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SOME MARKOV-BERNSTEIN TYPE INEQUALITIES AND

CERTAIN CLASS OF SOBOLEV POLYNOMIALS

DILCIA PÉREZ AND YAMILET QUINTANA

Abstract. Let (μ0, μ1) be a vector of non-negative measures on the real line,
with μ0 not identically zero, finite moments of all orders, compact or non compact
supports, and at least one of them having an infinite number of points on its
support. We show that for any linear operator T on the space of polynomials
with complex coefficients and any integer n ≥ 0, there is a constant γn(T ) ≥ 0,
such that

‖Tp‖S ≤ γn(T )‖p‖S,
for any polynomial p of degree ≤ n, where γn(T ) is independent of p, and

‖p‖S =

{∫
|p(x)|2dμ0(x) +

∫
|p′(x)|2dμ1(x)

}1
2

.

We find a formula for the best possible value n(T ) of γn(T ) and inequalities for

n(T ). Also, we give some examples when T is a differentiation operator and
(μ0, μ1) is a vector of orthogonalizing measures for classical orthogonal polyno-
mials.

1. INTRODUCTION

Markov-Bernstein type inequalities are estimates connecting the norm of deriva-
tives of a polynomial with the norm of the polynomial itself. These inequalities are
interesting by themselves and fundamental for the proof of many inverse theoremsin
polynomial approximation theory, (see [3], [7], [8], [15], [16], [17], [21], [24], [25], [26],
[27]). For instance, let ‖ · ‖L2((a,b),w) be a weighted L2-norm on the space P(C) of
polynomials with complex coefficients, given by

‖p‖L2((a,b),w) =

(∫ b

a
|p(x)|2w(x)dx

)1/2

,
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where w is an integrable function on (a, b), −∞ ≤ a < b ≤ ∞, such that w > 0 on
(a, b) and all moments

rn :=

∫ b

a
xnw(x)dx

are finite. Then, using the orthonormal polynomial system {pn}∞n=0 with respect
to the positive measure w(x)dx, Mirsky [23] showed that there exists a constant
γn = γn(a, b, w) such that

‖p′‖L2((a,b),w) ≤ γn‖p‖L2((a,b),w), ∀p ∈ Pn(C), (1.1)

where Pn(C) is the space of polynomials with complex coefficients of degree at most
n. Furthermore, the best constant γ∗n in (1.1) satisfies

γ∗n := sup
p∈Pn(C)

{∥∥p′∥∥
L2((a,b),w)

: ‖p‖L2((a,b),w) = 1
}
≤
{

n∑
ν=1

ν‖p′ν‖2L2((a,b),w)

} 1
2

. (1.2)

Note that the main interest of this result is however qualitative, since the bound

specified by (1.2) can be very crude. In fact, when w(x) = e−x2
on (−∞,∞), the

estimate (1.2) becomes

γ∗n ≤
(

n∑
ν=1

2ν2

) 1
2

=

√
1

3
n(n+ 1)(2n + 1) = O

(
n

3
2

)
.

The contrast between this estimate and the classic result of Schmidt [28], which

establishes γ∗n =
√
2n, is evident.

In 1987, P. Dörfler [5] extended Mirsky’s inequality to higher order derivatives
and he suggested a way to find the best constant involved. Seven years later, A.
Guessab and G. V. Milovanović [11] found the best constant for higher order deriva-
tives when w is a weight for classical orthogonal polynomials. Finally, K. H. Kwon
and D. W. Lee [13] showed that Markov-Bernstein type inequalities in weighted L2-
spaces hold not only for derivatives but also for any linear operator defined on P(C)
even when the measure w(x)dx is replaced by any positive Borel measure dμ(x).
They also gave another way to find the best constant involved, which is easier to
apply than Dörfler’s way. Another interesting results about the asymptotic behav-
ior of sharp constants in the Markov-Bernstein type inequalities involving Sobolev
norms may be found in[2].

The aim of this paper is to introduce and study Markov-Bernstein type inequal-
ities when the involved norm is associated to an inner product in a suitable Sobolev
space of functions, containing the linear subspace P(C) of polynomials with complex
coefficients. In order to do this, we will follow the ideas of [13], mainly. Our results
give a partial answer to an open problem posted in 2008 by Professor F. Marcellán
at a conference on Constructive Theory of Functions held in Campos do Jordão,
Brazil. However, another approach related to the solutions of such problem may be
found in [18].
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The outline of the paper is as follows. Section 2 is devoted to some basic facts
and notation. In section 3 we present the main results of the paper, Theorems
3.1, 3.2, 3.3 and we deduce some of their consequences. Section 4 contains some

illustrative examples for the case T =
dr

dxr
, 1 ≤ r ≤ n.

