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ABSTRACT. The aim of this paper is to study the local components of the rela-
tivistic time dependent d-linear connections, d-torsions, d-curvatures and deflec-
tion d-tensors with respect to an adapted basis on the 1-jet space J*(R, M). The
Ricci identities, with their corresponding identities of deflection d-tensors, are also
given.

1. SOME PHYSICAL AND GEOMETRICAL ASPECTS

According to Olver’s opinion [11], we agree that the 1-jet fibre bundle is a basic
object in the study of classical and quantum field theories. For such a reason, a lot of
authors (Asanov [3], Saunders [12], Vondra [13] and many others) studied the differ-
ential geometry of the 1-jet spaces. Continuing the geometrical studies of Asanov [3]
and using as a pattern the Lagrangian geometrical ideas developed by Anastasiei in
the research work [2], Miron, Anastasiei and Bucataru in the monographs [6] and [4],
the first author of this paper has recently developed the Riemann-Lagrange geome-
try of 1-jet spaces [8]. This theory is very suitable for the geometrical study of the
relativistic non-autonomous (rheonomic) Lagrangians, that is of the Lagrangians de-
pending on an usual relativistic time [7], [9] or depending on a relativistic multi-time
[8], [10].

It is important to note that a classical non-autonomous (rheonomic) Lagrangian
geometry (i.e. a geometrization of the Lagrangians depending on an absolute time)
was sketched by Miron and Anastasiei at the end of the book [6] and developed in
the same way by Anastasiei and Kawaguchi [1] or Frigioiu [5].

In what follows we try to expose the main geometrical and physical aspects
which differentiate the both geometrical theories: the jet relativistic non-autonomous
Lagrangian geometry [9] and the classical non-autonomous Lagrangian geometry [6].
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In this direction, we point out that the relativistic non-autonomous Lagrangian
geometry [9] has as natural habit the 1-jet space J!(R, M), where R is the manifold
of real numbers having the coordinate t. This represents for us the usual relativistic
time. We recall that the 1-jet space J'(R, M) is regarded as a vector bundle over
the product manifold R x M, having the fibre type R™, where n is the dimension
of the spatial manifold M. In mechanical terms, if the manifold M has the spatial
local coordinates (z°),_1—, then the 1-jet vector bundle

i=1,n
JYR,M) =R x M

can be regarded as a bundle of configurations having the local coordinates (,z%, y});
these transform by the rules [9]

t = t(t)

L oRdt
N= ouig U

Remark 1.1. The form of the jet transformation group (1.1) stands out by the
relativistic character of the time t.

Comparatively, in the classical non-autonomous Lagrangian geometry [6] the
bundle of configurations is the vector bundle

R x TM — M,
whose local coordinates (¢, %, %) transform by the rules
t=t

ot
T — )

where T'M is the tangent bundle of the spatial manifold M.

Remark 1.2. The form of the transformation group (1.2) stands out by the absolute
character of the time t.

It is important to note that jet transformation group (1.1) from the relativis-
tic non-autonomous Lagrangian geometry is more general and more natural than
the transformation group (1.2) used in the classical non-autonomous Lagrangian
geometry. This is because the last one ignores the temporal reparametrizations,
emphasizing in this way the absolute character of the usual time coordinate t. Or,
physically speaking, the relativity of time is an well-known fact.

From a geometrical point of view, we point out that the entire classical rheo-
nomic Lagrangian geometry of Miron and Anastasiei [6] relies on the study of the
energy action functional

b
Bi(e) = [ Litia'.y)at,
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where L: R x TM — R is a Lagrangian function and y* = dx'/dt, whose Euler-
Lagrange equations produce a semispray G*(t, z*, yk) and a corresponding nonlinear
connection N ; = 0G?/0y’. Therefore, the authors construct the adapted bases of
vector and covector fields, with the adapted components of the N-linear connections
and their corresponding d-torsions and d-curvatures. But, because L(t,x%, 5%) is
a real function, we deduce that the previous geometrical theory has the following
impediment: -the energy action functional depends on the reparametrizations t <— t
of the same curve c. Thus, in order to avoid this inconvenience, the Finsler case
imposes the 1-positive homogeneity condition

L(t,z', \y') = AL(t,z",y"), ¥ XA > 0.

