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RADIUS PROBLEMS OF CERTAIN STARLIKE FUNCTIONS
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ABSTRACT. For analytic functions f(z) normalized by f(0) = f(0) —1 =0 in
the open unit disk U, a class P(B1, 82; A) of f(z) defined by some conditions with
some complex numbers $1 and B2 is introduced. The object of the present paper

is to consider some radius problems of %f(éz) for f(z) € 81(w).

1. INTRODUCTION AND PRELIMINARIES
Let A be the class of functions f(z) of the form

f(z) =2+ Zanz"
n=2

which are analytic in the open unit disk U = {z€C : |z| < 1}. Let 8 be the subclass
of A consisting of all univalent functions f(z) in U. Also let 8*(«) be defined by

§*(a) = {f(z) eA: Re(zf/(z)> >a,0Sa< 1}.

f(z)

A function f(z) € 8*(«) is said to be starlike of order « in U (cf. Robertson [3]).
For the class 8*(«), we introduce the subclass 8;(«) of 8*(a) by

8i(a) = {f(z) € 8*(a): ﬁ =1 +;bnzn’bn _ |bn’em9}_
For f(z)eA, we say that f(z)€P(01,82; A) if f(z) satisfies @ # 0 (2€U) and
L " L " _
Bl(f(z)) +52<f(22)> :)\ (ZGU)
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for some complex numbers 8; and B, and for some real A > 0. Obradovi¢ and
Ponnusamy [2] have studied the subclass Po()\) of A consisting of f(z) satisfying
f(z)

z

#0 (2€U) and

Py "
— < )\ (z€l), for some real X\ > 0.
(75) |5» ¢=v

Recently, Kobashi, Kuroki, Shiraishi and Owa [1] have considered the class P4())

defined by
(5)

Consider a function f(z) given by f(z) =

fe) 1
S =g A0 (e

"

<A (€.

(1—2z)° (p 2 0). We see that

_ ]mp S -2

<plp—127%  (p=2)

and

(ﬁ) = ‘P(P - 1)(,0 — 2)(1 — Z)p—?) < ,0(,0— 1)(P - 2)2p—3 (,0 2 3) .

Therefore, Koebe function f(z) = ﬁ belongs to the classes P(1,0;2) and
-z
P(0,1; A) for any A > 0.
If we consider the function f(2) by f(z) = — , then
k
z

Eo

=0
<18 Y k(k—1) + (82| D k(k — 1)(k - 2)
k=2 k=3

_nnt (-1 +3(n —2)[B))
12

w(5t5) +l7is)

This means that f(z) € P(B1, f2; A), with

)= U+ D - D[] +3(n —2)|])
12

2. MAIN RESULT
To consider our problems for the class P(51, 82; A), we need the following lemma.

Lemma 2.1. If f(z) € 8(«) and

Py o]
=1+ bp 2",
ot
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then we have
[ee]

Y n—1+a)|b| £1-a.

n=1

Proof. Let F(z) be defined by

F(z) = m:1+;bnz".

Noting that b, = |b,|e™ (n =1,2,3,...), we have that

O\ ol
Re(f(2)>_R<1 F(z))

o0

1-— Z(n —1)b, 2"
= Re( n=1 — )
1+ Z bp2"
n=1

o0

1= (n—1)[by|e™z"
:Re< n=l >>a (z € ).
143 [oufei?2n
n=1

If we consider a point z = |z|e™, then we have

1+ (n—1)|ball2]"
n=1

o0
L4 [bl[2["
n=1

oo
Therefore, letting |z| — 17!, we obtain that Z(n — 1+ a)|by] £1— «, and this

> .

n=1

completes the proof. O
Remark 2.1. If f(2) € 8j(a), then the inequality
oo
Y n—1+a)bu| £1-a
n=1
implies that
oo
Z(n - 1)’bn’2 <l-a
n=1

Further, we need the following lemma.
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Lemma 2.2. Let f(z) € A and ﬁ =1+ io: bpz" £ 0 (2€U). If f(2) satisfies
n=1

> n(n=1)(181] + (0 = 2)[8a] ) bal £ A, (2.1)

n=2
for some complex numbers 1 and B2, then f(z)€P(P1, B2; ).
Proof. We note that

w(5ts) (i)

= ‘2(5152 + 302b3) + 6(S1b3 + 452b4)z + - - -

e nn = 1) (Biby + (n — 2>5zbn+1>z“+---\

<2/Bulba] + > nln = 1) (1B1] + (n — 2)|B2]) [bn]
n=3

= Zn(n - 1)<|51| + (n— 2)]52|) |bn].
n=2

Thus, if f(z) satisfies inequality (2.1), then f(2)eP (51, B2; N). O

Now, we derive

1
Theorem 2.1. Let f(z) € 8i(a) and 6 € C (|0] < 1). Then the function gf(éz)

belongs to the class P(B1, Pa; A) for 0 < 6] < [00(N)], where |dp| = |do(N)| is the
smallest root of the equation

16121/2(1612 + 2) . |5|3\/6(3!5!4 +14[5]2 + 3) 1
l—a)” + 1—a—|b 2) =\
51| (R ( a) | B2 = |6|2)3 < o — |by|
(2.2)

in 0 < |0] <1.
A

) #0 (2€U) for f(z) € 8 (), if we write

Proof. Since

P oo
—— =14+ by2",
[EREAPY

then
z

o
T =1+ Z 0"bp 2"
— n=1

S1(52)
for 0 < |9] < 1.
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To show that gf(éz)eﬂ’(ﬁl B2; A), we have to prove that