2. PREVIOUS DEFINITIONS AND NOTATIONS

We denote the degree of a polynomial p by deg(p), with the convention that
deg(0) = −1. If A is any matrix, its transpose is denoted by At.

Let (μ0, μ1) be a vector of non-negative measures on the real line, with compact
or non compact supports Δ0 and Δ1, respectively, and at least one of them having
an infinite number of points. From now on, we always assume that∣∣∣∣∣

∫
Δj

xndμj(x)

∣∣∣∣∣ < ∞, n = 0, 1, 2, . . . , and j = 0, 1.

Then,

〈f, g〉S :=

∫
Δ0

f(x)g(x)dμ0(x) +

∫
Δ1

f ′(x)g′(x)dμ1(x), (2.1)

defines an inner product in a suitable Sobolev space of functions, containing the
linear subspace P(C) of polynomials with complex coefficients. Standard arguments
allow us to assure the existence of an orthonormal sequence {qν}ν≥0

with respect to
(2.1). That is, deg(qν) = ν, and 〈qν , qm〉S = δνm, for ν,m ≥ 0. We use the following
notations: for any a with 1 ≤ a ≤ ∞,

‖c‖a :=

(
n∑

ν=0

|cν |a
) 1

a

, if 1 ≤ a < ∞,

‖c‖∞ := max{|cν | : 0 ≤ ν ≤ n},
for any vector c = (c0, c1, . . . , cn) ∈ C

n+1 and

‖p‖S :=

{∫
Δ0

|p(x)|2dμ0(x) +

∫
Δ1

|p′(x)|2dμ1(x)

} 1
2

, p ∈ P(C).

Let T be any linear operator from Pn(C) into P(C), where n is any fixed non-
negative integer. Then T is bounded so that there is a constant γn(T ), depending
only on n and T , such that

‖Tp‖S ≤ γn(T )‖p‖S , p ∈ Pn(C). (2.2)

We denote by n(T ) the smallest possible value of γn(T ) in (2.2). That is, n(T ) is
the operator normof T : n(T ) := sup

‖p‖S=1
‖Tp‖S , p ∈ Pn(C).
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3. MAIN RESULTS

Let {φν}ν≥0 be any sequence of polynomials with deg(φν) = ν, ν ≥ 0; then
{φν}ν≥0 is a basis of P(C).

Theorem 3.1. Let n be any fixed non-negative integer, T be any linear operator
from Pn(C) into P(C) and n(T ) its operator norm with respect to the Sobolev norm
induced by (2.1). Then

n(T ) = sup
c∈Cn+1\{0}

√
cDtR(m+ 1)Dct

cR(n+ 1)ct
,

where D =
(
djν
)
0≤j≤m,0≤ν≤n

and R(n+1) = (rij)0≤i,j≤n are matrices whose entries

are given by

(Tφν)(x) :=

m∑
j=0

djνφj(x), m := max
0≤ν≤n

deg(Tφν)

and

rij :=

∫
Δ0

φi(x)φj(x)dμ0(x) +

∫
Δ1

φ′
i(x)φ

′
j(x)dμ1(x).

Proof. For any polynomial p ∈ Pn(C), we can write it as p(x) =
n∑

ν=0

cνφν(x). Then,

we have

‖p‖2S =

∫
Δ0

|p(x)|2dμ0(x) +

∫
Δ1

|p′(x)|2dμ1(x)

=

n∑
ν=0

n∑
j=0

cνcj

[∫
Δ0

φν(x)φj(x)dμ0(x) +

∫
Δ1

φ′
ν(x)φ

′
j(x)dμ1(x)

]

= cR(n + 1)ct;

‖Tp‖2S =

∫
Δ0

|(Tp)(x)|2dμ0(x) +

∫
Δ1

∣∣∣∣ ddx(Tp)(x)
∣∣∣∣
2

dμ1(x)

=

∫
Δ0

[
n∑

ν=0

cν

(
m∑
i=0

diνφi(x)

)]⎡
⎣ n∑

l=0

cl

⎛
⎝ m∑

j=0

djl φj(x)

