] showed that there exists a constant
Yn = Yn(a, b, w) such that

191 2 ((a,0)0) < WPl z2(@pywys VP € Pu(C), (1.1)

where P, (C) is the space of polynomials with complex coefficients of degree at most
n. Furthermore, the best constant ~f in (1.1) satisfies

1
n 3
Vn = A {HP'HLQ((ayb)M) Pl p2 (a,pyw) = 1} < {Vz::l VHp:/H%?((a,b),w)} - (12)

Note that the main interest of this result is however qualitative, since the bound
specified by (1.2) can be very crude. In fact, when w(z) = e~ on (—o0,00), the
estimate (1.2) becomes

T < (imﬂ)Z = \/%n(nJr H@2n+1)=0 (n) _
v=1

The contrast between this estimate and the classic result of Schmidt [28], which
establishes v = v/2n, is evident.

In 1987, P. Dorfler [5] extended Mirsky’s inequality to higher order derivatives
and he suggested a way to find the best constant involved. Seven years later, A.
Guessab and G. V. Milovanovi¢ [11] found the best constant for higher order deriva-
tives when w is a weight for classical orthogonal polynomials. Finally, K. H. Kwon
and D. W. Lee [13] showed that Markov-Bernstein type inequalities in weighted L>-
spaces hold not only for derivatives but also for any linear operator defined on P(C)
even when the measure w(z)dz is replaced by any positive Borel measure du(z).
They also gave another way to find the best constant involved, which is easier to
apply than Dorfler’s way. Another interesting results about the asymptotic behav-
ior of sharp constants in the Markov-Bernstein type inequalities involving Sobolev
norms may be found in[2].

The aim of this paper is to introduce and study Markov-Bernstein type inequal-
ities when the involved norm is associated to an inner product in a suitable Sobolev
space of functions, containing the linear subspace P(C) of polynomials with complex
coefficients. In order to do this, we will follow the ideas of [13], mainly. Our results
give a partial answer to an open problem posted in 2008 by Professor F. Marcellan
at a conference on Constructive Theory of Functions held in Campos do Jordao,
Brazil. However, another approach related to the solutions of such problem may be
found in [18].
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The outline of the paper is as follows. Section 2 is devoted to some basic facts
and notation. In section 3 we present the main results of the paper, Theorems
3.1, 3.2, 3.3 and we deduce some of their consequences. Section 4 contains some

T

1<r<n.

illustrative examples for the case T'= —,
x

2. PREVIOUS DEFINITIONS AND NOTATIONS
We denote the degree of a polynomial p by deg(p), with the convention that
deg(0) = —1. If A is any matrix, its transpose is denoted by A’.
Let (uo, 1) be a vector of non-negative measures on the real line, with compact
or non compact supports Ay and Ay, respectively, and at least one of them having
an infinite number of points. From now on, we always assume that

‘ /A @)

<oo, n=0,1,2,..., and 5 =0,1.

Then,

(fr9)s := R f(@)g(x)dpo(z) + R f(@)g () dpa (), (2.1)

defines an inner product in a suitable Sobolev space of functions, containing the
linear subspace P(C) of polynomials with complex coefficients. Standard arguments
allow us to assure the existence of an orthonormal sequence {g, } ., with respect to
(2.1). That is, deg(q,) = v, and (g, ¢m)s = dum, for v,m > 0. We use the following
notations: for any a with 1 < a < o0,

1
n z
llella = (Z |C,,]a> ,if1<a< oo,
v=0

lello = max{le,|: 0 <v <n},

for any vector ¢ = (co,c1,...,c,) € C*! and

Iplls := {/A [p(x)Pdpo () +/A Ip’(x)lzdm(ﬂv)}Q, p € P(C).

Let T be any linear operator from P, (C) into P(C), where n is any fixed non-
negative integer. Then T is bounded so that there is a constant 7, (T'), depending
only on n and 7', such that

1Tplls < (Dllplls, p € Pn(C). (2.2)

We denote by ,,(7") the smallest possible value of 7, (7") in (2.2). That is, ,(7') is
the operator normof T: ,,(T') := sup ||Tp|s, p € Pn(C).
Iplls=1
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3. MAIN RESULTS

Let {¢,},>0 be any sequence of polynomials with deg(¢,) = v, v > 0; then
{¢y}s>0 is a basis of P(C).

