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NONSMOOTH INVEX FUNCTIONS
VIA UPPER DIRECTIONAL DERIVATIVE OF DINI

STEFAN MITITELU AND MIHAI POSTOLACHE

ABSTRACT. The notion of invexity is introduced by Hanson [6] in 1981, for real
differentiable functions, see also [2] by Craven. After the works of Hanson and
Craven, other types of differentiable functions have appeared with the intent of
generalizing invex functions from different viewpoints, see [7] by Jeyakumar, [8] by
Kaul and Kaul and [15], [16], [22] by Mititelu. Stipulating possible applications
of these functions for programming problems, see [11] by Mishra and [24] by
Nahak and Mohapatra to quote some examples, some scientists payed attention
to possible extensions of this concept to nonsmooth functions. A direction is those
of Craven [3] followed by Reiland [26], which extended the concept of invexity to
nonsmooth functions by using the generalized directional derivative of Clarke
for Lipschitz functions. Another direction is those of Mititelu, which extended
the concept of invexity to nonsmooth functions by using essentially the upper
directional derivative of Dini [5], [13], [16], [17], [18], [19], [22]. The goal of this
work is to describe the state of the art on the question of invex functions for this
case. We recall the main results on this theory with proofs when necessary, we
supply up to date references, a description of some further developments and a
few new results as well. For additional background material on this topic, we
address the reader to the following research works: [10], [12], [14], [21], [23]

1. CLASSES AND TYPES OF INVEXITY

To study the types of simple and generalized invexity of nonsmooth real func-
tions, we use the upper directional derivative of Dini. These types are introduced by
classes (p-invexity, p-pseudoinvexity, p-quasiinvexity). The use of pseudo and quasi
from the convexity of functions allowed the determination of all types of invex and
generalized invex functions.

Let A C R™ be an open nonempty set, f: A — R a real-valued function and
p € R a number.

Definition 1.1. The function f is called p-invex (shortly pl) at the point u € A if
there are the vector functions 7,60: A x A — R"™ such that

Vo e A: f(a) = f(u) > fi(usn(z,u)) + pl|f(z, )|, (pI)
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(la) If p > 0, then f is called strongly inver (TI) at u;

(1b) If p =0, then f is called invez (I) at u;

(1c) If p < 0, then f is called weakly invex (sI) at u;

(1d) If (V) z,u € A, x #u: f(x) — f(u) > fL(u;n(z,u)) then fis called strictly
inver (SI) .

If w is arbitrary in A, then we obtain all global invexity types.

Theorem 1.1. For a function f and a point u € A, the following implications hold:

a) strongly invex (T1) and (x # u = 6(x,u) # 0) = strictly invex (SI);
b) strictly invex (SI) = invex (I) = weakly invex (sI).

Theorem 1.2. If f is p-convex function at the point u, then f is p-invex at w. More-
over, if [ is strictly convex at the point u, then f is a strictly invexr function at u.

Proof. We could use the mappings n(z,u) = x —u and 6(x,u) = x — u. O

Definition 1.2. The function f is called p-pseudoinver (pPI) at the point u € A if
there are the vector functions n,6: A x A — R" such that

va € A fL(un(z,w) + pllf(z,w)|* = 0= f(z) > f(u). (pPT)

(2a) If p > 0, then f is called strongly pseudoinver (TPI) at u;

(2b) If p = 0, then f is called pseudoinver (PI) at u;

(2¢) If p < 0, then f is called weakly pseudoinver (sPI) at u;

(2d) If Vo € A, © # u: fi(y;n(z,u)) > 0= f(z) > f(u), then f is called
strictly pseudoinvexr (SPI) at w.

If w is arbitrary in A, then we obtain the global pseudoinvexity types.

Theorem 1.3. For a function f, at the point u, the following implications hold:
a) strongly pseudoinvex (TPI) and injective = strictly pseudoinver (SPI);
b) strictly pseudoinver (SPI) = pseudoinvex (PI) = weakly pseudoinvez (sPI).

Theorem 1.4. If f is p-pseudoconvex at the point w, then f is p-pseudoinver at
the point u. Moreover, if f is strictly pseudoconvex at the point u, then f is strictly
pseudoinver at the point u.

Theorem 1.5. If f is p-invex function, then f is p-pseudoinvexr. Moreover, if f is
strictly invex, then f is strictly pseudoinvex.

Definition 1.3. The function f is called p-quasiinver (pQI) at the point v € A if
there are the mappings n,0: A x A — R™ so that

Vo € A: f(z) < f(u) = fi(uin(z, ) + pll0(z,w)]* < 0. (pQI)
(3a) If p > 0, then f is called strongly quasiinver (TQI) at u;
(3b) If p =0, then f is called quasiinvexr (QI) at u;
(3¢) If p < 0, then f is called weakly quasiinver (sQI) at u;
(3d) If Vo € A, x # u: f(z) < f(u) = fl(uin(z,u)) < 0, then f is called
strictly quasiinver (SQI) at u;
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(3e) If Vo € A, x # u: f(z) < f(u) = fi(u;n(z,u)) < 0, then f is called
semi-strictly quasiinver (SSQI) at w.
If w is an arbitrary point in A, then we obtain global quasiinvexity types.

Theorem 1.6. For a function f and a point u € A, the following implications hold:

a) strongly quasiinver (TQI) and (x # u = 0(x,u) # 0) = strictly quasiinvex
(SQD);

b) strictly quasiinver (SQI) = semistrictly quasiinver (SSQI);

c) semistrictly quasiinver (SSQI) and (f lower semicontinuous on A and n(-;u)
bounded on A) = quasiinver (QI);

d) quasiinver (QI) = weakly quasiinvex (sQI).