⎞
⎠
⎤
⎦ dμ0(x)

+

∫
Δ1

[
n∑

ν=0

cν

(
m∑
i=0

diνφ
′
i(x)

)]⎡⎣ n∑
l=0

cl

⎛
⎝ m∑

j=0

djl φ
′
j(x)

⎞
⎠
⎤
⎦ dμ1(x)
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=

m∑
i=0

(
n∑

ν=0

cνd
i
ν

)
m∑
j=0

(
n∑

l=0

cld
j
l

)∫
Δ0

φi(x)φj(x)dμ0(x)

+

m∑
i=0

(
n∑

ν=0

cνd
i
ν

)
m∑
j=0

(
n∑

l=0

cld
j
l

)∫
Δ1

φ′
i(x)φ

′
j(x)dμ1(x)

=

m∑
i=0

(
n∑

ν=0

cνd
i
ν

)
m∑
j=0

(
n∑

l=0

cld
j
l

)
rij

= (Dct)tR(m+ 1)(Dct).

Therefore,

n(T ) = sup
p∈Pn(C)\{0}

‖Tp‖S
‖p‖S = sup

c∈Cn+1\{0}

√
cDtR(m+ 1)Dct

cR(n+ 1)ct
,

which completes the proof. �

Theorem 3.2. Let T , n(T ) be the same as in Theorem 3.1, with {qν}ν≥0
an or-

thonormal sequence with respect to (2.1). Then

n(T ) = sup
‖c‖2=1
c∈Cn+1

⎧⎨
⎩

m∑
j=0

∣∣∣∣∣
n∑

ν=0

cνd
j
ν

∣∣∣∣∣
2
⎫⎬
⎭

1
2

, (3.1)

where D =
(
djν
)
0≤j≤m,0≤ν≤n

is the matrix whose entries are given by

(Tqν)(x) :=

m∑
j=0

djνqj(x). (3.2)

Moreover, n(T ) satisfies the following estimate: for any a with 1 ≤ a ≤ ∞,

max
0≤ν≤n

‖Tqν‖S ≤ n(T ) ≤ C(a, n)‖(‖Tq0‖S , . . . , ‖Tqn‖S)‖b, (3.3)

where C(a, n) = sup
c∈Cn+1\{0}

‖c‖a
‖c‖2 and

1

a
+

1

b
= 1.

Proof. If we take an orthonormal basis {q0, . . . , qn} of Pn(C) in Theorem 3.1, then
the matrix R(n+ 1) becomes an identity matrix. Hence, cR(n+ 1)ct = ‖c‖2 and so

n(T ) = sup
‖c‖2=1
c∈Cn+1

√
cDtDct,
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which is the matrix form of the equation (3.1). On the other hand, for any a with

1 ≤ a ≤ ∞ and for any p(x) =
n∑

ν=0

cνqν(x) in Pn(C), Hölder’s inequality implies

‖Tp‖S ≤
n∑

ν=0

|cν |‖Tqν‖S ≤ ‖c‖a‖(‖Tq0‖S , . . . , ‖Tqn‖S)‖b, with
1

a
+

1

b
= 1.

Let us consider the linear operator H : (Pn(C), ‖ · ‖S) → (Cn+1, ‖ · ‖a), defined by

H(p) = H

(
n∑

ν=0

cνqν

)
= (c0, . . . , cn).

Then ‖c‖a = ‖H(p)‖a ≤ ‖H‖‖p‖S = C(a, n)‖p‖S , hence
‖Tp‖S ≤ C(a, n)‖(‖Tq0‖S , . . . , ‖Tqn‖S)‖b‖p‖S , p ∈ Pn(C),

which gives the upper bound for n(T ) in (3.3). The lower bound for n(T ) in (3.3) is
immediate since ‖qν‖S = 1, 0 ≤ ν ≤ n. �

Note that we can easily deduce that the constant C(a, n) is given by

C(a, n) =

⎧⎨
⎩

(n+ 1)
1
a
− 1

2 , if 1 ≤ a ≤ 2,

1, if 2 ≤ a ≤ ∞.

Then for the cases a = 1 and a = 2, we have the following result.