Theorem 3.1. Let n be any fized non-negative integer, T be any linear operator
from P,(C) into P(C) and ,(T) its operator norm with respect to the Sobolev norm
induced by (2.1). Then

cD!R(m + 1)Dét
n(T) = sup \/ R( 1 )—t ’
ceCn+1\ {0} cR(n+1)c
where dy, 0<i<m0<nen and R(n+1) = (rij)o<; j<, are matrices whose entries

are given by

0<v<n

(Toy)(x) = dl¢j(x), m:= max deg(T¢,)
7=0

and
riji= | ¢i(@)g;(@)dpo(x) + [ ¢i(x)¢) (x)dp (2).
A() A1

n

Proof. For any polynomial p € P, (C), we can write it as p(z) = Z ¢y ¢y (x). Then,
v=0
we have

bl = /A Ip(e) otz + /A ) x)
= S5 an[[ awm@e + [ T

v=0 j=0
= cR(n+1)¢

ITpl% = /A 1)) o) + /A |

— /A 0 [icy (id,i@(x))] {iq id_?%(w) dpo(z)
|

v=0 =0
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Therefore,
T D'R 1)Det
(= sy IS, \/ m + DPC.
pepn@©\0} IPlls  cecnti\(oy cR(n+1)e
which completes the proof. O
Theorem 3.2. Let T, ,(T) be the same as in Theorem 3.1, with {q,},., an or-
thonormal sequence with respect to (2.1). Then
1
m | n 2 2
W(T)= sup <> 1> cdf : (3.1)
=1 | =
where D = <d,],) is the matriz whose entries are given by
0<j<m,0<v<n

(Tq)(z) =Y _ dig;(x). (3.2)

Moreover, ,(T) satisfies the following estimate: for any a with 1 < a < oo,

max [|T'q|[s < n(T) < Cla,n)||([Tqolls, - - - Tanlls)e: (3.3)
0<v<n

1 1
where C(a,n) =  sup lella and —+ - =1.
cecn+1\{oy llell2 a b

Proof. If we take an orthonormal basis {qq,...,¢,} of P,(C) in Theorem 3.1, then
the matrix R(n + 1) becomes an identity matrix. Hence, cR(n + 1)¢' = ||c||* and so

o(T) = sup VeDtDé,
llell2=1
ceCnt!
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which is the matrix form of the equation (3.1). On the other hand, for any a with

n
1 <a < oo and for any p(z) = Z cvqy(x) in P, (C), Holder’s inequality implies
v=0

n
. 1 1
ITplls <Y lellTavlls < llelall(ITgollss - -+ 1Tgnlls)lls, with sty =1L
v=0
Let us consider the linear operator H : (P,(C),| - |ls) = (C™"", || - |lo), defined by
n
H(p) =H (Z Cl/ql/> = (Co, ce ,Cn)-
v=0
Then [lclla = [[H(p)lla < [[H[lllplls = C(a,n)llplls, hence
1Tplls < Cla,n)[[(1Tqolls; - - -, [ Tanlls)lslplls,  p € Pu(C),
which gives the upper bound for ,,(7") in (3.3). The lower bound for ,,(7’) in (3.3) is
immediate since ||gy|[s = 1,0 <v <n. O

Note that we can easily deduce that the constant C(a,n) is given by

1

(n4+1)e2, if1<a<?2,
C(a,n) =
1, if 2<a < 0.
Then for the cases a = 1 and a = 2, we have the following result.

Corollary 3.1. Let T and ,,(T') be the same as in Theorem 3.2. Then

< < . .
max [Tq, s < o(7) < Vo + 1 max [Talls (34)

0<v<n

1
n 2

max || T'q[[s < (1) < {Z ||T(.71/|%} - (3.5)
v=0

In the case p; = 0, the best constant ,,(7") and the inequality (3.5) (when pyg is
absolutely continuous) were obtained by Doérfler [5] and Kwon and Lee [13], using
different approaches. Since ,,(7) is the smallest value X satisfying

cD'R(m + 1)Dét <2
cR(n+ 1) — 7
then, ,,(T) is the smallest constant A such that A2R(n+1)— D!R(m~+1)D is positive-
semidefinite. Since 1o and py are positive measures on C, R(n + 1) is Hermitian for
n>0and D'R(m+1)D is Hermitian and positive-semidefinite for m > 0.
If R(n+1) and D*R(m + 1)D commute, then they have n + 1 common linearly
independent eigenvectors {u;}7, such that
since both R(n + 1) and D!R(m + 1)D are Hermitian (see for example, [14]).

c e C™\ {0},
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Consequently, we have the following result.

Theorem 3.3. Let T and ,(T) be the same as in Theorem 3.1. If R(n + 1) and

D!R(m + 1)D commute, then
_ [

where ¢; > 0 andn; > 0, 0 <14 < n, are the eigenvalues of R(n+1) and D'R(m+1)D,
respectively, as in (3.6).