Alternatively, the relativistic rheonomic Lagrangian geometry from [9] uses the
relativistic energy action functional

b
EQ(C):/ L(t,z',yi)\/h11 (t)dt,

where L: JY(R,M) — R is a jet Lagrangian function and hq(t) is a Riemannian
metric on the relativistic time manifold R. This functional is now independent of
the reparametrizations ¢ «— ¢ of the same curve ¢. The Euler-Lagrange equations
of the Lagrangian £ = L(t,2¢,y})\/h11(t) produce a relativistic time dependent
semispray [9]

= () o)),

which gives the jet nonlinear connection [7]

, . e
_ G) _ op) G) _ W1
I's = M(f)l = 2H({)1, N(f)k =3

With these geometrical tools we can construct in the relativistic rheonomic La-
grangian geometry the distinguished (d-) linear connections, with their d-torsions
and d-curvatures, which naturally generalize the similar geometrical objects from
the classical rheonomic Lagrangian geometry [6]. In this respect, the authors of this
paper believe that the relativistic geometrical approach proposed in this paper has
more geometrical and physical meanings than the theory proposed by Miron and
Anastasiei in [6].

In conclusion, in order to remark the main similitudes and differences between
these geometrical theories, we invite the reader to compare both classical and rela-
tivistic non-autonomous Lagrangian geometries exposed in works [6] and [9].

As a final remark, we point out that for a lot of mathematicians (such as
Crampin, de Leon, Krupkova, Sarlet, Saunders and others) the non-autonomous
Lagrangian geometry is constructed on the first jet bundle J'7 of a fibered man-
ifold 7: M™*! — R. In their papers, if (¢,2°) are the local coordinates on the
n + l-dimensional manifold M such that ¢ is a global coordinate for the fibers of
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the submersion 7w and z* are transverse coordinates of the induced foliation, then a
change of coordinates on M is given by

dt
t=t(t), — #0
di (1.3)

e~

7' = 3%(2’,t), rank <§;C]> =n.

Although the 1-jet extension of the transformation rules (1.3) is more general

than the transformation group (1.1), the authors of this paper consider that the

transformation group (1.1) is more appropriate for their final purpose, the develop-

ment of a relativistic rheonomic Lagrangian field theory. For example, in the paper

[9], starting with a non-degenerate Lagrangian function L : J'(R, M) — R and an a

priori given Riemannian metric hjq(¢) on the relativistic temporal manifold R, one
introduces a relativistic time dependent electromagnetic field

F=pF.

(i);éyi A da?

where
o _ 11,0 (1) i g (1) (@) 4.3
F(i)j =3 [D(i)j - D(j)i and oy = dy] + M(l)ldt + N(l)jdxj,

the metrical deflection d-tensors Dgil))j being produced only by the jet Lagrangian

L = Ly/h11(t). In such a perspective, the relativistic time dependent electromag-
netic field F' has an intrinsic geometrical character. Moreover, the electromagnetic

components F((il)). are governed by some natural generalized Maxwell equations. These

J
equations are exposed in [9] and naturally generalize the already classical Maxwell

equations from Miron and Anastasiei’s theory [6].

2. THE ADAPTED COMPONENTS OF THE JET I'-LINEAR
CONNECTIONS

Let us suppose that on the 1-jet space E = J(R, M) is fixed a nonlinear connec-

tion I' given by the temporal components M((Bl

We recall that the transformation rules of the local components of the nonlinear

connection I' = (M((Bl’ N ((33'

and the spatial components N((Bj'

) are expressed by [7]

~ (k) Gy (dt 297k dt ot ~ (k) (j) dt 9z' 9z% 92" Oy
VSN /5C A i Pt § = N iZrm 7 — A
(11 WL\ gF ) 0a3 gt ot L Wi gfoxt oz Ot Ozt
Example 2.1. Let (R, hi1(t)) and (M, ¢;j(z)) be semi-Riemannian manifolds. Let
us consider the Christoffel symbols
L Wn
U2 dt
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and .
i _ P (0pim | Obkm  Opjk
ik 2 Oxk OxJ oxm )’
where A1l =1 /hi1. Then, using the transformation rules
~ dt  dt d*t
Hl == Hl —,V+ —_— = 21
11 0 ET G (2.1)
and - -
~ ; 0xP 0x’ Ox ozP 0%z
Vor = Vik o7 ama o T BT Fraar (2.2)
ox* 014 Ox ozt 0x10T
we deduce that the set of local functions
A () ar(d)
I'= (M(I)I’N(l)i) ;
where . ) ‘ . (4) ‘
M(f)l = _Hllly{ and N(f)i = YVimY1s (2.3)