Corollary 3.1. Let T and n(T ) be the same as in Theorem 3.2. Then

max
0≤ν≤n

‖Tqν‖S ≤ n(T ) ≤
√
n+ 1 max

0≤ν≤n
‖Tqν‖S . (3.4)

max
0≤ν≤n

‖Tqν‖S ≤ n(T ) ≤
{

n∑
ν=0

‖Tqν‖2S
} 1

2

. (3.5)

In the case μ1 = 0, the best constant n(T ) and the inequality (3.5) (when μ0 is
absolutely continuous) were obtained by Dörfler [5] and Kwon and Lee [13], using
different approaches. Since n(T ) is the smallest value λ satisfying

cDtR(m+ 1)Dct

cR(n+ 1)ct
≤ λ2, c ∈ C

n+1 \ {0},

then, n(T ) is the smallest constant λ such that λ2R(n+1)−DtR(m+1)D is positive-
semidefinite. Since μ0 and μ1 are positive measures on C, R(n+1) is Hermitian for
n ≥ 0 and DtR(m+ 1)D is Hermitian and positive-semidefinite for m ≥ 0.

If R(n+1) and DtR(m+1)D commute, then they have n+1 common linearly
independent eigenvectors {ui}ni=0 such that

R(n+ 1)ui = ζiui, DtR(m+ 1)Dui = ηiui, i = 0, . . . , n, (3.6)

since both R(n+ 1) and DtR(m+ 1)D are Hermitian (see for example, [14]).
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Consequently, we have the following result.

Theorem 3.3. Let T and n(T ) be the same as in Theorem 3.1. If R(n + 1) and
DtR(m+ 1)D commute, then

n(T ) = max
0≤i≤n

√
ηi
ζi
,

where ζi > 0 and ηi ≥ 0, 0 ≤ i ≤ n, are the eigenvalues of R(n+1) and DtR(m+1)D,
respectively, as in (3.6).

Proof. It is sufficient to follow the proof offered in [13, Theorem 2.5], taking into
consideration Theorem 3.1. �

Combining the above result with the developed approach by Milovanović (see
[20]), which consists of finding the largest eigenvalue of a matrix of Gram’s type, we

can obtain an interesting result when T =
dk

dxk
, 1 ≤ k ≤ n. Namely,

Corollary 3.2. Let (μ0, μ1) be a vector of non-negative measures on the real line,
with μ0 not identically zero, compact or non compact supports Δ0 and Δ1, respec-
tively, at least one of them having an infinite number of points, and all moments
exist and are finite. Let us consider the Sobolev norm, {qν}ν≥0 an orthonormal
sequence induced by (2.1) and the following extremal problem

n

(
dk

dxk

)
= sup

p∈Pn(C)

‖p(k)‖S
‖p‖S , 1 ≤ k ≤ n.

Then n

(
dk

dxk

)
= (rmax(Bn,k))

1/2, where rmax(Bn,k) is the maximal eigenvalue

of the matrix Bn,k =
[
b
(k)
i,j

]
k≤i,j≤n

, whose elements are given by

b
(k)
i,j =

〈
q
(k)
i , q

(k)
j

〉
S
, k ≤ i, j ≤ n.

An extremal polynomial is

P ∗(x) =
n∑

ν=k

cν−kqν−k(x),

where [c0, c1, . . . , cn−k]
t is an eigenvector of the matrix Bn,k corresponding to the

eigenvalue rmax(Bn,k).

Proof. If we take an orthonormal basis {q0, . . . , qn} of Pn(C) in Theorem 3.3, then the
matrix R(n + 1) becomes an identity matrix. Therefore, R(n + 1) and

DtR(m+ 1)D = DtD commute and for T =
dk

dxk
, 1 ≤ k ≤ n, we have

n

(
dk

dxk

)
= max

0≤i≤n

√
ηi,
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where ηi, 0 ≤ i ≤ n are the eigenvalues of DtD.

On the other hand,
dk

dxk
(qν) =

m∑
j=0

djνqj, m = max
0≤ν≤n

deg

(
dk

dxk
(qν)

)
= n − k.