Proof. 1t is sufficient to follow the proof offered in [13, Theorem 2.5], taking into
consideration Theorem 3.1. g

Combining the above result with the developed approach by Milovanovié (see

[20]), which consists of finding the largest eigenvalue of a matrix of Gram’s type, we
k

can obtain an interesting result when T' = Tk 1 < k <n. Namely,
x

Corollary 3.2. Let (ug, 1) be a vector of non-negative measures on the real line,
with po not identically zero, compact or non compact supports Ag and A1, respec-
tively, at least one of them having an infinite number of points, and all moments
exist and are finite. Let us consider the Sobolev norm, {q,},>0 an orthonormal
sequence induced by (2.1) and the following extremal problem

n<—7>= prp|B,1§k§n
dx pepo(c) lIPlls

k
Then ,, <ﬂ> = (rmaX(Bmk))l/Q, where Tmax (B i) is the mazimal eigenvalue
T
of the matriz By, j, = [bl(’ﬂ , whose elements are given by
I L p<ij<n

b = (™) . k<ig<n

An extremal polynomial is
n
P*(x) = Z CV—kQV—k($)7
v=k

where [co,c1,...,cn_k]t is an eigenvector of the matriz By, . corresponding to the
eigenvalue rmax (B k).

Proof. 1f we take an orthonormal basis {qo, . . . , g } of P,,(C) in Theorem 3.3, then the

matrix R(n 4+ 1) becomes an identity matrix. = Therefore, R(n + 1) and
k

— — d
D'R(m +1)D = D'D commute and for T = o 1 < k <n, we have
x

dk
n <3;;> = fnax v/,
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where 7;, 0 < i < n are the eigenvalues of D'D.

dk mo dk
On the other hand, s () = ]Z::Od,],qj, m = max deg <ﬁ(q1,)> =n—k.

0<v<n

Consequently,
. n—k n—k
)~ (S0 S da)
s=0 =0

i.e., Bn,k = Dtﬁ

Finally, if [co,c1,...,cn—k)" is an eigenvector of the matrix B, ) correspond-
n

n—k n L
_ s 75 v—kV—
=S a = Y aa,
S s=0 v=~k

ing to the eigenvalue ryax(Bxn k), that P*(z) = ch_kq)\,l,_k(x) is an extremal

v=k
polynomial is straightforward. O

Another similar extremal problem arises on the space of polynomials with non-
negative coefficients. Assume that T is a linear operator on the real polynomials PP,
and consider the following extremal problem

T
() = sup 1T (p)|s
pes,  IPlls

I

where S, := {p eP,:plx) = ch,qﬁl,(x), c, >0, 0<v< n}, and {¢, },>0 is
v=0

asequence of real polynomials with deg(¢,) = v, v > 0. By the same arguments as
before, we can see that, * (7) is the smallest value of A such that

c[\R(n +1) — D'R(m +1)D]c" > 0, (3.7)

for all ¢ = (co,c1,...,¢,) € R with ¢, > 0, 0 < v < n, where the matrices
R(n+ 1) andD are the same as in Theorem 3.1.

We set D'R(m + 1)D = (7;)o<ij<n and assume that r;; > 0, 7;; > 0 for
0 <4,j <n, and that 7;; = 0, then 7;; = 0. Let

T4
0= max —j:r¢j>0 .
0<4,5<n Tij

Since the components of ¢ are non-negative, the inequality (3.7) holds for r = o.
Hence,

*(T) <o.
Theorem 3.4. If o is attained for i = j = s, then }, (T') = o, that is,
Ts

ITplls < (/== llplls:  p € S,
S

S

and the equality holds for p(x) = bos(x), where b is a non-negative constant.
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Proof. Tt is sufficient to follow the proof offered in [13, Theorem2.6], taking into
consideration the previous arguments. O

4. SOME EXAMPLES

d’r‘
In general, it is very hard to compute ,, (F) explicitly. The reader is referred
x
to [13] for some examples corresponding to the case pu; = 0. In order to illustrate
T

Theorem 3.2 when T' = o 1 <r < n, we consider the following examples.
x

Example 4.1. Let us consider (ug, 1) a vector of non-negative measures on the
real line, given by

duo(z) = X[-1,1] (x)dz, dpi(z)=(1- xz)x[_u] (x)dz,

where x[_1 1] is the characteristic function of the interval [—1,1]. The Sobolev inner
product on P(C), is defined by

.q)s == /R p(2)g(@)dpolz) + / P (@) @) (). (4.1)

R

It is known (see for instance, [1], [9]) that the classical orthonormal Legendre poly-
nomials {P, }, >0, defined by

[v/2]
[20 +1 2V—2j) -
= >
ZQV (v —j)! I/—2j)!$ o v2h,

satisfy the Sobolev orthogonality relationship:
(P),Ps)s = (v(v+1)+1)bys, v,s>0.