represents a nonlinear connection on the 1-jet space £ = J'(R, M). This jet non-
linear connection is called the canonical nonlinear connection attached to the pair of

metrics (hi1(t), @i (x)).
5 5 9
{E’ﬁ’a—yg}cx@

Let
{dt, da', 5y} © X*(E)
be the dual bases adapted to the nonlinear connection I' = (M 81, N 8]) , Where
0 0 2 0

5= Mang,r

0 _90 yi 9

Szt Ort (1)i oyl )

Oy = dy} + M) dt + N(7) dad.
Remark 2.1. The components of the above dual adapted bases transform under a
change of coordinates (1.1) as classical tensors.

and

In order to develop a theory of the I'-linear connections on the 1-jet space
E = JY(R, M), we need the following result:

Proposition 2.1. a) The Lie algebra X(E) of the vector fields on E decomposes in
the direct sum

X(E) = X(Hz) @ X(Har) © X(V),
where

(%) = Span {%}  X(3y) = Span {%} . X(V) = Span { 8‘9. } |

Y1
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b) The Lie algebra X*(E) of the covector fields on E decomposes in the direct
sum

X*(E) = X" (Hr) & X*(Har) & X*(V),
where
X*(Hr) = Span{dt}, X*(Hps) = Span{dz'}, X*(V) = Span{dy'}.

Denoting by hr, hys, respectively v, the R-horizontal, M -horizontal, respectively
vertical canonical projections associated to the above decompositions, we get

Corollary 2.1. a) Any vector field on E can be uniquely written in the form:
X =hpX+hyX+vX, VXecXE).
b) Any 1-form on E can be uniquely written in the form:
w=hpw + hyw +vw, VweX*(E).

Definition 2.1. A linear connection V : X(E) x X(F) — X(E), which verifies the
Ehresman-Koszul axioms

Vhg =0, Vhy =0, Vv=0,
is called a I'-linear connection on the 1-jet vector bundle E = J*(R, M).

Using the adapted basis of vector fields on £ = J'(R, M) and the definition of
a ['-linear connection, we prove without difficulties

Proposition 2.2. A T'-linear connection V on E = J*(R, M) is determined by nine
local adapted components

(A ok AOD) 1k OO AL D) AOOQ)
VI = (GH’ Giv Gl D Lipy Ly Cuwyr Citey C(l)(j)(k))’

which are uniquely defined by the relations:

o _a2 O _gr O 0 _ amw 9
(he) V55 =Chg Vs ga=Cigr Vg =Cwmar
ot ot St
S O _qr 0 0 _ iy 9
() V 5 5 =15 Vo 5 = Ligm Vs gy = o ggp
oxd Sxd Sz
0 _ gm0 0 _ om0 9 _ Amm 9
) ¥ 8.5_01@&’ Viﬁ—%) sz 9 gy = CeG) Yk
Oy oy dy]

Taking into account the tensorial transformation laws of the adapted basis of
vector fields on E = J'(R, M), by laborious local computations, we deduce
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Theorem 2.1. a) Under a change of coordinates (1.1) on the 1-jet vector bundle
E = JYR, M), the adapted coefficients of the I'-linear connection NV modify by the
rules

Gh=GhE + 2]
(hr) Gk = @}"12—?:%3—5
i ar o\ 2
Gl = G, S ()
A AN

- 0x" 0P 031  Ox" 0*%°
h Lg— it =
e N 2= B 50t o * 03 oo
L(k)(.u _ () oxk 9P OFs n ork 9%z"
L (D@ MP)s 97 Hxt Oxd  HF" OxtdxI’
~1(1) A1) 89~Cjﬂ
“io =G0 g ar
N kozp 0" dt
v k(1) _ As(D) Ox" 0zP 0% dt
W Cio) =% o5 oa 007 @
oMM _ A Ot 0F 057 dt
(D) () W)@ 97 dxt OxI df
b) Conversely, to give a I'-linear connection ¥V on the 1-jet vector bundle E =
JYR, M) is equivalent to give a set of nine adapted local components VT, which
transform by the rules described in a).