All direct implications between pseudoinvexity and quasiinvexity types are given
by the following theorem:

Theorem 1.7. For each function f, at the point u, we have:
a) strongly pseudoinvex (TPI) = strongly quasiinvex (TQI);
b) strictly pseudoinvex (SPI) = strictly quasiinvexr (SQI);
c) weakly pseudoinvex (sPI) = weakly quasiinvex (sQI);
d) pseudoinver (P) = semistrictly quasiinvex (SSQI).

Proof. The proof follows by analogy to that of Theorem 1.6. O

In the hypotheses of Theorems 1.1-1.7, direct implications between the types of
invexity are presented in Figure 1.

weakly invex » weakly pseudoinvex—»| weakly quasiinvex
A A A
quasiinvex
A
invex > pseudoinvex » semistrictly quasiinvex
A A A
strictly invex »strictly pseudoinvex—» strictly quasiinvex
A A A
strongly invex » strong pseudoinvex —» strong quasiinvex

Figure 1. All implications between types of invexity

The following considerations refer to the implications which exist between the
types of quasiconvexity and quasiinvexity.
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Theorem 1.8. For a function f and a point u, the following implications hold true:
a) p-quasiconvex (pQX) = p-quasiinver (pQl);
b) strictly quasiconvex (SQX) = strictly quasiinvexr (SQI);
c) semistrictly quasiconver (SSQX) = strictly quasiinver (SSQI).

Proof. Consider the mappings n(z,u) = x — u, and 0(x,u) = = — u. O

2. CLASSES AND TYPES OF INCAVITY

For a nonsmooth real function f: A — R and p € R, the types of simple and
generalized incavity at a given point are introduced by the following definitions:

Definition 2.1. The function f is called p-incave (pIV) at the point u € A if there
are two mappings 7,0: A x A — R™ (n # 0) such that

Vo € A: f(z) = fu) < fi(un(a,u) — pl|f(z, u)|?. (pIV)

(4a) If p > 0, then f is called strongly incave (TIV) at u;
(4b) If p = 0, then f is called incave (IV) at u;
(4c) If p < 0, then f is called weakly incave (sIV) at u;

(4d) Ve € A, x # u: f(x) — f(u) < fi(u;n(x,u), then f is called strictly incave
(SIV) at u.

Definition 2.2. The function f is called p-pseudoincave (pPIV) at the point u€ A
if there are two mappings 7,0: A x A — R™ (n # 0) such that

Vo € A f (uin(z,u) - pll6(a,w)l <0 = f(@) < f(u). (PIV)

(5a) If p > 0, then f is called strongly pseudoincave (TPIV) at u;

(5b) If p = 0, then f is called pseudoincave (PIV) at u;

(5¢) If p < 0, then f is called weakly pseudoincave (sPIV) at u;

(5d) If Vo € A, @ # u: fi(usn(z,u) — pllf(z,w)[? <0 = f(z) < f(u), then f
is called strictly pseudoincave (SPIV) at w.

Definition 2.3. A function f is called p-quasiincave (pQIV) at the point u € A if
there are the mappings ,6: A x A — R™ (n # 0) such that

Vo e A: f(z) > f(u) = fi(uin(z,w) — pll0(z,w)|* > 0. (pQIV)

(6a) If p > 0, then f is called strongly quasiincave (TQIV) at u;

(6b) If p = 0, then f is called quasiincave (QIV) at u;

(6¢) If p < 0, then f is called weakly quasiincave (sQIV) at u;

(6d) If Vo € A,  # u: f(x) > f(u) = fi(uin(z,u)) > 0, then f is called
strictly quasiincave (SQIV) at the point u;

(6e) If Vo € A, x # u: f(x) > f(u) = fi(w;n(z,u)) > 0, then f is called
semi-strictly quasiincave (SSQIV) at the point w.

If u is an arbitrary point from A, then the previous three definitions characterize
the global incavity types.
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In general, if f is p-invex function, it does not mean that — f is p-incave, but this
statement is true for the generalized invex types. In order to prove this property,
we need the following

Lemma 2.1. Let u, p, n and 0 given by Definitions 2.1-2.3 and suppose that the
functions f' (u;-) and (—f)", (u;-) are finite. Then we have the properties:

a) fi(un(z,u) < pllf(z,w)|* & flu+ M(z,u) < flu) + Moll0(z,u)|?,
VA€ (0,1);

b) filun(z,u)) <0 = f(u+An(z,u)) < f(u), VA € (0,1);

) (=f)i(un(z, u)) = —fi (u;n(z,w)).

Now we are able to prove the previous statement.
Proposition 2.1. Let u € A, p € R and suppose that the functions f! (u;-) and
(=) (us;-) are finite. Then, at the point u, the following implications hold:

(i1) f is (pI) = —f is (pIV); (ia) f is (SI) = —f is (SIV).
Moreover, if f is Gateaux differentiable at u, then the converse implications are true.
Proof. (i1) If f is (pI) at the point u, for = € A, we have

f(@) = flu) > fo(usn(a, w) + pllf(z, w)]*; ,
(=) = (=)(u) < —fi(un(z,u) — pll0(z, u)||

and according to Lemma 2.1, it follows

(=H)(@) = (=)@) < (=) (wnle,w) = pllo(z,u)|?. (2.1)
Hence, —f is (pIV) at the point u.
(iz) is proved in the same manner as (i;), with p = 0 and using the signs >, <
instead of >, <.
(i1 <) We multiply relation (2.1) by —1 and we get

fl@) = fu) = —(=f)(wsn(z, w) + pll6(z, u)]*.

But —(—f) (u;n(z,v)) = f_(u;n(z,u)) and f, being Gateaux differentiable at
u, we have £2(u: (i, u) = 1 (w1, 10)).
(i <) is proved similarly to (i <), where p = 0. O

Proposition 2.2. Let u € A, p € R and suppose that the functions f (u;-) and
(—f) (u;-) are finite. Then, at the point u,
(1) f is (pP1) < —f is (oPIV);  (ps) f is (SPI) < —f is (SPIV).