Consequently,

b
(k)
i,j =

〈
n−k∑
s=0

dsi qs,
n−k∑
l=0

dljql

〉
S

=
n−k∑
s=0

dsid
s
j =

n∑
ν=k

dν−k
i d

ν−k
j ,

i.e., Bn,k = DtD.
Finally, if [c0, c1, . . . , cn−k]

t is an eigenvector of the matrix Bn,k correspond-

ing to the eigenvalue rmax(Bλ,n,k), that P ∗(x) =
n∑

ν=k

cν−kqλ,ν−k(x) is an extremal

polynomial is straightforward. �

Another similar extremal problem arises on the space of polynomials with non-
negative coefficients. Assume that T is a linear operator on the real polynomials P,
and consider the following extremal problem

�
n (T ) = sup

p∈Sn

‖T (p)‖S
‖p‖S ,

where Sn :=

{
p ∈ Pn : p(x) =

n∑
ν=0

cνφν(x), cν ≥ 0, 0 ≤ ν ≤ n

}
, and {φν}ν≥0 is

asequence of real polynomials with deg(φν) = ν, ν ≥ 0. By the same arguments as
before, we can see that, �

n (T ) is the smallest value of λ such that

c[λ2R(n+ 1)−DtR(m+ 1)D]ct ≥ 0, (3.7)

for all c = (c0, c1, . . . , cn) ∈ R
n+1 with cν ≥ 0, 0 ≤ ν ≤ n, where the matrices

R(n+ 1) andD are the same as in Theorem 3.1.
We set DtR(m + 1)D = (r̃ij)0≤i,j≤n and assume that rij ≥ 0, r̃ij ≥ 0 for

0 ≤ i, j ≤ n, and that rij = 0, then r̃ij = 0. Let

σ := max
0≤i,j≤n

{√
r̃ij
rij

: rij > 0

}
.

Since the components of c are non-negative, the inequality (3.7) holds for r = σ.
Hence,

�
n (T ) ≤ σ.

Theorem 3.4. If σ is attained for i = j = s, then �
n (T ) = σ, that is,

‖Tp‖S ≤
√

r̃ss
rss

‖p‖S , p ∈ Sn,

and the equality holds for p(x) = bφs(x), where b is a non-negative constant.
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Proof. It is sufficient to follow the proof offered in [13, Theorem2.6], taking into
consideration the previous arguments. �

4. SOME EXAMPLES

In general, it is very hard to compute n

(
dr

dxr

)
explicitly. The reader is referred

to [13] for some examples corresponding to the case μ1 = 0. In order to illustrate

Theorem 3.2 when T =
dr

dxr
, 1 ≤ r ≤ n, we consider the following examples.

Example 4.1. Let us consider (μ0, μ1) a vector of non-negative measures on the
real line, given by

dμ0(x) = χ[−1,1](x)dx, dμ1(x) = (1− x2)χ[−1,1](x)dx,

where χ[−1,1] is the characteristic function of the interval [−1, 1]. The Sobolev inner
product on P(C), is defined by

〈p, q〉S :=

∫
R

p(x)q(x)dμ0(x) +

∫
R

p′(x)q′(x)dμ1(x). (4.1)

It is known (see for instance, [1], [9]) that the classical orthonormal Legendre poly-
nomials {Pν}ν≥0, defined by

Pν(x) =

√
2ν + 1

2
P (0,0)
ν (x)

=

√
2ν + 1

2

[ν/2]∑
j=0

(−1)j(2ν − 2j)!

2νj!(ν − j)!(ν − 2j)!
xν−2j , ν ≥ 0,

satisfy the Sobolev orthogonality relationship:

〈Pν , Ps〉S = (ν(ν + 1) + 1)δνs, ν, s ≥ 0.

Then, we can easily deduce that the polynomials {qν}ν≥0, defined by

qν(x) =

√
2ν + 1

2ν(ν + 1) + 2

[ν/2]∑
j=0

(−1)j(2ν − 2j)!

2νj!(ν − j)!(ν − 2j)!
xν−2j , ν ≥ 0,

are orthonormal with respect to Sobolev inner product (4.1).

On the other hand, if C
(ξ)
m is the m-th Gegenbauer polynomial given by

C(ξ)
m (x) =

Γ(ξ + 1/2)Γ(m + 2ξ)

Γ(2ξ)Γ(m+ ξ + 1/2)
P (ξ−1/2,ξ−1/2)
m (x), ξ > −1/2,

where P
(ξ−1/2,ξ−1/2)
m is the m-th Jacobi polynomial normalized by

P (ξ−1/2,ξ−1/2)
m (1) =

(
m+ ξ − 1/2

m

)
, ξ > −1/2.
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Then using the identity

d

dx
C(ξ)
m (x) = 2ξC

(ξ+1)
m−1 (x),

we can deduce that

dr

dxr
C(ξ)
m (x) = 2r(ξ)rC

(ξ+r)
m−r (x), 1 ≤ r ≤ m.

