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GENERALIZED ZETA FUNCTIONS
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Dedicated to Professor Leetsch C. Hsu on the Occasion of his 90th Birthday

ABSTRACT. We present here a wide class of generalized zeta function in terms of
the generalized Mobius functions and its properties.

1. INTRODUCTION

For any integer z € C, a Fleck-type generalized Mébius function (cf. [3] or [7])
of order z can be defined by

) = -1 F ) (11)

ep(n)
for any n € N, where p runs through all the prime divisors of n, and e,(n) = ord,(n)
denotes the highest power k of p such that p* divides n. Obviously, p;(n) = u(n),
n € N, is the classical Mébius function: p(1) = 1; if n is not square free then
wu(n) = 05 if n is square free and if ¢ is the number of distinct primes dividing n,
then u(n) = (—1)%. In addition, (1.1) implies
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It is easy to verify that for each complex number «, u, is a multiplicative function,

and

but is not complete multiplicative except pg, which is complete multiplicative. The
generalized zeta function, denoted by &, is defined accordingly by

ey =13 ) (1.2)
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Received: August 31, 2010. Rewvised: September 10, 2010.

2010 Mathematics Subject Classification: 11A25, 05A10, 11M41, 11B75.

Key words and phrases: zeta function, Dirichlet series, Dirichlet convolution, Dirichlet product,
multiplicative function, completely multiplicative function, M6bius inversion.

(©2011 Fair Partners Team for the Promotion of Science & Fair Partners Publishers

43



44 Tian-Xiao He

where z € C. Hence, £ = £ the classical zeta function. And & = 1.

Remark 1.1. &,(s) defined in (1.2) can be extended to C. However, throughout
this note, we do not consider the zero points of £;(s) in its domain, i.e., the points

at which Z Ml(sn)

n
n>1

diverges to infinite.

In this note, we will show that the set of functions &, (o € C) forms an Abelian
group with the Dirichlet series multiplication followed by a number of applications.

2. GENERALIZED ZETA FUNCTION GROUP

We now recall the definition of the Dirichlet product (or convolution) of two
arithmetic functions f and g (cf. [1], [2]).

Definition 2.1. Given two arithmetic functions f and g, the Dirichlet (convolution)
product f * g is again an arithmetic function which is defined by

(fra)m) =" f@Dg (%) =D f (%) 9(d). (2.1)
dln dln

where the summations are taken over all positive divisors d of n.

Definition 2.2. Denote M := {u, : z € C}, where C denotes the set of complex
numbers. We call M the set of generalized Mdbius functions of complex order.
The set, denoted by N, of the corresponding nonzero generalized zeta functions of
complex order is defined by N := {¢, : z € C}, where &, are presented in (1.2).

From [2] and [5], (M, *) forms an Abelian group with identity element po under
the operation * : M x M — M, o * g = jia+8, Where a, 5 € C.

Lemma 2.1. For any given o, 3 € C, we define - : N x N — N by
§a-€p =6

1
for some v € C if §_ * f_ = —, where * is the reqular Dirichlet product of Dirichlet
a B
series (cf. (2.1) and [8] for more details). Thus, we have

1 1
¥

fa ' fﬁ = 504—&-,8-
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Proof. By writing 1/£,(s Z ,and 1/€3(s) = Mﬁ( ) , we obtain
n>1 n>1 n?
n S S
(Ealo)(s) = D (5) | /07 =3 (1a+ ) /n
d|n n>1
Ko
- nl‘ﬁ = 1/ ()
n>1
which completes the proof. O

We now ready to show (V,-) is an Abelian group.

Theorem 2.1. Let - be the operation define in Lemma 2.1. Then(N,-) is an Abelian
group with identity element &y = 1.

Proof. From Lemma 2.1, we see that N is closed respect to the operation -. Moreover,
for any a and 8 € C, we have

a - fﬁ = fa—&-ﬁ = fﬁ “Ea-
And for any «, 8 and v € C,

(fcx : g,@) : g’y = fa—&-ﬁ : g’y
= Y X tars@iy (5) | /= 1) S EEEE g (s).

n>1 dln n>1

Similarly, & - (5,8 ’ g'y) = 504—&—,8—&-7‘ Thus, (fa : fﬁ) ’ g'y =&a- (fﬁ ) g’y) It is also
easy to check £, -1 =1-&, =&, and &, - & = & - & = 1. Therefore, the theorem
is proved. [l

From Theorem 2.1 and Equation (1.2) we have

Corollary 2.1. For all a € Z,

where (£(s))* = €(s)(£(s))* "
Theorem 2.2. Group (M,x*) and (N,-) are isomorphic.