Then, we can easily deduce that the polynomials {g, }, >0, defined by

[v/2]

Z 2V—2]) xu—2j7 v >0,
2’/ (v —j)(v —2j5)!

B 2w +1
v 1)+ 2

qv ()

are orthonormal with respect to Sobolev inner product (4.1).
On the other hand, if 055) is the m-th Gegenbauer polynomial given by

where P7(,§_1/ 26-1/2) i5 the m-th Jacobi polynomial normalized by
PLE1/26-1/2) (1) — (m +& - 1/2>? £> 1)

m
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Then using the identity
d

+1
2O @) = 26051 ),
we can deduce that
dd rcr(rf)( ) 2T(§)rc(£i_r) ($), 1<r<m.
Hence, for 1 < r < v, we obtain

dr w1 2 d (1
wo = (osn7s) @

— 2v+1 Y2 1(2r 41) (r+1)
- (27/(7/ +1)+ 2) 2T (r + 1) Cor (z). (4.2)

Furthermore, the relation (see [29, p. 99])

[m/2]

Zakmmgk-rv §>(¢>0,

where
L _D(Qm =2k QU(k 1€~ QT(m —k+&)
BT T T(ORT(E - O (m —k+C+1)

allows us to deduce for € =r+1/2, m = v — r and ¢ = 1/2 the following identity

|H

akV?" Vr2k()

Thus, the equality (4.2) is equivalent to

2

dr w+1  \"2r@2r+1) (1)
—QV(x) <21/(1/—|—1)—|—2> QTF ’l“—|- Z Ak p— TCV_T—Qk;(x)

2

2v+1 12 p ['(2r+1)
4.
<2y(y+1)+2> 2T(r+1 Z bk y—r Qu—r— 2k(T), (4.3)

where

(2(1/—7”—2]4:)(1/—7“—2]4:—!— 1) —|—2>1/2
2v—r—2k)+1

ra/2)v—r—2k+1/2)T'(k+r)I'(v —k+1/2)

Lir+1/2)kT(r)T'(v —r—k+3/2) ’

bk,l/—r
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or equivalently,
b 2 My —r =2k + 1/2)0(k+ )T (v — k + 1/2)
R = T2k (v —r — k+3/2)

" 2w —r—=2k)(v—r—2k+1)+2 1/2
2v—r—2k)+1 '

This last identity is a consequence of the duplication formula for the Gamma func-
tion, I'(r)D(r + 1/2) = 2172"\/7'(2r) and the well known equality T'(1/2) = /7.
Consequently, substituting the last expression for by ,—, in (4.3), we obtain

dr (w1l N\ =]
%qy(x) N <1/(V+ 1)+ 1) I'(r) kz—o

€kv—r qy—T—Qk(x)7 (44)

where
 (v=r=2k+12)T(k+r)T(v—-k+1/2)
Chy—r = El(v—r—k+3/2)
(o2 =2k 41+ 1/2
2v—r—2k)+1 ’

r

d
If we take 7' = ——, then the relation (4.4) implies that the coefficients in (3.2) are

i dx
given by
2w+1 \YV2 oo o
P (1/(1/—!—1)—!—1) (r—l)!ej’y_r’ 0=ys [VQT]’
v
0, otherwise,
so that
1
n—r n ] 2 2
n(T) = sup Z Zc,,d{,
llell2=1 =0 |v=0
ceCcntl

Furthermore, we have

[

ar w1 2 o |l
.- mx () o 2 Civmr tmrz
j:

a

max
r<v<n

s
1/2

(%3]
w1 \Y2 o )
= rI%lVaSXn (m) (7" _ 1)| JZ_:O ’6]71/—7"
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2z +1
z(z+1)+1

) 1 1/2 ) 1 1/2 92 1 1/2
(L) < ((L) < ((L) r < <n. There-
14 T

1/2
Since the function g(x) = ( > is decreasing if z > 1, we have

nn+1)+1 v+1)+1 r+1)+1
fore,
27 m+1 \Y2 Y
A, <
=1 <n(n+ 1)+ 1) rsven Y = rgin || da |
and
dr < il 2r+1 12 A
ranen || dzr g (r=1!'\r(r+1)+1 r<ven
where
Y 1/2
[45"]
A, = Z |ej,,,_r]2 ,r<v<n.
j=0