Hence, for 1 ≤ r ≤ ν, we obtain

dr

dxr
qν(x) =

(
2ν + 1

2ν(ν + 1) + 2

)1/2 dr

dxr
C
( 1
2)

ν (x)

=

(
2ν + 1

2ν(ν + 1) + 2

)1/2 Γ(2r + 1)

2rΓ(r + 1)
C
(r+ 1

2)
ν−r (x). (4.2)

Furthermore, the relation (see [29, p. 99])

C(ξ)
m (x) =

[m/2]∑
k=0

ak,mC
(ζ)
m−2k(x), ξ > ζ > 0,

where

ak,m =
Γ(ζ)(m− 2k + ζ)Γ(k + ξ − ζ)Γ(m− k + ξ)

Γ(ξ)k!Γ(ξ − ζ)Γ(m− k + ζ + 1)
,

allows us to deduce for ξ = r + 1/2, m = ν − r and ζ = 1/2 the following identity

C
(r+ 1

2)
ν−r (x) =

[ ν−r
2 ]∑

k=0

ak,ν−r C
( 1
2)

ν−r−2k(x).

Thus, the equality (4.2) is equivalent to

dr

dxr
qν(x) =

(
2ν + 1

2ν(ν + 1) + 2

)1/2 Γ(2r + 1)

2rΓ(r + 1)

[ ν−r
2 ]∑

k=0

ak,ν−r C
( 1
2)

ν−r−2k(x)

=

(
2ν + 1

2ν(ν + 1) + 2

)1/2 Γ(2r + 1)

2rΓ(r + 1)

[ ν−r
2 ]∑

k=0

bk,ν−r qν−r−2k(x), (4.3)

where

bk,ν−r =

(
2(ν − r − 2k)(ν − r − 2k + 1) + 2

2(ν − r − 2k) + 1

)1/2

×Γ(1/2)(ν − r − 2k + 1/2)Γ(k + r)Γ(ν − k + 1/2)

Γ(r + 1/2)k!Γ(r)Γ(ν − r − k + 3/2)
,
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or equivalently,

bk,ν−r =
22r−1(ν − r − 2k + 1/2)Γ(k + r)Γ(ν − k + 1/2)

Γ(2r)k!Γ(ν − r − k + 3/2)

×
(
2(ν − r − 2k)(ν − r − 2k + 1) + 2

2(ν − r − 2k) + 1

)1/2

.

This last identity is a consequence of the duplication formula for the Gamma func-
tion, Γ(r)Γ(r + 1/2) = 21−2r√πΓ(2r) and the well known equality Γ(1/2) =

√
π.

Consequently, substituting the last expression for bk,ν−r in (4.3), we obtain

dr

dxr
qν(x) =

(
2ν + 1

ν(ν + 1) + 1

)1/2 2r

Γ(r)

[ ν−r
2 ]∑

k=0

ek,ν−r qν−r−2k(x), (4.4)

where

ek,ν−r =
(ν − r − 2k + 1/2)Γ(k + r)Γ(ν − k + 1/2)

k!Γ(ν − r − k + 3/2)

×
(
(ν − r − 2k)(ν − r − 2k + 1) + 1

2(ν − r − 2k) + 1

)1/2

.

If we take T =
dr

dxr
, then the relation (4.4) implies that the coefficients in (3.2) are

given by

d ν−r−2j
ν =

⎧⎪⎨
⎪⎩
(

2ν + 1

ν(ν + 1) + 1

)1/2 2r

(r − 1)!
ej,ν−r, 0 ≤ j ≤ [ν−r

2

]
,

0, otherwise,

so that

n(T ) = sup
‖c‖2=1
c∈Cn+1

⎧⎨
⎩

n−r∑
j=0

∣∣∣∣∣
n∑

ν=0

cνd
j
ν

∣∣∣∣∣
2
⎫⎬
⎭

1
2

.

Furthermore, we have

max
r≤ν≤n

∥∥∥∥ dr

dxr
qν

∥∥∥∥
S

= max
r≤ν≤n

(
2ν + 1

ν(ν + 1) + 1

)1/2 2r

(r − 1)!

∥∥∥∥∥∥∥
[ ν−r

2 ]∑
j=0

ej,ν−r qν−r−2j

∥∥∥∥∥∥∥
S

= max
r≤ν≤n

(
2ν + 1

ν(ν + 1) + 1

)1/2 2r

(r − 1)!

