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ABSTRACT. This paper is a completion of [1]. For some stochastic processes we
define a new kind of limit, the global limit, which allows us to find stochastic dif-
ferential equalities. We show that the temporal derivative and the B-derivatives
defined in [1] are global limits and we use the global limit to establish the gener-
alized It6 formula.

1. INTRODUCTION

Let (©,X, P) be a probability space, R the set of real numbers and
B:[0,00) x Q —-R™, B=(By,...,Bn),

where for each i = 1,...,m, B; is a stochastic process with continuous paths. In [1]
we said that B satisfies ‘the H hypothesis’ if there exists Hp, a class of stochastic
processes defined on [0, 00)? x € and R™ valued which has some properties (see [1]).
We denoted H% = {(f1,---,fn) | f1s---, fn € Hp} and for f,g:[0,00)% x 2 — R”

with f — g € H%, we wrote f g g. In particular, h € H% iff h g 0.

If F:RPXR? x - x R% — R" is a function, 6 € [0,1] and a;: [0,00) x @ — R,
i=1,...,p, Xj:[0,00) x Q@ = R%, j =1,...,k, are stochastic processes, we said
that

Flay,... ap,dX1,...,dX;) 20
if hg g 0, where

ho: [0,00)% x Q = R™,  hg(t,s) = Fa1(0ss),- -, ap(01s), As X1, - - ., A Xp),

Ors = 0(t — s) + 5, Aps X; = Xi(t) — Xi(s). We called the equality above stochastic
differential 0-equality.

If # = 0, we called it It6 stochastic differential equality and we wrote

Flay, ... ap,dX1,...,dX;) £ 0.
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1
If 6 = 50 we called it Stratonovich stochastic differential equality and we wrote

Flay,... ap,dXy,...,dX;) 2 0.

If # € [0,1] and X: oo x © — R™ is a stochastic process and there exist right-
continuous functions u: co x @ = R", v: 0o X = M, ,,(R) such that

dX £ udt + vdB,

we said in [1] that X is 0-differentiable. We called u the temporal 0-derivative of X
and we denoted it by DY X and we called v the B-derivative of X and we denoted
it by DpX.

If 6 = 0 we called X It6-differentiable and we denoted the temporal derivative by

1
DIX. 1f6 = 5 we called X Stratonovich-differentiable and we denoted the temporal

derivative by D7 X.

Using this point of view about stochastic differential equalities, unlike other
authors (e.g. [2]), in paper [1] we could avoid the use of the stochastic integral to
obtain some results from stochastic calculus, e.g. the Itd formula and #-formula
(generalized It6 formula).

In this paper we introduce a new kind of limit called global limit and denoted
abbreviated by Lim. We preserve the notation lim for the classical limit. Then
we show that the temporal derivative and the B-derivatives are limits of this new
type and how to obtain stochastic differential equalities using Lim. A new proof for
f-formula is given here, also using the global limit.

We will denote A% = 6, — 045 and AY7 X = X (0;5) — X (0s) for 6,0 € [0, 1].

2. THE GLOBAL LIMIT

Definition 2.1. Let it be the functions f: ([0,00)*\ {(s,s) | s € [0,00)}) xQ — R™,
g:[0,00) x 2 = R™ and h: [0,00)2 x Q — R", h(t,s) = (t—s)(f(t,s) — g(s)), t # s,

h(s,s) = 0. If h - 0, then we say that the global limit of f is ¢ and we denote
Lim f =g.

