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ABSTRACT. The paper analyzes the null Lagrangian forms on the second order jet
bundles, extending the results in [11]. The term null Lagrangian is associated to a
Lagrangian whose Euler-Lagrange PDEs are identically satisfied. §1 refers to the
Lagrange 1-forms of the second order in both cases, single and multi-time. §2 finds
the Euler-Lagrange PDEs associated to path independent curvilinear functionals.
§3 presents equivalent conditions for null Lagrangians in the single-time and multi-
time cases. §4 deals with null Lagrange 1-forms and total derivatives.

1. INTRODUCTION

Null Lagrangian ([1], [3], [4], [10]) refers to a Lagrangian L whose integral over
any domain 2 C R™ can be reduced, using integration by parts, to an integral
over the boundary 0f). As an example, we may give the Jacobian determinant
L = J(x)(t) associated to a diffeomorphism z: R™ — R™, which is used in the
volume functional

V(x()) :/QJ(x)(t)dtl---dtm.

The importance of null Lagrangians is highlighted by of recent research in the
calculus of variations (polyconvex energy integrals), nonlinear PDEs (compensated
compactness), geometric function theory (quasiconformal deformations) and some
areas of applied mathematics: nonlinear elasticity, material science and crystals
(rank-one connections). Adding null Lagrangian to any integrand does not affect
the variational Euler-Lagrange equation, [2].

2. LAGRANGE 1-FORMS OF THE 2ND ORDER
AND THEIR PRIMITIVES

2.1. Lagrange 1-forms of the 2nd order and their primitives as simple
integrals. A Lagrange 1-form of the second order on the jets space J2(R, M) with
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the form
w = L(t,z(t), 2(t),(t))dt + M;(t, z(t), &(t), &(t))dz’
+N;(t,x(t), (t), &(t))dz" + P;(t, z(t), 2(t), 2(t))dz",
where L, M;, N; and P; are Lagrangians of the second order, has the pullback
z*w = (L + Mz + Nii' + P dt,
a Lagrange 1-form of the third order on M. The coefficient
L+ M;i' + N;i' + P&

is a second order Lagrangian, which is linear in third order derivatives. To the form
w we attach the Pfaff equation w = 0 and the differential equation

L+ M;i' + N;z' + P# = 0.

There are two different ways to write the primitive of a Lagrange 1-form of the
form L(t,z(t),z(t),Z(t))dt: the first one, as a definite integral,

o) = [ Lis.als)i(s),5(0)ds, lta) =0

to

and the second one, as a differential equation

G(t) = L(t, x(t), &(t), (1), $(to) = 0.

If there is a Lagrangian-like primitive

K(mf(t)@(t)?i(t)):/ L(s,x(s),2(s), é(s))ds, K (to,x(to), &(to), £(t)) = 0,

to

or iK = L, then it follows the relation

dt
T (60, 50,5(0) + G (1ale). 30, G0 + 5 a(0). 0, 5 0)i (1)
+%(ta9U(t),9’c(t),9'c'(t))'5c'i(t) — L(t, (1), & (t), i (t)).

oK
This relation is fulfilled by any function x(¢) if and only if i 0, therefore
, fis
K = K(t,z(t),z(t)), and L is a linear function in &".
2.2. Lagrange 1-forms of the 2nd order and their primitives as curvilinear

integrals. A Lagrange 1-form of the second order on the jets space J2(T, M) of the
form

w = La(t, (), 2 (t), 2, (£)dt> + Mi(t, x(t), 3, (t), 7, (t))dz"
NP (@ (t), 2y (1), 2 (1) drly + PP (1 (), 24 (8), 24 (1)) el g,
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ox

where L, M;, Nf and Piaﬂ are Lagrangians of the second order, z(t) = o

0%x
xﬂll(t) = OtHhotv

(t) and

(t), has the pullback
* o b B, By i «
r'w = (Lo + Mjzy + Ny xp, + P "xop, | dt

which is a Lagrange 1-form of the third order on M. The coefficients

Lo+ szfl + fo%a + Piﬁ'yxiam

are third order Lagrangians, which are linear in the third order derivatives. To the
form w one attaches the Pfaff equation w = 0 and the partial differential equations

Lo+ Mszl + fo%a + Pz.ﬁ’yxflﬁ,y = 0.

Let Lg(t, (t), (t), 2, (t))dt® be a closed Lagrange 1-form (completely inte-
grable), that is DgLy = Do Lg.