⎛
⎜⎝
[ ν−r

2 ]∑
j=0

|ej,ν−r|2
⎞
⎟⎠

1/2

.
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Since the function g(x) =

(
2x+ 1

x(x+ 1) + 1

)1/2

is decreasing if x ≥ 1, we have(
2n+ 1

n(n+ 1) + 1

)1/2

≤
(

2ν + 1

ν(ν + 1) + 1

)1/2

≤
(

2r + 1

r(r + 1) + 1

)1/2

, r ≤ ν ≤ n. There-

fore,

2r

(r − 1)!

(
2n+ 1

n(n+ 1) + 1

)1/2

max
r≤ν≤n

Δν ≤ max
r≤ν≤n

∥∥∥∥ dr

dxr
qν

∥∥∥∥
S

,

and

max
r≤ν≤n

∥∥∥∥ dr

dxr
qν

∥∥∥∥
S

≤ 2r

(r − 1)!

(
2r + 1

r(r + 1) + 1

)1/2

max
r≤ν≤n

Δν ,

where

Δν =

⎛
⎜⎝
[ ν−r

2 ]∑
j=0

|ej,ν−r|2
⎞
⎟⎠

1/2

, r ≤ ν ≤ n.

Hence, inequality (3.4) gives

2r

(r − 1)!

(
2n+ 1

n(n+ 1) + 1

)1/2

max
r≤ν≤n

Δν ≤ n(T ),

and

n(T ) ≤ 2r

(r − 1)!

(
(2r + 1)(n + 1)

r(r + 1) + 1

)1/2

max
r≤ν≤n

Δν .

Example 4.2. Let us consider (μ0, μ1) a vector of non-negative measures on the
real line, given by

dμ0(x) = xαe−xH(x)dx, dμ1(x) = xα+1e−xH(x)dx,

where α > −1 and H is the Heaviside step function. The Sobolev inner product on
P(C), is defined by

〈p, q〉S :=

∫
R

p(x)q(x)dμ0(x) +

∫
R

p′(x)q′(x)dμ1(x). (4.5)

The classical orthonormal Laguerre polynomials {P (α)
ν }ν≥0, defined by

P (α)
ν (x) =

(
ν!

Γ(ν + α+ 1)

)1/2

L(α)
ν (x)

=

(
ν!

Γ(ν + α+ 1)

)1/2 ν∑
j=0

(−1)j
(
ν + α

ν − j

)
xj

j!
, ν ≥ 0,

satisfy the Sobolev orthogonality relationship:

〈P (α)
ν , P (α)

s 〉S = (ν + 1)δνs, ν, s ≥ 0,
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since
d

dx
L(α)
ν (x) = −L

(α+1)
ν−1 (x). (4.6)

Then, we can easily deduce that the polynomials {q(α)ν }ν≥0, defined by

q(α)ν (x) =

(
ν!

(ν + 1)Γ(ν + α+ 1)

)1/2 ν∑
j=0

(−1)j
(
ν + α

ν − j

)
xj

j!
, ν ≥ 0,

are orthonormal with respect to the Sobolev inner product (4.5).
On the other hand, using (4.6) we can deduce that

dr

dxr
L(α)
ν (x) = (−1)rL

(α+r)
ν−r (x), 1 ≤ r ≤ ν.

Hence, for 1 ≤ r ≤ ν, we obtain

dr

dxr
q(α)ν (x) = (−1)r

(
ν!

(ν + 1)Γ(ν + α+ 1)

)1/2

L
(r+α)
ν−r (x). (4.7)

Now, using the addition formula (see [29, p. 391, Problem 90])

L(α+β+1)
ν (x+ y) =

ν∑
k=0

L
(α)
ν−k(x)L

(β)
k (y),

we can deduce that equality (4.7) is equivalent to:

dr

dxr
q(α)ν (x) = (−1)r

(
ν!

(ν + 1)Γ(ν + α+ 1)

)1/2 ν−r∑
k=0

(
r + k − 1

k

)
L
(α)
ν−r−k(x)

= (−1)r
(

ν!

(ν + 1)Γ(ν + α+ 1)

)1/2 ν−r∑
k=0

ẽk,ν−r q
(α)
ν−r−k(x) (4.8)

where

ẽk,ν−r =

(
(ν − r − k + 1)Γ(ν − r − k + α+ 1)

(ν − r − k)!

) 1
2
(
r + k − 1

k

)
.