Ay B;)?
Example 2.1. Limu =1foreachi=1,...,m.
—s
Ay B;)?
If we consider f;: ([0,00)%\ {(s,s) | s € [0,00)}) x Q =R, fi(t,s) = %,

gi: [0,00) x Q = R, g;(s) = 1 for each s and h;(t,s) = (A4sB;)? — (t — s) for each
t,s € [0,00), then h;(t,s) = (t — s)(fi(t,s) — gi(s)) for t # s and h;(s,s) = 0. Since

hi 20, the global limit of f; is gi.
AtsBiAtsBj

— S

Example 2.2. Lim =0 for each i # j, 1,7 € {1,...,m}.
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AtsBiAs B
If we consider fi;: ([0,00)2\{(s,s)|s € [0,00)})xQ — R, fij(t,s):%,

gij: [0,00) x @ — R, g;i(s) = 0 for each s and h;;(t,s) = AysBiAyB;j for each
t,s € [0,00), then hw(t s) = (t — s)(fij(t,s) — gij(s)) for t # s and hy;(s,s) = 0.

Since h;; Z 0, the global limit of f;; is g;;.

ASB 2 AsB 2 ASB ASB
Example 2.3. If f(t,s) = ( tt 1 7( tt i) , — tl —

global limit of f is (1,1,0) (i.e. the function g : co x Q@ — R3, g(s)(w) = (1,1,0) for
each (s,w) € [0,00) x ).

, t # s, then the

It is an immediate consequence of 2.1 and 2.2.

Example 2.4. Let X,Y: [0,00) X 2 — R be 6-differentiable stochastic processes.
m

A X ALY .
If f(t,s) = SR TST t £ s, then Limf = ZDBkXDBkY.
t—s —
Since
B
AtsX = Dt (Qts)(t — S + Z‘DBZ Gts)AtsB[
/=1
and

B m
AwY = DY (0,)(t — 5) + Y DY (615) Avs By,
/=1

(t —s) ( ZDBk s)Dp Y (s )) = A XAY

m
B
t— S ZDBk DBk E Z DBk 9,55 DBk (9,55)
k=1

—DBkX(S)DBkY(S)) (AtsBk)2

Ik

+ZDBk $)Dp, Y (5) ((AtsBk)2—(t—s)) 0.

Proposition 2.1. Let us suppose that

fif1s for ([0,00)2\ {(s,5) | s € [0,00)}) x @ = R”
and g,91,g2: [0,00) x @ — R™.
a) If Lim f = g1 and Lim f = g9, then g1 = go.
b) ]f%i\r‘n f(t,s) = g(s) for each s (as a limit of a real function), then Lim f = g.
c¢) If Lim f; = g1 and Lim f> = ga, then Lim (f1 + f2) = g1 + g
d) If 1151{‘11 fi(t,s) = g1(s) for each s and Lim fo = go, then Lim (f1f2) = g192-
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e) Let f = (f1,...,fn) and g = (g1,...,9n). Then Lim f = ¢ if and only if
Lim f; = g; for eachi=1,... n.
Proof. a) Since hy £ 0 and ho Z 0, where hi(t,s) = (t — s)(f(t,s) — g1(s)), t # s,
hi(s,s) =0 and ha(t,s) = (t — s)(f(t,s) — g2(s)), t # s, ha(s,s) =0, it follows that
ni 0, where h(t,s) = hq(t,s) — ha(t,s) = (t — s)(g2(s) — g1(s)). But this is possible
only if g1(s) = ga(s) for each s.

b) Because }{n (f(t,s) —g(s)) =0 for each s, h z 0, where

h(t,s) = (f(t,s) —g(s))(t—s), t#s, h(s,s)=0.
It means that Limf = g.
c) Let
h(t,s) = (t = s) (f1(t;8) + fa(t, s) — g1(s) — ga(s))
= (t =) (f1(t,5) = g1(s)) + (t = ) (fa(t, 5) — g2(s))
= hi(t,s) + ha(t, s),
t # s, h(s,s) =0 and it follows that h =)
d) Let
h(t,s) = (t —s) (f1(t, ) f2(t; s) — g1(5)g2(s))
= [(f1(t;8) = 91()) g2(8)] (t = 8) + f1(t, ) [(t = 5) (fa(t, 5) — g2(s))],
t#s, h(s,s)=0.1If we put hy(t, s)=[(f1(t,s) — g1(s)) g2(s)] (t — 5), t # 5, ha(s,5)=0
and ha(t,s) = fi(t,s)[(t — s) (fa(t,s) — g2(s))], t # s, ha(s,s) = 0, then h = hy + ho

and because hq g 0, ho g 0 it follows that h g 0.
e) This is a direct consequence of the definition of global limit. O