Proof. (p1) Suppose that f is (pPI) at the point u with respect to the mapping 7.
According to Definition 1.2, the following implications hold:

v € A: fi(uin(z,u) = —pll0(z, w)|* = f(z) > f(u);
v € A: f(z) < f(u) = fi(un(e,u) < —pllf(z, u)]%
v € A (—f)(@) > (=f)(u) = —f (uin(z,v) > pllo(z,u)|



62 Stefan Mititelu and Mihai Postolache

and according to Lemma 2.1 c), we get the inequality

z € A: (=f)(z) > (= )(w) = (=) (wn(z,w) > pllf(z,u)|?.

In the same manner, we obtain

z e A: (=) (win(,w) < pll0(z,w)|? = (=f)(@) < (= f)(u), (22)

that is —f is (pPIV) at the point w.
Conversely, suppose that —f is (pPIV) at the point u with respect to the map-
pings 17,0: A x A — R. Considering Lemma 2.1 a), then implication (2.2), becomes

VA€ (0,1): (=f)(u+ An(z, u) < (=f)(u) + Apll0(z, u)|| = (=f)(z) < (=f)(u),
or, multiplying by —1:
YA€ (0,1): f(u+ Mz, u)) > f(u) = Apllf(z, u)|* = f(z) > f(u).
From here we get

z € A: fi(uin(z,w) > —pll0(z,u)|* = f(z) > f(u),
that is f is (pPI) at the point w.
(p2) is proved in a similar manner as point (p1). For Necessity, we use Lemma
2.1 ¢), and, for Sufficiency, Lemma 2.1 a), with p = 0. O

Proposition 2.3. Let u € A, p € R. Suppose that the functions f! (u;-) and
(—f) (u;-) are finite. Then, at the point u, we obtain the relations:
(a1) [ is (pQL) = —f is (pQLV).
Moreover, if f is Gateauz differentiable at the point u, then the converse is true.

(q2) f is (SQI) & —f is (SQIV);
(q3) f is (SSQI) & —f is (SSQIV) at the point w.

Proof. (q1) Suppose that f is (pQI) function at the point u with respect to n and 6.
Then relation (pQI) holds, and by multiplying by —1 and using Lemma 2.1 ¢), we
get
z € A: (—f)(x) = (= f)(w) = (=) (wn(z,w) > pll6(z, w)|*. (2.3)
Therefore, —f is (pQIV) function at the point w.
Conversely, if —f is (pQIV) at the point u, relation (2.3) holds, and it is equiv-
alent to the implication

z € A (=) (win(z,w) < pllf(a,w)|* = (=f)(@) < (=f)(u).
Using Lemma 2.1 b) at the left-hand of this implication, we obtain
z €A, A€ (0,1): (=f)(u+ Mz, u) < (=f)(u) + Ap|f(z,u)|* = —f(x) < —f(w).
By multiplying by —1 this relation, it follows
z € A: fi(usn(z,u) > —pll6(z,w)l* = f(z) > f(u),

that is, 2 € A: f(2) < f(u) = fi(wn(z,u)) < —pl|0(z,u)|.
Therefore, f is (pQI) at the point w.
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(q2) If fis (SQI) at the point u, we get

x €A, x#u: flx) < flu) = fi(un(z,u) <0.
Multiplying this relation by —1 and using Lemma 2.1 c), we obtain
€A x#u (—f)(@) > (=f)(u) = (=) (un(z,u) >0, (2.4)

that is —f is (SQIV) function at the point u.

Conversely, —f is (SQIV) at the point u, hence relation (2.4) holds, equivalent
tox €A, z#u: (—f) (wn(z,u) <0= —f(z) < —f(u)

At the left-hand side of this implication we use Lemma 2.1 a), with p = 0 and
we obtain:

x€A z#u A€ (0,1): (—f)(u+ A\n(z

zeA, zF#u, Ae(0,1): fL(u;n(z,u)

) z
from where it follows z € A, x #u: f(z) < f(u) = fjr( ;m(x,u)) <O0.
Therefore f is (SQI) at the point u.
(q3) Is proved in a similar manner as (q2). O

3. MINIMA FOR NONSMOOTH INVEX FUNCTIONS
Consider the mappings f: Ax A —-Rand n: A x A — R".

Theorem 3.1. If the nonsmooth function f is [strictly] quasiinvez, then any [strictly]
local minimum point (if such point does exist), is a [strictly] global minimum (shortly
(PML) = (PMGQG)).

Proof. We shall prove the strictly version. Let z',2%2 € A be two points of local
minimum of this function and suppose that f(z%) < f(x!). We assume that f is
quasiinvex with respect to a mapping 1 and let Vi C A be a neighborhood of the
point of 2!. There is ¢ > 0, small enough, such that 2' +en(z?, 2!) € V4. Obviously,
f(zt +en(a?,2b) > f(z'), and we get

fjr(xl;n(ﬁ,xl)) > fla' +en(a? a!)) — fa!)

€
which leads to a contradiction.

For the weakly version, we consider that a function f has two subdomains of
local minimum, S} and Ss. Let ! 6 S1, 2 € Sy. Without restricting the generality,
we could consider 2! € Fr Sl and 22 in Sy, such that direction n(z!, 22) gets outside
of 51 through the pomt z'. Then, if V; is a nelghborhood of S1, there is € > 0 such
that 2! + en(z?,2!) € »i \ Sy, case in which f(z! + en(x?,2%)) > f(z!), and the
proof continues as in the strictly version. O

> 0,

Theorem 3.1 praises that if f is a [strictly] invex, [strictly] pseudoinvex or
[strictly] quasiinvex function, then (if there exists) any [strict] local minimum point
is a [strict] global minimum point.