Proof. Mapping ¢ : M +— N is defined by

P(pa) ==& =1/ Z ,Uc;;(sn)

n>1
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where a € C. It is easy to verify that the mapping is one-to-one and onto. In
addition, for any «, 8 € C,

¢(/~La * MB) = ¢(/~La+,3) = 504-&-,3 =& fﬁ = ¢(/~La) ) ¢(/~L,3)'
This completes the proof. O

3. SOME RESULTS FROM
GENERALIZED ZETA FUNCTION GROUP

A series Z a,n”° is called an arithmetic Dirichlet series if all of its coefficients
n>1
a, = a(n) are arithmetic functions.

Theorem 3.1. (GENERALIZED ZETA INVERSION FORMULAE) For any o € C and
Dirichlet series f and g,

f=8g&g=¢af
Moreover, if both f = Z fan™% and g = z:gnn_S are arithmetic Dirichlet series,
n>1 n>1
then for any n € N
n n
=> o <E) g(d) < g(n) =) pia (3) fd
dln dln

Proposition 3.1. For anyn € N and a € C,

S o1 (d) = pra(n). (3.1)
dln

Proof. From Corollary 2.1

pa(n) 1 =
Z ns B ga(s) ga 1 Z

n>1 n>1

_ Zﬂal Zﬂl Zzual ()/n

n>1 n>1 n>1 djn

which leads (3.1) by applying the Dirichlet series multiplication and noting that
H-1 = 1. O

Proposition 3.2. Let f = chn_s, and let all ¢, be completely multiplicative
n>1
functions. For any fixed positive integer Q,

fa 1 Z Ha Cn Z MOT(Zn Cn ‘ (3.2)

n>1 n>1
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Proof. This follows easily from Proposition 3.1 and mathematical induction on «.
In fact, first we have

e (e _ > (1) + )
_ Z c(n) Zcﬂz fa(d) _ Z c(n),ua_l(n).

n n—s
n>1 n>1

Secondly, using mathematical induction on a we obtain (3.2). O

It is known (cf., for examples, [4] and [6]) that for any fixed integer o > 1

[0}

ls) = [ D _pmn™] = ra(nn>, (3-3)

n>1 n>1

ro(n) = Z 1

ning-ng=n

where

is the number of ways that n can be written as a product of « fixed factors, so
that r,(n) is clearly a multiplicative function of n. In particular, r2(n) denotes the
number of positive divisors of n.

Theorem 3.2. (CHARACTERISTIC OF GENERALIZED MOBIUS FUNCTIONS) For any
fized integer o > 1, the inverse of o in the group (M, %) is rq; or equivalently,
Ta = h—o-. Namely, for all integers n > 1

(ra * pa)(n) = Z ra(d)pa(n/d) = bn,1, (3.4)

dln

where 0,1 =1 if n =1 and 0 otherwise.
Proof. Multiplying £{'(s) shown in (3.3) with
1 Z o ()
Sals) &7 (s) n?

n>1

yields
3 ot
n>1
which leads r(1)pq (1) =1 and
(ra* pta)(n) = Y _ra(d)pa(n/d) =0

dln

for n > 2, completing the proof. O
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Denote Fy(s) = Z ro(n)n~%. Then we obtain
n>1

Fa()1-a(s) = Y Y raldpm-a (5 ) /n* = €(s)
n>1 djn
and
Fa(s)é-a(s) = (€)(€) 7 = €0 = &o(s) = 1,

i.e., identities (3.4) and Zra(d)pl_a (%) = 1. In particular, for ro = Zl, the
dln dln

number of positive divisors of n, from p_s(n) = ro(n) we obtain

Fy(s)6-1(s) =1 and  Fy(s)é_a(s) = &o(s) =1,

Moo (§) =1 and S ratd () = b

dln dln

ie.,
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