3. TEMPORAL DERIVATIVE AND B-DERIVATIVE
AS GLOBAL LIMITS

Theorem 3.1. Let X: [0,00) X @ — R be a stochastic process.
a) If X is 0-differentiable and

A XAy B Ay X — DX (0i5)AisB
rBiX(t,s):%,izl,...,m,er(t,s): s tB (01s) s ,t# s,
-8 — 5

then
Limrp X = Dp, X, i=1,...,m
and

Limr?X = D! X.
b) If there exist right-continuous functions u: oo x & — R, v: [0,00) x Q@ — R™

A X — v(05) A B .
t tv(t)t , t # s, then X is 0-
— s

such that Limr, = u, where ry(t,s) =

differentiable and D?X = u, DpX = v.
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At X A By
% —DBZ.X(S)>, t # s, hi(s,s) = 0,

ASX_D XQS ASB
i:l,...,m,andH(t,s):(t_s)( t tB_S(t) t

Proof. a) Let h;(t,s) = (t — s)

—D?X@)) 4 s
B B B

H(s,s) = 0. We have to show that hy =0,...,h,, =0 and H = 0.
m

Because A X = DfX(HtS)AtS +Z Dp, X(0:5)Ats B+ hx(t,s), where hx g 0,
k=1
we obtain

hi(t,s) = D{ X (01s) ArsAgsBi + > D, X (615) Ay BrAys Bi + hx (t,5)Ars Bi
k=1

—Dp, X (s)Ats = D{ X (1) AtsAsBi + > D, X(015) Ays BrAsB;
k=1 k=i

+Dp, X (015) ((Ats Bi)*= Ats)+(Dp, X (615) =D, X (5)) Ars+Ats Bihx (¢, s)

and H(t,s) = (D{X(0i) — DY X (s)) Ays + hx(t,s). Now it is obvious that h; £ 0,
1=1,....,m, andHéO.

Ay X — A B
b) If we take h(t,s) = (t — s) < t v(0is) Ay

t—s

- u(s)> Lt s, h(s,s) =0,

then h e 0 and consequently if
~ (AtsX — v(@ts)AtsB

h(t,s) = (t—s) — - u(9t5)> = h(t,s) — (u(fys) — u(s)) (t — s),

t# s, E(s, s) = 0, then h E 0. Further we obtain
Ay X = u(B)(t — 5) + v(0ss) (A B)' + h(t, s)
and that is dX < udt + vdB. 0

Remark 3.1. Theorem 3.1 says that if we want to see if X is 6-differentiable
and to find the B-derivatives and the temporal derivative, we have to compute
Dp, X =Limrp, X, i=1,...,m, and D!X =Limr}X.

1
If = 0 we denote 7/ X and if § = 5 we denote 77 X.

1

Example 3.1. Let m =1 and X (¢) = §Bz(t).
1
At <§BQ> AyB
We have rp X (t,s) = — = fi(t,s)-fa(t,s), t # s, where fi1(t,s) =
B(t)+ B AysB)?
w, fa(t,s) = ( tt ) . Since 1lt{m fi(t,s) = B(s) for each s and Limfy = 1,
— S s
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it follows that DgX = LimrgX = B -1 = B.

1, 1 po
2 (58) - BOWAE 2 (38) - BOSE gy g

t—s t—s t—s

r{X(t,s) =

1 (AuBP ,(ARB) AMBAYS
2 t—s O — S t—s
A . OOB AHOBAlOB
t # s. Let Fi(t,s) = ( tt B)* , Fy(t,s) = (91557) and F3(t,s) = =2~ Since
ts — S — S

LimF; = 1, Lim I, = 1 and Lim F3(t,s) = 0, it follows that DX = Limr{X =
1

5~ 0. Then

ax 2 (% —9) dt + BdB.