Definition 3.1. [Komldsi [9]] A point 2° € A is called stationary point of the
function f if f (z°;v) >0, Yv € R".
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Theorem 3.2. The nonsmooth function f is pseudoinvex if and only if each one of
its stationary point is a global minimum, (PS) = (PMG).

Proof. NECESSITY. Suppose that f is pseudoinvex with respect to the mapping n
and let u be a critical point of f from A. Then f (u;v) > 0, Vv € R™ and considering,
in particular, v = n(z,u), Vo € A, we obtain f) (u;n(z,u)) >0, Vo € A. But f is
pseudoinvex function with respect to n and then, according to Definition 1.2 (2b),
it follows the inequality f(x) > f(z°), Vo € A. Therefore, u is a global minimum
point.

SUFFICIENCY. There are two cases.

(i) Suppose that u is a stationary point of the function f. By hypothesis, we
have

Fi@%0) 20, Yo € RY = f(2) > f(u).
In particular, for v = n(z,u), where Va € A, this implication becomes
Vo € A: fi(a%n(z,u)) 2 0= f(z) = f(u).

Hence, f is a pseudoinvex function at the point w.

(ii) w is not a stationary point of f. Then there is a vector v € R™ such that
fi(u;v) < 0. Consider a function 7, such that n(-,u) is a surjective function. Then
there is Z € A such that v = n(Z,u) and it follows the inequality f! (u;n(z,u)) < 0.
In the definition of pseudoinvexity of f at the point u with respect to 7, this relation
is implied by the inequality f(Z) < f(u), that is

f(@) < f(u) = fi(un(@,u) <O0. (3.1)
Suppose the contrary, that f is not a pseudoinvex function at the point u. Then
f(@) > f(u). Consequently,

filuin(@,v) <0= f(z) = f(u). (3.2)
Because relations (3.1) and (3.2) are contradictory, our assumption is false.
Therefore f is pseudoinvex at the point u. O

From Theorem 3.2 it is clear that the nonsmooth function f is invex if and only
if each of its its stationary points is a global minimum point [1], [4].

Theorem 3.3. If fis a semistrictly quasiinvex function, then every stationary point
is a global minimum point, but its domain of global minimum is not connected.

Proof. Suppose that © € A is a critical point and f is semistrictly quasiinvex at
the point u with respect to . Then f! (u;n(x,u)) >0, Vo € a. If f is semistrictly
quasiinvex function at the point u with respect to 7, according to Definition 1.3 (3e),
we have
Ve € A, x #u: fl(wn(z,u)) >0= f(z) > f(u).
Therefore, f(z) > f(u), Vx € A that is u is a global minimum point.
If we refer to the domain, we may consider the function

I ot
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which is a semistrictly quasiconvex function, therefore is semistrictly quasiinvex,
with 7: A x A — R and n(z,u) = x — u. Subintervals (—o0,0) and (0,00) are
subdomains of global minimum of this function. But the global minimum domain
(—00,0) U (0,00) is not connected. O
Theorem 3.4. Let u € A be a non-stationary point of f, at which the directional
function, f (u;-), is finite. Then the following implications hold: f quasiinvex
[strictly quasiconvex or semi-strictly quasiinvex] at u = f pseudoinvex at u.

Because of properties (PML) = (PMG) and (PS) = (PMG), the [generalized]
invex functions replaced in optimization theory on those [generalized| convex.

4. CLASSES AND TYPES OF PREINVEX FUNCTIONS

In 1988 Weir and Mond [28] have introduced the notion of preinvex function,
and, in 1991, Pini [25] has introduced prepseudoinvex and prequasiinvex functions,
which generalize preinvex functions. These functions are defined without the deriv-
ative f . We refer to a function f: X — R, where X is a nonempty set within R”
and to a vector function n: X x X — R".

Definition 4.1. [Weir and Mond [28]] The function f is called preinvez (pI) on X
if there is a vector function n such that

Mz,ue X, VA€ A: flu+ Mn(z,u)) < Af(z)+ (1 —N)f(u). (pI)

Example 4.1. The function f: R — R, f(x) = z, is preinvex with respect to the
function n: R x R = R, n(z,u) = —2% —u?® + 2 — u.
Indeed, relation (pI) becomes —\(z? + u?) < 0.

Example 4.2. f: R? = R, f(z,y) = —2% + 2y, is a preinvex function with respect

2
Denote 1 = (11, 72), and for (z,y), (u,v) € R?, relation (pI) becomes

f(u,0) + A, n2)) < Af(@,y) + (1= A) f(u,v),
that is, (A + 3)u? > 0.

1
to n: R?2 x R? = R? n(x,y,u,v) = (u,—xQ—y+v )

Definition 4.2. [Pini [25]] A function f is called prepseudoinver on X, if there is a
vector function 7 and a strictly positive function b: X x X — R \ {0}, such that

(V) z,ue X, VA€ (0,1): f(x)<f(u) = flutin(z,u)) < f(u)+A(A-1)b(z,u). (pPi)

Definition 4.3. [Mohan and Neogy [23], Pini [25]] A function f is called prequasi-
invex (pQI) on X if there is a vector function 7 such that

(V)z,u e X, VA€[0,1]: f(z) < f(u) = f(u+ Az, u) < f(u). (PQI)

Comparing Definition 4.1 to Definitions 3.1 and 4.2, we remark that the def-
inition of prepseudoinvexity does not obey the same autonomous criterion of gen-
eralization, as in Definitions 1.1-1.3, but uses an external element, a function b.
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But keeping this criterion to prepseudoinvex functions is confirmed by the following
theorem.

Theorem 4.1. A function f is prepseudoinver on X if and only if
(V)z,u e X, VA€ (0,1): flu+ An(z,u) = flu) = f(z) = f(u). (4.1)

For necessity, we suppose that f and n(-,u) are continuous functions.