Example 2.2. Let hy1(t) (respectively ¢;;(z)) be a semi-Riemannian metric on R
(respectively M). We denote by H{(t) (respectively ’yfj (x)) the Christoffel symbols
of the metric hiq(t) (respectively ¢;j(z)). Let us consider on the 1-jet space £ =
JY(R, M) the canonical nonlinear connection I' associated to the pair of metrics
(h11(t), pij(z)), which is defined by the local coefficients (2.3). In this context, using
the transformation laws (2.1) and (2.2), we deduce that the set of adapted local

coefficients

Bl = (Gh, 0, G

B )
MO0, Lk, LW 0, 0, 0),

i (1)(i)j°
where

AL gyl (k)QA) _ _ sk kE _ k (R)1) _ .k
Gll - Hll? G(l)(i)l - _51' Hlllv Lij = Yijs L(l)(z’)j - %’jv

defines a I'-linear connection on the 1-jet space E, which is called the Berwald

connection attached to the semi-Riemannian metrics hi1(t) and p;;(z).

Remark 2.2. In the particular case (R, h) = (R, ) our Berwald linear connection
naturally generalizes the canonical N-linear connection induced by the canonical
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spray 2G* = 7; kyj y* from the classical theory of Finsler and Lagrange spaces. For
more details, please consult [4], [6].

Now, let us consider that V is a fixed I'-linear connection on the 1-jet space
E = JY(R, M), which is defined by the adapted local coefficients

v = (G, G, GEG L L, L0 G ) chig) - e

1)(H1° g E(1)G)k k) (k) (1)) (k)
Definition 2.2. A geometrical object D = (Di;((jl))((llg) on the 1-jet vector bundle
E = JYR, M), whose local components transform by the rules
UG- _ Fiptm)(1)...dt Ox' ( Oa? dE) di 0T (0° dt
1k(1)(0)... 1r(1)(s)... d{agp o dt | dt Oxk \ ozl dtN Tt

is called a d-tensor field.

Example 2.3. The geometrical object C = (ng))) , where Cg )) = y’i, represents

a d-tensor field on the 1-jet space E = J'(R,M). This is called the canonical
Liouville d-tensor field of the 1-jet vector bundle E. Remark that the d-tensor field
C naturally generalizes the Liouville vector field [6]

0
oyt’
used in the Lagrangian geometry of the tangent bundle T M.

(C:yi

The I'-linear connection V naturally induces a linear connection on the set of
the d-tensors of the 1-jet vector bundle E, in the following way: - starting with
X € X(F) a vector field and D a d-tensor field on E, locally expressed by

5 5 B
X = Xl XT' (7')
5t T s TR
_ Al 0 60 9 k
D—D (D) (1) 5t®51®8y1®dt®dx ® oy ..

we introduce the covariant derivative

“ ®) iG)(1)-
VxD=X'V 5D+ XPV 5 D+ X[V 5 D={X'D0 4+ X7

5 5 B
DU L x @ pro- ) 2 0026 gdteddt o
w0 X0 P e f 5 © 5 © g Yioeos
where
SUGYD-
1) (D). (DD | LG D)o A1
Dty = 75,5 + Dyl Gt
(hwr) 1r(j)(1)... Li(r)(1)-. ~(5)(1) o
+Diey.. G+ Pre(tyy Gty +
1) (1)-. e L) (D). (D)
Dyt G = Py Gra = Puiin- Cnyan )
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[ o) DL .
1i(5)(1)... i(j
D)ty p = 75# + Dy Lip
(har) 1 () (L) i Li(r)(1).. <><1) _
+Diey.. Lo + Piiiyoy Ly T
WOt UG Pl
le(l)(l) L Dlr(l)(l) Lkp_le(l)(r)...L(l)(l)p_ ’
( n(a)()
B oD 5
LG (1) Pk))... 1()(1)... A1(1)
Dty i) = 73% + Dy Crgpy
(v) PG (D)o (1) | L) (1) () (1)(L)
D3 Crtry + P Clymm 70—
1)) G0 _ G D or() _ LG 4OO0)
Dyt Cip) ~ Prey).-Crip) ~ P Cww)

Definition 2.3. The local derivative operators “,;”, “,” and “]8)3” are called the R-
horizontal covariant derivative, the M -horizontal covariant derivative and the ver-
tical covariant derivative associated to the I'-linear connection VI'. These apply to

the local components of an arbitrary d-tensor field on the 1-jet space E = J*(R, M).