Example 3.2. Let X(t) = tB(t).

rpX(t,s) = (tB®) —ts_Bis))AtsB = t(Attii)Q + B(s)AsB, t # s, and DpX =
LimrgX =s-1+0=s.

rX(t,s) = tB(t) _S]j(s) — 08B B(t) — 0AwB, t # s, and D/X =
Limr!X = B. o

Then

dX £ Bdt + tdB.
1
Example 3.3. Let m =1 and X = (B% 4.+ Bfn)ﬁ_
AtsXAtsBi (XQ(t) - XQ(S)) AtsBz

e X)) = T T T X L X))

Z ))Ats 7
=1
(t—s) (X(t) + X(s))

i By(t) + Bi(s) AwsBrAisB; n Bi(t) + Bi(s) (AssBy)?
CX(t) + X (s) t—s )+ X(s) t—s '

fa

t# s.
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m

Limrg, X = R0+ L=t i=1,...,m
B k:%;# X X X
X0 - X - Y R AB XOX() - Y BB
riX(t,s) = A=l = k=1
BT t—s (t—s)X(s)

(t—s) <X(t)X(S) +) Bk(t)Bk(8)> X(s)

t# s.
m k—1

B?+ B> m-1

N k _

lertX—E g 5 T = X
k=2 i=1

Consequently

; m—1 " B;
dX = ——dt —dB,.
2X +;X !

17
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m
Example 3.4. Let X =exp(Y), Y(t) = ct + ZakBk(t).

k=1
AtsXAtsBz' Ats eXP(Y) AtsYAtsBz
rp X (t,5) t—s ALY t—s
As ex i A SB A B;
:%@mmz B ) (s

m
Limrg, X =exp(Y) | c-0+ Z a0+ a; | = X.
k=1, k#i

X(t) = X(s)=>_ X (s)Ass By

_ AsY) —1 =AY +cA
TtIX(t, S) — k=1 :X(S) eXp( ts ) ts +c ts’
t—s t—s
t # s. Using Taylor formula, we get
1 (At Y)Z 1 (At Y)Q(,U(At Y)
TtIX(t,S):CX(S)+§X(S)£7S+§X(S) 5 PR 5 s
where w is continuous and lim w(x) = 0. But

z—0

m 2 m
(Atsy)2 = (CAts + Z akAtsBk> = C2A%s + Z a% (AtsBk)Z

k=1 k=1

m
+2cAs Z apQAis By + 2 Z ;0 ;A Bi Ay B

k=1 i#£]
and
1 L (AsBy)? =
rIX(t,s) =cX(s) + §X(s)(02At5 + Z az% + 202 arA¢s By
k=1 k=1
Ay BiAs
+2Zala3%)(1+wmt5 ), t£s.

i#]

1 m
LimrfX = (c—i— 3 Zai) X. We obtain
k=1

I 1 m m
dx £ (c +3 > ai) Xdt+Y oy XdBy,.

k=1 k=1
Lemma 3.1. Let X: [0,00) x @ — R be a differentiable stochastic process,

AV XN B
0,0 €10,1], 0 > o, and f(t,s) = tsftk, t#s. Then Lim f = (0 —0)Dp, X.
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Proof. The following equalities hold true
(t—s)(f(t,s) — (0 —0)Dp, X) = A(’”XAtsBk — (0 —0)(t —s)Dp, X
= D{X(s)(01s — 015) Ay By + Z Dp, X (s)A)7 By By

/=1
+h(t,s)AwsBg — (0 —o)(t — s)Dp, X,

B

Il

Where h = 0. Since D! X(s )(Gts — 015)As By = DIX( )0 — o)(t — s)As By

Z Dp, X A?S ByAisBy, = O and h(t, s)AtSBk =0, we get
(=1, t+k

B
(t—s)(f(t,s)— (0 —0)Dp,X) = DBkX(s)AfS”BkAtsBk —(0—0)(t—s)Dp,X
2
= D X (s) M BRA By + D, X ()AL BeAZ B + D, X (s) (Af2 By )
B 2
—(0 —0)(t—s)Dp, X = Dp, X(s) {(AfﬁBk) — (s — ats)]
which completes the proof. O