Proof. NECESSITY. Relation (pPI) is fulfilled, and it follows that (V)z,u € X,
x#u, e (0,1): f(z) < f(u) =
flu+M(z,u)) < flu) + A = Dbz, u) < f(u),

or more

(Vz,ue X, z#u, A€ (0,1): flu+ Iz, u)) = f(u) = f(z) = f(u).

Using the continuity of f and of (-, u), if x — w, from the previous implication
we get
VA€ (0,1): flu+ M(u,u) = f(u) = f(u) = f(u).
Finally, the two situations give relation (4.1).
SUFFICIENCY. Relation (4.1) is true. That is,

z,u e X, VA€ (0,1): f(z) < f(u) = flu+ In(z,u)) < f(u). (4.2)
Denote
d(A) = fu+ Mz, u) — flu) <0
and, for A\g € (0,1), we consider
do(z,u) = f(u+ In(x,u)) — f(u) <O0.

There is a natural number, N (z,u), such that N(z,u)d(\) > |do(x,u)|. For any
A€ (0,1), we get:

—N(z,u)d(X) = |do(z,u)| > M1 = A)ldo(z, u)l,
) <30 Dt 4.3
oL, u
d(X) < A\ — )W
Denote f(z,u) = % > 0 and relation (4.3) becomes

flut Mz u) = f(u) < AA=1)B(z,u).
Therefore,
VYA€ (0,1): futAn(z,u))—f(u) < 0= f(utAn(z,u))—f(u) <A(A-1)B(z,u). (4.4)
Combining relations (4.2) and (4.4), it follows
M z,ue X, VA€ (0,1): f(z) < f(u) = f(u+ An(z,u)) < flu) + A(A — 1)b(z, u).

Hence, f is a prepseudoinvex function on X in the sense of Pini. O
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Example 4. Function f: (O, g) — R, f(x) = sin®z, is prepseudoinvex with
respect to
(2, 1) = cosz(sinz —sinu), if x >u
W) = 0, if z < u.
Indeed, for z > u, relation (4.1) leads to n(x,u) > 0, which implies sin? z > sin? z.
Example 5. Function f: (O, g) — R, f(z) = sinz, is prequasiinvex with
respect to

_ Jcosz(sinx —sinu), ifx>wu
0z, u) = 0, if z <w.
The inequality f(u+An(z,u)) > f(u) = f(x) > f(u) is proved, equivalent to (pQI).

Theorem 4.2. Between the notions of preinvexity, prepseudoinvexity and prequasi-
invexity there are the following implications:

preinvexity = prepseudoinverity = prequasiinverity.

In the second implication we assume that f and n(u,-), Yu € A, are continuous
functions.

Proof. The first implication follows easily, starting with relation (pI). For the second
implication, we begin with the hypothesis of Definition 4.1, from which we get
f(u) = max{f(z), f(u)}, and from Definition 4.1, with & # u, from which we obtain

e (0,1): Flu+ Mn(au)) < F(u) + A — Db(a,u) < f(u) = max{ f(x), £(u)},
because b(xz,u) > 0. This relation still remains true for + = u, A = 0 and for

A =1, case in which we take into account the fact that f and n(u,-) are continuous
functions. g

In 1997, Mititelu [13] introduced the types of preinvex functions, but using the
name of invex functions and classified them using the following definitions:

Definition 4.4. A (Preinvexities). A function f is called p-preinver (ppl) at the
point u € X if there are the vector functions 7,0: X x X — R" such that

Va € X, YA€ [0,1]: flu+An(z,u) < Af(@)+ (1= N F(u) — pA|0(, )l (ppl)

(1a) If p > 0, f is called strongly preinvezr function (Tpl) at u;

(1b") If p =0, f is called preinvex function (pI) at u;

(1<) If p < 0, f is called weakly preinvex function (spl) at u;

(1d) IfVe e X,z #u, VA€ (0,1): f(u+ M(z,u)) < Af(x)+ (1 =N f(u), fis
called strictly inver function (Spl) at u.

B (Preincavities). f is called p-preincave function at the point w if —f is
p-preinvex function at the point u. If p > 0, p = 0 or p < 0, then f is called
strongly preincave, preincave or weakly preincave at the point u. The function f is
called strictly preincave at the point u if — f is strictly preinvex function at u.

C. The function f is preinver [preincave] etc. on X if it is preinvex [preincave]
etc. at each point of X.
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Definition 4.5. A (Prepseudoinvexities). A function f is called p-prepseudoinves
(ppPI) at the point u € X if there are vector functions 7, §: XxX—R" such that

Ve € X, VA € (0,1): flutAn(e,w)+pA6(a, 0| > f(w) = f(&) > f(u). (ppPI)

(2a') If p > 0, f is called strongly prepseudoinvez function (TpPI) at u;

(2b") If p = 0, f is called prepseudoinvex function (pPI) at u;

(2¢) If p < 0, f is called weakly prepseudoinver function (spPI) at u;

2d) Ve e X, x #u, VA€ (0,1): flu+(z,u)) > f(u) = f(x) > f(u), fis
called strictly prepseudoinvex function (SpPI) at the point w.

B (Prepseudoincavities). f is called p-prepseudoincave function at the point
u if —f is p-prepseudoinvex function at u. If p > 0, p = 0 or p < 0, then f is
called strongly prepseudoincave, prepseudoincave or weakly prepseudoincave at wu.
The function f is called strictly prepseudoincave at the point w if —f is strictly
prepseudoinvex at u.

C. A function f is called prepseudoinver [prepseudoincave] on X etc. if it is
prepseudoinvex [prepseudoincave| at each point of X etc..