Remark 2.3. a) In the particular case of a function f(t,z*,y¥) on the 1-jet space
E = JY(R, M) the above covariant derivatives reduce to

f of _of . m OF f of _Of L OF f| _of
M7~ ot T Wigyk T er T gap e gy T o

b) Starting with a d-vector field D = Y on the 1-jet space £ = J'(R, M), locally
expressed by

Y:Y1£+Y11+Y())881,

St szt (1
the following expressions of the local covariant derivatives hold good:

( 1
Y= 5% +Y'Gi,
'L 5Yl T
(he) V= +YG
. sy W .
(i) M) | ) A0))
L Yoy = 57 P Yo Coyen

1 _
lp ™ §xp +Y1L1p
7 5YZ Tl
() § Yi=55+Y'LE,
5y .
y® 1) +Y(?")L(Z)(l)
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(o _ Y i
Yo =37 7Y G
am 0yt i)
(v) |(p) - 8—%’ tY C’1”(17)
. ay .
(i),(1) (1) |+ (0) AOD)
Yole) = 5 Yo Coee:

”
i

|p or

Denoting generically by “.4” one of the local covariant derivatives “/;

(1)

()

we obtain the following properties of the covariant derivative operators:
Proposition 2.3. If T and S are two arbitrary d-tensors on E = JY(R, M),

LC’

then the following statements hold good:
i) The local coefficients T ., represent the components of a new d-tensor field

on the 1-jet space E = J*(R, M).
) (Trr 4+ 87)a=T7 4+ 5004
i) (T @8 )a=T 4,5 +T:®5,.

3. TORSION AND CURVATURE D-TENSORS
In the sequel, we shall study the torsion tensor T: X(FE) x X(FE) — X(FE) asso-

ciated to the I'-linear connection V, which is given by the formula
T(X,Y)=VxY -VyX - [X)Y], VXY e€X(E).

In order to obtain an adapted local characterization of the torsion tensor T of

the I'-linear connection V, we firstly deduce, by direct computations, the following

important result:
Proposition 3.1. The following identities of the Poisson brackets are true:

(5§ ¢ B (6 & o) 0
ot 6t] =0 | ot’ 53;3} =Ry oyt
5 0] _OMih o [ 5] _ 0 0
ot’ 8y{ N 8y{ oy’ |6zt sxd | T Wa gyl
(5 o] Whio [o 8]

_(5$i’ 83/{ 83/{ ayiav _83/%7 ay{ )

r)

(r) (
where M(1)1 and N(l)i

are the local coefficients of the nonlinear connection I', while
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the components Rgglj and RE&.]. are d-tensors given by the formulas

") ")
R Man Ny
(115 Sxi St
") ") (3.1)
R _ N Ny,
(1)ij oxd oxt

In these conditions, working with a basis of vector fields, adapted to the non-

linear connection © 0
r— (M(I)I,N(l)j)

on the 1-jet space E = J'(R, M), by local computations, we obtain

Theorem 3.1. The torsion tensor T of the I'-linear connection (2.4) is determined
by the following adapted torsion d-tensors:

) ) )
hRT (5,a> :0, hMT (5,5> :0, vT (&,5) :0,

5 6 - 5 5 5
WRT | —,— | =Tt —, hyT|—,= | =17 —
K (6903’&) bger ™M <5xf’5t> g

o 0 o 9 r(1) 0
hr (83/{’ 5%’1) i (a J’ 5$z> i(J) §pr’
o2 9 ) _pmw 9
83/{’ oxt (1)i(4) ay{’
hr i‘a az =Y hyT i‘? iz =Y
Ay i yi Oui
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where

7l _ 71 T T
Ty =1Ly, T =-Gj, Tj

e e Pl _ A
=Ly - Ly, P =),

M) _ e M) _ AW A0
Py = %o Swomn = Coow ~ Coone
") ")
po 0 _ Mo oo pm o N e
o) = 5,0~ Caur fuw =57~ Foer
and the d-tensors Rg;lj and Rg;ij are given by (3.1).