Consequence 3.1. Under the conditions of Lemma 3.1

DIX =DIX + (0 — 0)ApX,
where ApX = Dp, (Dp, X)

If we take Lim in both sides of the equality

AY7 (Dp, X) Ay By
t—s

reX(t,s) =r!X(t,s +Z
and we use Lemma 3.1, we obtain

m
DIX =D{X +(0—0)> Dp, (DpX).
k=1

4. GENERALIZED ITO FORMULA ()-FORMULA)

In [1] we proved f-formula. In this section, using the global limit, we give
another proof.

Theorem 4.1 (f-formula). Let § € [0,1], g: R® — R, g € C3*(R") and let
X:00oxQ = R" X = (Xq,...,Xy,), be differentiable stochastic process. Then
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the following stochastic differential equality holds

1 92
dg(X) £ | Vg(X)D{X + <— - 9) J_(X)DpX; (DpX;)" | dt
2 ig=1 8%’183}]
+Vg(X)DpXdB.
Proof. Using Taylor formula, we can write
Agsg(X Z NALXi+ 5 zn: il (X (5)Ats XiAgs X
axz ) 89518@ J
+ws (X (1) D (AXi)?,
i=1

where w; is continuous and li)r?( )ws(w) = 0. X is differentiable, hence X is right-
T—r S

continuous and then 11\1}1 ws(X(t)) =0.

Aisg(X)As B
o, g(X)(t,) = 28K 2B Z (X () Xi(t, )

DA X5, X (t,
T3 Z 3%3% (8))Ats Xirp, X;(t, 5)

7.7_

+ws(X (1)) Z A Xirp, Xi(t, s).

. : 0
We obtain vy, =Limrp, g(X) = ; ai’ (X)Dp, Xi, k=1,....,m
For t # s,
Apsg(X) = vr(61s) Ars Bi
_ k=1
Tv(ta 5) = PR
1 m n
= (Bug(X) - ; ; F; X (01)) D Xi(015) D1 B
1 = 9g 1 < 0%
= X(5)) A X; A XiAgs
75 (2L g, (X)) A +2ij: 8%8%( (5)) Ass XilAy
2
_HUS (X(t)) ; (Atle) - ; 83}1 (X(ets)) ; DBk (ets)AtsBk)
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AtsBk

Zaxz Xt 5 ZA( )Zka (0 3

- Ats)(iAts j (AtS l)
+3 Zaxzax] 5)) +ws<X<t>>Z—t_S -

t—s ‘
=1

Using again Taylor formula, we get

21

93g
(X ()AL X;A8 X

dg " 9%
a (X)) - (X(DADX; + 5 }j P
10T

o0x; — Ox;0x;
ets Z ( ) )
7j=1
where lim wi(¢) = 0 and
tN\(s
= AtinAtsz
X (t, _—
Z 83;1 ) ; 83}13% (5)) t—s
- AP XA B
_ D s ts A j 2 ts Pk
Z 83@13% Z 5 Xi(01s) t—s
2,7=1
1 < g 0 At By,
—= _ )A OX A X D i(0p)—>
21.‘7.;_1 815'1815']815'[( ( ) ts ZZ Bk 13
n . n A B
Y)Y (a0 ZDBk (615) S
i=1 j=1
g (A in)2
Fws(X (1) Y ;_75
i=1
A Xi A X ANX A, B
If f(t,s) = % and g(t,s) = tstj—tk, then
-5 -5

m
Limf =Y Dp X;Dp,X;
k=1

(Example 2.4), Limg = QDBk (Lemma 3. 1), and we get

n m
Limr, = Z 8% ; 8% 8% );DB,CXZDB,CXJ-
- X)) Dp, X;Dp, X
Z axiaxj( ) kz_:l B i By
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which completes the proof. O
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