Definition 4.6. A (Prequasiinvexities). A function f is called p-prequasiinvex
(ppQI) at the point u € X if there are the vector functions 7,0: X x X — R"
such that

Vo € X, YA€ (0,1): f(x) < f(u) = FlutMna,u)+pA|0(z, w)|2 < F(u). (ppQl)

(3a) If p > 0, f is called strongly prequasiinver function (TpQI) at u;

(3b") If p = 0, f is called prequasiinvez function (pQI) at u;

(3c/) If p < 0, f is called weakly prequasiinvex function (spQI) at u;

(Bd) It Ve € X, z £ u, VA€ (0,1): f(z) < f(u) = f(u+ M(z,u)) < f(z), fis
called strictly prequasiinver function (SpQI) at u;

(3e/) Ve € X,  # u, VA € (0,1): f(z) < f(u) = flu+ M(z,u) < f(z), fis
called semistrictly prequasiinvex function (SSpQI) at u.

B (Prequasiincavities). f is called p-prequasiincave function at the point u if
—f is p-prequasiinvex at u. If p > 0, p = 0 or p < 0, then f is called strongly
prequasiincave, prequasiincave or weakly prequasiincave at u. f is called strictly pre-
quasiincave at the point u, if — f is strictly prequasiinvex at u. f is called semistrictly
prequasiincave at the point u if —f is semistrictly prequasiinvex at wu.

C. f is prequasiinvez [prequasiincave] function on X etc. if it is prequasiinvex
[prequasiincave] at each point of X etc..

Weir and Mond [19] proved that, for a preinvex function, each local minimum
point is a global minimum point. But this property is common to other generalized
preinvex functions, as the following theorem shows.

Theorem 4.3 (Mititelu [13]). Let u be a local [strict] minimum point of the function
fin X. If f is [strictly] preinvez, [strictly] prepseudoinvex or [strictly] prequasiinvex
at the point u, then w is a [strictly] global minimum point of function f.
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Proposition 4.1 ([13]). Let f be a semistrictly prequasiinvez function at the point
u € A. Ifu is a local minimum point of f, then u is an absolut minimum point of
f (the subdomain of f is not connected).

In the following, we deal with operations with preinvex functions.

Proposition 4.2. If functions fi,..., fm: X — R are n-preinvex [n-prepseudoinver,
n-prequasiinvez/, then function cifi + -+ c¢mfm (c1 > 0,..., ¢y > 0) is n-preinvex
[n-prepseudoinver, n-prequasiinvez].

Proposition 4.3. If (f;)ics is a family of preinvex real functions on X, then sup f;
el
is a preinvex function on X.

Proposition 4.4 ([27]). If f is n-preincave function on X such that f(x) > 0 for

each x € X, then ? s n-preinvex function on X.

Theorem 4.4. If f and g are two positive n-preinver functions on X, then fg is
(—1)-preinvex function on X with respect to functions n,0: X x X — R™.

Theorem 4.5. Let us consider X C R"™ an invexr set, C C R™ a convex set, the
vector function u = (uy,...,um): X = C, a scalar function f: C — R and com-
position function F = fou: X — R. If f(uy,...,uy) is a convex [strictly convex]
function and in addition, f is increasing [strictly increasing] function with respect
to each invex [strictly invex] component, w;, or f is decreasing [strictly decreasing]
with respect to each incave [strictly incave] component u;, then F' is invex [strictly
invezr] on X.

Conversely, if F' is invex [strictly invex] function and u is an affine vector func-
tion, then f is invex [strictly invex] function on C.

5. INVEXITY AND PREINVEXITY ON OPEN SETS

For real functions defined on open sets, we establish connections between the
notions of invexity and preinvexity. Therefore, in the following, we refer to a func-
tion f: A — R, where A is an open nonempty set, and also to vector functions
n,0: Ax A— R" Let u € Aand p € R. The following theorems claim that the
notions of simple and generalized preinvexity with respect to open sets are respec-
tively equivalent. The origin of these equivalences consists in some equivalences of
convexity (Theorem 2.41 [19]) and quasiconvexity (Theorem 3.9 [19]).

Theorem 5.1. Suppose that f is a finite function. Then the nonsmooth function
f is m-invex if and only if f is n-preinvex.

Proof. NECESSITY. Suppose that f is np-invex function at the point © € A. Then,
according to Definition 1.1 (1b), we get the inequality

Vo € A: f(a) — f(u) 2 ff(un(a,u). (5.1)



70 Stefan Mititelu and Mihai Postolache

Function f’, (u;-) is positively homogeneous and then, after a multiplication by
an arbitrary scalar ¢t > 0, relation (5.1) becomes

x € A tf(z) —tf(u) > fi(ustn(z,u));

2 € A: tf() — tf(u) > lim sup LT H@ W) = F(w)
B0

7

For any t > 0 there is 1 > 0 such that

xeA:tf(x)—tf(u) > flut ptn(z, u)) —tf(u)‘
B Iz

It follows
Va € A, V> 0: atf(x) — fitf(u) > f(u+ ptn(e,u) - f(u).
1
Denoting A = t and taking t = —, this inequality becomes the definition of
I

preinvexity of f at u with respect to 7.
SUFFICIENCY. Function f is n-preinvex at the point u. According to Definition
4.1, from relation (pl) it follows the inequality

flu+ )\n(x),\u)) — f(u) < f(z) — f(u)

and takin the upper limit at the left hand side after A \, 0, we get
filwn(z,w) < f(z) — f(u),

for any z € A. Therefore f is n-invex at the point wu. O

Theorem 5.2. Suppose that the derivative f', is finite. Then the nonsmooth func-
tion f is n-pseudoinvex if and only if it is n-prepseudoinver.
Proof. NECESSITY. Suppose that f is n-pseudoinvex at the point u € A. Then
Vo € A: fi(uin(x,u)) > 0= f(z) > f(u),
or equivalently,
Ve e A: f(z) < f(u) = fi(wn(z,u)) <0.
According to Lemma 2.1 b), we obtain
VA€ (0,1): f(u+ Mz, u)) < f(u).
By transitivity, we get the implication
Vee A, VA€ (0,1): f(z) < f(u) = f(u+ An(z,u)) < f(u),
that is,
Ve e A, YA€ (0,1): f(u+ An(z,u)) > f(u) = f(x) > f(u).