Corollary 3.1. The torsion tensor T of an arbitrary I'-linear connection V on
the 1-jet space E = JY(R, M) is determined by ten effective adapted local torsion
d-tensors, which we arrange in the following table:

|| | he | hv | v |
hghe || 0 | 0 0
habe | T | T | ORD),
hha | 0| 15 | RY),
vhe | Py | 0 | Py)
vha | 0 PG| Pl
w | 0] 0 |Shuw

Example 3.1. In the particular case of the Berwald I-linear connection Bf, associ-
ated to the semi-Riemannian metrics h1;(t) and ¢;;(x), all torsion d-tensors vanish,
except
(k) _ opk m
R(1)Z’j = %mijyl s
where E)Ciﬁ“»j (x) are classical local curvature tensors of the spatial semi-Riemannian
metric @;;(z).

In order to study the curvature of the I'-linear connection V, we recall that the
curvature tensor R of V is given by the formula

R(X,Y)Z =VxVyZ —VyVxZ —VixyZ, VYX,Y,ZeX(E).

Using again a basis of vector fields adapted to the nonlinear connection I', with
the properties of the I'-linear connection V, by direct computations, we obtain

Theorem 3.2. The curvature tensor R associated to the T'-linear connection (2.4)
is determined by fifteen effective adapted local curvature d-tensors

6 6\ O ) ) ) 0
R(a&)a—ov R(a&)w—o’ R(&v&) oy =
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§ 6\d ¢ 5§ 6\ o 8
R(W&) 5t = By R(axk’ &) 5zt~ Tk

oyl ot ) ot~ T 1M 5t Ayt ot ) sai ") 5ol
9 o\ 9 _ omw 0
R(&Eﬁg>0%__a”m““0%’

I I e [ [ v ]
hrhr 0 0 0
harhr || Riy Ry, Rgi))((li;m
harhor R%jk Ri’jk Rgll))((ligjk
vhr P 11 1((1:)) Pill ((kl)) P ((38))1&))
oha || Py | Pu) | Py
w [ S0 | St | S

Moreover, by a laborious local computation, we deduce the following result:

Theorem 3.3. The expressions of the preceding local curvature d-tensors are given
by:
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84

e hr-components
OGOl i g

D1 _
L Ry =57 5t 107 L)k
_ 6Ly; SL}
1 _ 2y 1k 1(1) p(r)
2. Ryjp =55 = 5 1) B (1)
510G A1) A1) p) ()
3 Prugy = Gk~ G T G P

e hps-components
0Gh 0Ly " (1) ()
6. Rilk (Mkl B 5t + GilLfﬂk B LikGlrl + Ci(r) R(1)1k

7. Ri;k = (;Ijk] (;Ijjk L:]Lf»k Lgkaﬂj +C£((:))Rg§jk
8. Py = %C;; = Cition * Citey P
1
i = % = Citws * G Py
.y~ o0 ety - ey

)
k) ayl ayl

® U-components
OLeN OLeN
5G LR,

) ()1 M) O @)1 D)
W Ryope = 50— 5 T ComLomrLomrCammt
OO pr)
+C0) i
sLO0 s OO
) ()0 WOk 0O ;OO @1 OO
12. Royain = 500~ s T L@@k L)@ e; T
OO pr)
+ Clyiinem By
)

)
13- Fianw = 5~

b 1 9GD0 wmw OO pr) (1)
1) (1) i 1 (1) Hr) (1
Coama T Cwm Funm
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(W)
¢
om0 _ @i om0 L o000 pe o
14 Fowim = g~ “oami T Cmem Fwie
OO HeOO0
15, s0wom _ %006 C00w | Lmmosoma
WOOE = gk ol WG 0w
oMW SO0
Cwm Come)

Example 3.2. In the case of the Berwald [-linear connection Bf, associated to
the pair of semi-Riemannian metrics (hgp(t), vij(2)), all local curvature d-tensors
vanish, except

ROW gy

R; ik B n

ijk — 9{ ijk>
where mijk(x) are classical local curvature tensors of the spatial semi-Riemannian

metric ¢;;(z).