Substituting j = ν − r − k in (4.8), we have

dr

dxr
q(α)ν (x) = (−1)r

(
ν!

(ν + 1)Γ(ν + α+ 1)

)1/2 ν−r∑
j=0

ẽν−r−j,ν−r q
(α)
j (x).

Again, if we take T =
dr

dxr
, then the relation (4.8) implies that the coefficients

in (3.2) are given by

djν =

⎧⎪⎨
⎪⎩

(−1)r
(
ν!(j + 1)Γ(j + α+ 1)

j!(ν + 1)Γ(ν + α+ 1)

)1/2 (ν − j − 1

ν − j − r

)
, 0 ≤ j ≤ ν − r,

0, otherwise,
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so that

n(T ) = sup
‖c‖2=1
c∈Cn+1

⎧⎨
⎩

n−r∑
j=0

∣∣∣∣∣
n∑

ν=0

cνd
j
ν

∣∣∣∣∣
2
⎫⎬
⎭

1
2

.

Furthermore,

max
r≤ν≤n

∥∥∥∥ dr

dxr
q(α)ν

∥∥∥∥
S

= max
r≤ν≤n

(
ν!

(ν + 1)Γ(ν + α+ 1)

)1/2
∥∥∥∥∥∥
ν−r∑
j=0

ẽν−r−j,ν−r q
(α)
j

∥∥∥∥∥∥
S

= max
r≤ν≤n

(
ν!

(ν + 1)Γ(ν + α+ 1)

)1/2

Δ(α)
ν ,

where

Δ(α)
ν =

⎛
⎝ν−r∑

j=0

(j + 1)Γ(j + α+ 1)

j!

(
ν − j − 1

ν − j − r

)2
⎞
⎠

1/2

, r ≤ ν ≤ n.

Since the binomial coefficient is an increasing function of ν, we have

max
r≤ν≤n

Δ(α)
ν = Δ(α)

n .

Also,
ν!

Γ(ν + α+ 1)
is decreasing (increasing) if α ≥ 0 (−1 < α < 0), (see [4] or [13]),

then

a(α)n,nΔ
(α)
n ≤ max

r≤ν≤n

∥∥∥∥ dr

dxr
q(α)ν

∥∥∥∥
S

≤ a(α)r,r Δ
(α)
n , if α ≥ 0,

a(α)r,nΔ
(α)
n ≤ max

r≤ν≤n

∥∥∥∥ dr

dxr
q(α)ν

∥∥∥∥
S

≤ a(α)n,rΔ
(α)
n , if − 1 < α < 0,

where

a(α)n,r =

(
n!

(r + 1)Γ(n + α+ 1)

)1/2

.

Hence, inequality (3.4) gives{
a
(α)
n,nΔ

(α)
n ≤ n(T ) ≤ (n + 1)1/2a

(α)
r,r Δ

(α)
n , if α ≥ 0,

a
(α)
r,nΔ

(α)
n ≤ n(T ) ≤ (n + 1)1/2a

(α)
n,rΔ

(α)
n , if − 1 < α < 0.

In particular, when α = 0, we obtain⎛
⎝n−r∑

j=0

(j + 1)

(n+ 1)

(
n− j − 1

n− j − r

)2
⎞
⎠

1/2

≤ n(T ) ≤
⎛
⎝n−r∑

j=0

(n+ 1)(j + 1)

r + 1

(
n− j − 1

n− j − r

)2
⎞
⎠

1/2

.

Finally, other examples arise when the vector of measures (μ0, μ1) is either a
coherent or a symmetrically coherent pair (see[12], [19]), and the Sobolev inner
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product on P(C) is defined as in (2.1). Meijer has proved that if (μ0, μ1) is either
a coherent or a symmetrically coherent pair, then at least μ0 or μ1 is a classical
measure (that is, Jacobi, Laguerre or Hermite measure), and has completely classi-
fied all the coherent and the symmetrically coherent pairs (see [19]). In these cases,
applying Theorem3.1 with an appropriate basis {φν}ν≥0, it is possible to determine

an expression for n(T ) when T =
dr

dxr
, 1 ≤ r ≤ n.
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[18] F. Marcellán and J. M. Rodŕıguez: Markov type inequalities in weighted Sobolev spaces, man-

uscript.

[19] H. G. Meijer: Determination of all coherent pairs, J. Approx. Theory, 89(1997), 321-343.
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