Therefore, f is n-prepseudoinvex function at the point u.
SUFFICIENCY. We admit now that f is n-prepseudoinvex function at the point
u € A. Then, according to Definition 4.2" (2b") we have

Vee A, VA€ (0,1): flu+ Mn(z,u)) > f(u) = f(z) > f(u).
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From the foregoing implication, we obtain

flut Az, u) = fu)
A

and taking the upper limit A \, 0 from the fraction, this relation becomes

Vo € A: f(un(e,u) > 0= f(z) > f(u).

Vo e A:

2 0= f(x) = f(u)

Therefore, function f is n-pseudoinvex at the point . O

Theorem 5.3. Suppose that the derivative f! is a finite function. Then f is n-
quasiinvex function if and only if it is n-prequasiinver.

Proof. NECESSITY. Assume that f is n-quasiinvex function at the point u € A.
Then, according to Definition 1.3, we get

Vo € A f(z) < f(u) = fi(wn(z,u) <0
and according to Lemma 2.1 a), with p = 0, it follows
Fi(uin(z,u)) <0= f(u+M(z,u) < f(u), YA€ [0,1].
By transitivity, we obtain
Vo e A, VA€ [0,1]: f(2) < f(u) = flu+ An(z,u)) < f(u), (5.2)

that is f is np-prequasiinvex at the point u.
SUFFICIENCY. If f is np-prequasiinvex at the point u, relation (5.2) holds. Then

flu+ e, w) = fw) _ o

Vee A, A>0: f(z) < f(u) = 3 <0,

flu+ An(z,w) = f(u)
A

and /1\1{% sup < 0. Therefore, we obtain

Vo € A: f(x) < f(u) = fi(un(z,u) <0,

that is f is n-quasiinvex at the point u. O

Having in view the equivalence of the notions of invexity and preinvexity, to
different levels of generalizations on open sets, according to Theorems 4.2-4.4, it
is natural that the invex function and its generalizations to be overtaken by the
definitions of preinvex functions and of generalized preinvex functions with respect
to open sets, because these one are not defined with derivatives, an advantage in
computations. Moreover, the definition of (generalized) invex functions, without the
derivative f’ , offers them a wider area of applications (we mean the cases when f/
may be infinite).
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6. PROPERTIES FROM PREINVEXITY TO INVEXITY

Some of the properties of [generalized] preinvex functions on open sets transfer,
respectively, to [generalized] invex functions. In the following, we shall refer to
definitions, minimum points and algebraic operations.

a) Definitions of invex functions on open sets, without derivative f/

We address to the same function f: A — R, where A is a nonempty open set
from R™ and to mappings 7,0: A x A — R". First we introduce:

Proposition 6.1. Let p € R and assume that the derivative f is finite. Then f is
p-invex function with respect to n if and only if there is a mapping 6 such that

(V) z,u € A, YA €[0,1]: flu+ Mz, u)) < Af(z) + (1 —N)f(u) — \p||0(x, u)|>.
Proof. Similar to the one of Theorem 4.2. O

Proposition 4.2, Lemma 2.1, Definition 1.1-1.3 and Theorems 4.2-4.4 allow us to
redefine strongly, strictly and weakly types of the notions of invexity, pseudoinvexity
and quasiinvexity without derivative f’ , using these definitions:

Definition 6.1 (Invexities). A function f is called p-invex (pI') at the point u € A
if there are two vector functions n and 6 such that

Vo € A, YA €[0,1]): fu+ Anp(z,u) < Af(z)+ (1 —X)f(u) — pA|0(z,w)|?. (pI')
(1a"”) If p > 0, then f is called strongly invex (TT') at u;
(1b") If p = 0, then f is called invezr (I') at u;
(1¢”) If p < 0, then f is called weakly invex (sI') at u;
(1d") Ve € A, z # u, YA € (0,1): f(u+n(z,u)) < Af(x)+ (1= X)f(u), then
f is called strictly invex (ST') at w.

Definition 6.2 (Pseudoinvexities). A function f is called p-pseudoinver (pP1") at
the point u € A if there are two vector functions 7 and 6 such that

Ve € A, VA€ (0,1): flu+ Me,w) + pll8(z,w)[2 > f(u) = f(2) > f(u). (pPT)

(2a”) If p > 0, then f is called strongly pseudoinvexr (TPT') at u;
(2b”) If p = 0, then f is called pseudoinver function (PI') at u;
(2¢") If p < 0, then f is called weakly pseudoinvezr (sP1') at u;
(2d") If Vo € A, x # u, VA € (0,1): f(u+ M(z,u)) = f(u) = f(z) = f(u),
then f is called strictly pseudoinvex (SPT') at w.

Definition 6.3 (Quasiinvexites). A function f is called p-quasiinvexr (pQI') at the
point u € A if there are two vector functions n and 6 such that

Vo€ A, VA€ [0,1]: f(x) < fu) = flu+ Mz, u) + pA0(z, w2 < Fu). (pQI)

(3a”) If p > 0, then f is called strongly quasiinvex (TQI') at u;
(3b") If p = 0, then f is called quasiinver (QI') at u;
(3¢”) If p < 0, then f is called weakly quasiinvezr (sQI’) at u;
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(3d") If Vo € A, x # u, YA € (0,1): f(z) < f(u) = flu+ In(z,u)) < f(u),
then f is called strictly quasiinvezr (SQI') at wu;

(Be") Ve € A, x #u, VA € (0,1): f(x) < f(u) = f(u+ In(z,u)) < f(u), then
f is called semistrictly quasiinvez (SSQI') at w.