Hence, inequality (3.4) gives

- 1/2
2 ( 2n + 1 ) max A, < o(T),

(T — 1)' n(n =+ 1) +1 r<v<n
and
. 1/2
n(T) < 2 @r+1)nt1) max A,.
(r—1)! r(r+1)+1 r<v<n

Example 4.2. Let us consider (ug, 1) a vector of non-negative measures on the
real line, given by

dpo(z) = 2% "H (z)dz, dpi(z) =2 e ™ H(z)dx,

where a > —1 and H is the Heaviside step function. The Sobolev inner product on
P(C), is defined by

waa)s = [ p@a@dno()+ [ F @@ (e (45)
The classical orthonormal Laguerre polynomials {P,Ea)},,zo, defined by

Ul 1/2
Pﬁ“)(x) = (1“(1/+7<'y+1)> Lz(/a)(x)

v! 12 v+ a\
= | =——— —1)/ — >0
<F(V+a+1)> ]Z::O( )<l/—j>j!’ v=
satisfy the Sobolev orthogonality relationship:
(P, Pl g = (v + 1)dys, 1,5>0,



Some M-B typeinequalities and Sobolev polynomials 97

since

d « a+1
LW (@) = — L (@), (4.6)

Then, we can easily deduce that the polynomials {q,(,a)},,zo, defined by

40 = (G ras 1>>1/2§(_1)j Ct?)% v=t

are orthonormal with respect to the Sobolev inner product (4.5).
On the other hand, using (4.6) we can deduce that

L L) = (1L, 1<r <y
X

Hence, for 1 < r < v, we obtain

" v. 1/2 r4a
Tl = U (o) B @

Now, using the addition formula (see [29, p. 391, Problem 90])

k=0

we can deduce that equality (4.7) is equivalent to:

T 1/2v—r
W = O (rmrary) S h )
, V! P @
= (=1 <(u +DI(v+a+ 1)) kz_oe’“’”‘r G—r—+(7) (48)
where
@%¢:<@—r—k+DF@—r—k+a+U>§C+k—1>
’ (v—r—Fk)! k
Substituting j = v —r — k in (4.8), we have
r | 1/2v—r
%qy) (x) =(=1) ((y + 1)P(l; +a+ 1)> jz_:o Cor—jur qy(‘a) ().

r

d
Again, if we take T' = ot then the relation (4.8) implies that the coefficients
x
in (3.2) are given by

(PG DTG +a+ D\ -1
d) = (=1) (j!(u+1)F(u+a+1)> (V—j—r

v

)7 OSjSV—T,

0, otherwise,
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so that )
n—r n ] 2 2
n(T) = sup Z chd{,
Furthermore,
dr V! V2 &
el (29 — (c)
revsn || dzr | rrilfé‘n((uﬂ)r(waﬂ)) z_;e” rgw=rd;
- S
) 1/2
= A@
rrélfgn((y—l—l)l“(u—i—a—i—l)) v
where
v—r ,. . . 2 1/2
A,(,a): Z(]—l—l)l“(]'—i-a—i-l)(u—]'—l) r<v<n.
; J! v—j—r
7=0
Since the binomial coefficient is an increasing function of v, we have
max A( @) = Al
r<v<n "
|
Also, ﬁ is decreasing (increasing) if & > 0 (—1 < a < 0), (see [4] or [13]),
then )
anC’YnAgla) = rrSrII?S}Cn dx" ql(ja) S - agf:“)Agla)’ if a = 0’
(a) (o) < 2 @ < g Ala) T
WA < Tré1Va<xn el S an AR, it =1 <a <0,
where
nl 1/2
@ !
e = ((r—l— DT(n+a+ 1)) '
Hence, inequality (3.4) gives
DAY < (7)< (n+1D)V2DAY ) ifa>o0,
A < (1)< (n+1)V2AY, it —1<a<o.
In particular, when a = 0, we obtain
B 1/2 . J\ 12
D (== (7)< Z(n—i—l)(j—i—l) n—j—1
3:0( n+1l)\n—j-r - = r+1 n—j—r

Finally, other examples arise when the vector of measures (ug, 1) is either a
coherent or a symmetrically coherent pair (see[12], [19]), and the Sobolev inner
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product on P(C) is defined as in (2.1). Meijer has proved that if (uo, 1) is either

a coherent or a symmetrically coherent pair, then at least ug or u; is a classical

measure (that is, Jacobi, Laguerre or Hermite measure), and has completely classi-

fied all the coherent and the symmetrically coherent pairs (see [19]). In these cases,

applying Theorem3.1 with an appropriate basis {¢, }, >0, it is possible to determine
T

an expression for ,,(T") when T' = el 1<r<n.
x

(1]
2]
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