4. RICCI IDENTITIES AND DEFLECTION D-TENSORS

Using the properties of a I-linear connection V given by (2.4), and the defini-
tions of its torsion tensor T and its curvature tensor R, we can prove the following
important result which is used in the Lagrangian geometrical theory of the relativis-
tic time dependent electromagnetism, in order to describe its generalized Maxwell
equations. For more details, see [9].

Theorem 4.1. If X s an arbitrary d-vector field on the 1-jet wvector bundle
E = JYR, M), locally expressed by

5.6
5t T s <>ay;’

then the following Ricci identities of the I'-linear connection V are true:

X — X = X'Riy, — X\ Ty — X\ T, — XllﬁiiRﬁ’{ilk
b~ Xy = X' By — XT3 - XRE
(he) { Xhlw = X'y = X Phy) = XhOWG — X PG
XYl = XMy = X Pl — X505 — XM P
XG5 w — Xl = X515 — XM o6
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(har)

X}l\k - X|ik/1 = Xquinlk - X}i

i pr i|(1) p(r)
= X T = X6 Ry

7 i i)(1) p(r)
Tllk - XlTTIk - X ’(T)R(l)].k

Xk = Xy = X By vt jk
i (1) i) xrpt (1) i AL (D) ) (1)
Xilw) = Xl =X Py = XnCw — Xl

(
(
D) i@ O i 1) i) ) (1)
Xl =X ) w ~ X Cigy) — Xl P
A1) i W) il -
Xl = Xl = X S

= X"P
J r]

(i) W
Xk~ Xk =

Proof. Let (Yy) and (w?) be the dual bases adapted to the nonlinear connection T,
where A € {1, 1, (é)) }, and let X = X¥'Y% be a distinguished vector field on the 1-jet
space £ = J1(R, M). In this context, using the equalities

SN e

(1))

where
that

VyoYs =ThoYr, 2. [V, Yo| = RE YF,
T(Yo,Ys) = TheYr = {The — Ui — REBYYrE,
R(Ye,Yp)Ya =RE, Ye, 5. Vy,wP=-TB.wF,
R(Ye,Yp)X] - wP - w? = {Vy.Vy, X — Vy, Vy X~

_V[YCHYB]X} . wB . wc,

represents the tensorial product “®”, we deduce by a direct calculation

X:%:C - X%’:B = XFR?‘BC - X%Tgcv (41)

where “.p” represents one of the local covariant derivatives “/17, “;” or “]g ; ” of the

1
|7 j

I'-linear connection V.
Taking into account that indices A, B,C,... belong to the set {171', (})}, by

(4)

complicated local computations, identities (4.1) imply the required Ricci identities.

O
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Now, let us consider the canonical Liouville d-tensor field

_cw 9 _ 0
C_C()al ylaz.
Definition 4.1. The distinguished tensors defined by the local components

319, (9) pW _ c® (HA) _ 1)

Dy =Cupn Do =Co g = Colo)
are called the deflection d-tensors attached to the I'-linear connection V on the 1-jet
space E = J'(R, M).

Taking into account the expressions of the local covariant derivatives of the
I-linear connection V given by (2.4), by a direct calculation, we find

Proposition 4.1. The deflection d-tensors of the I'-linear connection V have the
expressions:

P _ (4)

(1)
(YL

,\,\

DO _ NGO OO
i = ~Nay; + LY
HOA)
DG Y-

In the sequel, applying the set (v) of the Ricci identities to the components of
the canonical Liouville d-tensor field C, we get

Theorem 4.2. The deflection d-tensors attached to the I'-linear connection V on
the 1-jet space E = J' (R, M) wverify the following identities:

D Dl =830~ DI T ~ 5~
D = Dy = VB = DO The = 4 B

Dialtsy = A = viPG i — DiCiin — 40 P
Dl = A = Pt — PinCite — i Py
4wy = il = SHmGIe — dmSHim:
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