In the same manner, following Definitions 6.1-6.3, we define the types and classes
of incave functions, without derivative f/, at the point u or on the domain A.

From Theorem 4.3 of equivalence of the notions of pseudoinvexity and prepseu-
doinvexity on open domanis, and Theorem 3.2 referring to the stationary points of
pseudoinvex functions, the next result is obtained.

Proposition 6.2. For a prepseudoinvex function with open domain, every station-
ary point is a global minimum point.
b) Operations with p-invex and p-incave functions on open sets

Propositions 4.2-4.4 and Theorems 4.4-4.5 hold true for invex [incave], of course,
on open sets. In the following, we present other results.
Let be given A be an open set in R™ and the functions f,g: A — R.

Theorem 6.1. Let the functions f and g, p-invex on set A with respect to mappings
n, 01 and n, 0s. If, f and g are positive functions on A and p > 0, then the product
function fg is B
1) (=1)-invez on A with respect to n and 6y, where
161 (2, w)[I* = f(x)g(w) + f(u)g(e) + p||01 (2, w)||*||62(2, w)|?,

or
2) (—p)-invex on X with respect to n and O, where

16> (2, w)||* = %[f(w)g(U) + fw)g(@)] + pll61(z,w)|*102(z, w) |

Proof. For x,u € A and X € [0,1] the following relations hold
flu+ Mz, w)) < Af(x) + (1= N)f(u) = pll61 (2, u)|,
glu+ Mn(z,u)) < Ag(x) + (1 = N)g(u) — pl|fa(z, u)|?,
which, multiplied side by side led to the inequality

(fg)(u+ An(z,u) < [Af(z) + (1 = N][Ag(z) + (1 = A)g(u)]
=Apl02][Af (@) + (1= X) f(w)] =]l [ [Ag(a) +(1=N)g(u)]
220?164 (162 >
< A(f9)(@)+(1=X)(Fg) (u)+ f(2)g(w)+ f (w)g(x)+p° | 01]|* ]| 62] .
From the latter form of the right-hand member of these inequality follows 1)

and 2). We have denoted 6 instead 6;(z,u) etc. O

Theorem 6.2. Let us consider two functions f and g positive definite on A. Suppose
that f is p-invex with respect to mappings 1 and 01, and g is p-incave with respect to
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n and 02. Then the quotient function i is p-invexr with respect to n and a mapping

0, which can be determined.

7. INVEX FUNCTIONS ON ARBITRARY SETS
Let A C R" be an open set, x € A and v € R™.

Proposition 7.1. Suppose that f is a continuous function on a neighborhood of
x and f' is finite on a neighborhood (x,v). Then f! is a upper semicontinuous
function at point (z,v).

Consider now a function f: D — R, where D is an nonempty open set in R"
and let X be a nonempty set included in D. If f! is a finite function on X x R”
and following the definition of invexity of f on X then, comparing to the invexity of
functions on open sets (see relation (5.1), it follows that we must study the invexity
of f on the boundary of X and this refers to n (we denote by Fr X the boundary of
X).

Definition 7.1 ([17]). A wvector function 7: X x X — R™ is called continuous
prolongation on X x X of vector function n: riX x riX — R" if f(z,u) = n(x,u),
V(z,u) € riX x riX and for each y,b € (Fr X)N X and z,u € riX the upper limit
lim  n(x,u) exists and is equals to 7(y,b).

(z,u)—=(y,b)
Theorem 7.1. Let D be an open set in R™", X C D a nonempty set and two
functions f: D — R and n: riX x riX — R™. More than this, suppose that the
following conditions are satisfied:

1) f is continuous on X;

2) : X x X = R" is a continuous prolongation of n on X x X;

3) f is invex on riX with respect to n.

Then f is invex on X with respect to 7).

Proof. Because f is n-invex function on riX it follows

(V) z,u eriX: f(z) — f(u) > fi(u;n(z, uw)). (7.1)

Let y,b € (Fr X)NX. According to Proposition 7.1, f’ is upper semicontinuous
at the point (z,u). In relation (7.1) we take the upper limit after (x,u) — (y,b) and
it results

@) - f®)2 D fn) = £k lm o g@w). (72

But 7 is an extension of 7 on X and from relation (7.2) we obtain
Fly) = £(b) = fi(b;7i(y, b))

This relation holds for each (y,b) € X x X. Therefore, f is invex on X with respect
to 7. O
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Theorem 7.2 ([17]). Let D be a nonempty open set in R", X C D a nonempty
subset and the functions f: D — R andn: X xX — R™. Suppose satisfied conditions
1) and 2) of Theorem 7.1, and also the following condition:

4) f is pseudoinver on riX with respect to 1.

Then f is pseudoinvex on X with respect to 1.

Proof. 1t is similar to those of Theorem 7.1. O

Theorem 7.3. Let D be a nonempty open set in R™, X C D a nonempty subset
and the functions f: D — R and n: X x X — R™. Suppose satisfied conditions 1)
and 2) of Theorem 7.1, and also the following condition:

5) f is quasiinvex on riX with respect to 1.

Then f is quasiinvex on X with respect to 1.

Using the sample given by Definitions 1.1-1.3 for the kinds and classes of invexity
on open sets we may define the kinds and classes of an n-invex function f on arbitrary
set X in the case when X is included into an open set D, on which f! is finite, f is
uniformly continuous on X, and 7 is continuous on X x X.

OPEN PROBLEM 7.1. Could there be found an exhaustive theory for investigation
optimality conditions and duality theorems for nonlinear single(multi)-objective op-
timization problems involving nonsmooth invex functions as they are introduced in
this study 7
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