Iﬁllz ,!5"6 |+ |lez ‘]5% ES (2.3)

which is equivalent to (2.1) by means of Lemma 2.2. Indeed, applying the Cauchy-
Schwarz inequality for the left hand of (2.3), we obtain that

|61|Z ,\5% \+|62|Z ,\5% |

n3

m@( N CENRE
+|le2( (= 1) =262 ((n = 1) )

1

< I61|<Zn y&y?n) : (i(n— 1)!bn12>2

n=2

e <Z mn = D= 2>2’5’2")% (S ) :

n=3
§|51|<Zn ’5’%)1(1_0‘);

16121/2(16[2 + 2) . 6%/6(315]1 + 14312 + 3) )\
2 <1 ) + | B2 3 (1_O‘_|b2’ )
(1—of2) (1—13%)
Now, we consider the complex number § (0 < |§| < 1) such that
16131/6(3[0]* + 14/5]2 + 3
o - )<1—a—]bgl2>2:)\.
(1 =10

[

= |41

|—

2 2 1
V2 f) (1-a)" +13
(1= 10F)
Let us define the function A(|d|) by
B(101) = =A3I° + (37 + 1811V2(8 + 2) (T — ) ) o]"
~[B2|V/6(3]0[* + 14]0]2 + 3)(1 — a — [ba[?) |3
~ (3 + 18I V2PP +2)(1 - ) |6 + A =0.
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Noting that 2(0) = A > 0 and k(1) = —2,/30(1 — a — [b2[?)|B2| < 0, we see that
h(]6]) = 0 has a root |dp| = |dp(A)| in 0 < |6| < 1. This completes the proof of the
theorem. g

Remark 2.2. In the proof of Theorem 2.1, we calculate

3 |02 2(2 + |6|2)
(3= - 2
(1—16)
as follows. Note that
—t3 +2¢2\”
_ _ 42 n g2 v T ev
Zn (n— 1)t t(Znt) t<(1_t)2>

o (=324t 22t +2)
N < (1—1)3 >_ 1-0*

Letting t = |6]?, we have

(S

Further, we prove

o0
(S
n=2
as follows. Note that

o] o0 " 4 3\
-1 3t
D nP(n—1)(n—2)*" =13 (Z n(n — 2)#) = ¢ <;3>
n=2 n=3 (1 - t)
_ th — 413 + 9¢2 ”:tg 6t2 + 18t
(11—t (1—1)°
3 3t2 4+ 14t + 3
(1-1)°

N}

W)l _ oIPy/2(2+101)
o (-apR)”

N

)2|5|2n> b 10 /631614 + 1416]2 + 3)
. (1= 10)’

=6

Letting t = |6]?, we have
1 3 4 2
5 |04 /6(3]8]* + 14[5)% + 3)
n— 2)%5@) URY .

2
> i 3
<n—2 (1 - |6|2)
1 .
Remark 2.3. If we take § = 56’9 in (2.2), then we have

A= 2205 | T + 2008

B2/ 1 — o — [ba?.
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1
If we put A = |1 = |B2| = 1, |b2] = 5 and a =0 in (2.1), then we have

(1 = 16D?16]*v/2(16]? + 2) + 61> \/6(3[a]* + 14]6]2 + 3)? — (115 =0.

It is easy to see that the above equation has a root |dy| such that
0.3999 < |do| < 0.4002.

Finally, we derive
Theorem 2.2. Let f(z) € P(B1, Pa; \) with 0 < By < Po, and let
_Z

f(2)

where b, = |b,|e™™. Then we have

=1+ bp2"#0 (z€U),
n=1

o0

> “n(n—1)((n—2)B2 — B1) [bn| £ X — 2/ba|B1.

n=3

Proof. For f(z) € P(p1,2; \), we see that

" "

4 (50) + ()

=0 (Z n(n 1>|bn|e““fz”-2) +5 (Z n(n —1)(n - z>rbn|emzn—3> ‘

n=2 n=3

<A

= 261|b2’ + Zn(n — 1) ((n — 2)52 + Blz) |bn|einﬂ'zn—2
n=3

for all z € U. If we take a point z such that z = |z|e~*", we obtain that

261[b2| + Y n(n —1) ((n —2)B2 — Biz]) [bal 2" 2 S A.

n=3

Therefore, letting |z| — 17!, we have that

o)

> n(n—1)((n—2)B2 — B1) |bal £ X —2B1]ba),

n=3

which completes the proof. O
Corollary 2.1. Let f(z) € P(B1, f2; \) with 0 < 1 < Po, and let

z

f(z)

=14 bu2"#0 (z€U),
n=1
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where b, = |b,|e™™. Then we have

A — 201 |bs]
(n—=1)((n —2)B2 — p1)
Example 2.1. Let us consider the function f(z) given by

1 Oobn”
fo Lt

by| < =3,4,5,...
n] < — (n )

with

A — 2031|bs]
(n —2)n(n —1)?((n — 2)B2 — B1)
Then we have that

by =

e (n=3,4,5,...).

Zn(” —1)((n —2)B2 — B1)|bn| = Z(n —2)(n — 1)(A — 261 |b2)
> 1
—()\—251|52D7;))m
> 1 1
= (A= 2B1ba]) — - = X — 2B4|by].
3 (5~ ) e
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