A closed 1-form in a simple-connected domain is an exact one. Its primitive can
be expressed as a curvilinear integral

60 = [ Lo (s.a(s).y (0.2 (s)) s, 0lt0) =0,
to,t
or as a system of PDEs,

)
99(1) = La(t(0), 2:(0), 2 (1), 0(10) = 0.
If would exist a Lagrangian-like primitive
Lt (0): 2, (0,2 0) = [ Lo (s.0(5).0,(5), 0 (5) 57,

I
L (to, z(to), x4 (to), v (o)) = 0
or D,L = L, (the foregoing pullback is the given closed 1-form),
oL . oL dr' QL Oxi AL 0xl,
otP "~ daxt 0P Oxl OF  Oxi,, OtF

relation which can be understood as a completely integrable system of PDEs (of the
second order) with the unknown function z(t), too.
Any smooth Lagrangian L (t,x(t),z~(t), .. (t)), t € R, produces two smooth
closed (completely integrable) 1-forms:
- the differential
oL oL

dL = = dq¢" ! :
oty + ozt T 8x3y

OL oL OL 0L
otr’ Oz’ dxl’ Ol
(dt, dat, dat, dal,);

d.%,y + ax—fwd.ﬁwj

of components ( ), with respect to the corresponding basis
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- the restriction of dL to (t,x(t),z(t), . (t)), that is the pullback

OL 0L dz* 9L Ox! oL Ozt
dL =\733 T35:928 " 54 3+ i W>dt57
(t2(8) 2 (8) 0 (1)) <8tﬁ oxtoth  Oxi OtF  Oxi, OtP

of components

DL = S5t (0) 2, (0. 200 (1) + O (20,21 (1), 2,0 (0)) g (1)
oa oxt,,
¥ %(t,x(t),wv(t),xw(t))ﬁg(t) s %“’w(ﬂ’%“)’””w(t”a—# o

with respect to the basis dt? (for other significant ideas, see [5]+[12]).

3. THE EXTREMALS OF THE FUNCTIONALS REPRESENTED BY
PATH-INDEPENDENT CURVILINEAR INTEGRALS

Let I'ty+, be an arbitrary piecewise Cl-curve joining the diagonal opposite
points tg and ¢y of the parallelepiped €y, C R’'. Our aim is to find an m-sheet
z*(-) + Qup,t;, — R™ which minimize the functional represented by path-independent
curvilinear integral (action)

J(() :/F Lt (t), 2 (1), ()7,

where the function z(-) satisfies the boundary conditions z(ty) = xo, z(t1) = =1,
2y (to) = Xy, 4(t1) = 2, OF ac(t)‘agto,t1 = given,acv(t)laﬂw51 = given, and varia-
tions (functions) constrained by boundary conditions and by closeness conditions
(completely integrability) for the Lagrange 1-form.

Fundamental problem. Characterize the function z*(-) which solves the vari-
ational problem associated to functional J.

Theorem 3.1. Suppose that there is a Lagrangian L(t,x(t), z(t), . (t)) with the
property DgL = Lg.

1) If the m-sheet x*(-) is an extremal for L, then it is an extremal for the
differential dL also.

2) If the m-sheet x*(-) minimizes the functional J(xz(-)), then x*(-) is a solution
of the multi-time PDFEs

oL oL oLs\
@ - D,y (8?) + D#Dl/ (8—Z> = Q;, 1 = 1,n (31)

v L

which satisfies boundary conditions, where a; are arbitrary constants.

The second part of this theorem shows that if the system (3.1) of PDEs has
solutions, then the minimizing function for the functional J (supposing it exists)
lies between these solutions.
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Proof. If we have in mind the following equalities

_jon (oL oL \\ O(L)  (9(dL) o(dL)
O_d<3wi Dy <8x§>+ DyDg <8xfw>>_ oxt DV( 830@ +DyDg awfw ’

both relations are obvious. O

Theorem 3.2. If the m-sheet x*(-) minimizes the functional J(x(-)), then x*(-) is
a solution of the multi-time PDE

O0Lg O0Lg J0Lg ,
’ _p Y DD, (228 ) =0, B=T,m, i =T, 2
ppe y (83317) + D, <a$i¢u> 0, B m, 1 n (3.2)

which satisfies boundary conditions.

The theorem shows that if the system (3.2) of PDEs has solutions, then the
minimizing function for the functional J (supposing it exists) lies between these
solutions.

Proof. Let us consider that z(-) is a solution of the foregoing problem, satisfying the

complete integrability conditions of the 1-form L = Lg(t, z(t), 7+ (t), 2, (t))dt?, that

is OLg = %, for all o, 8 = 1,m, a # B. Construct, near z(t), another function
0L, J0Lg

having the form x(t) + eh(t), h(to) = 0, h(t1) = 0, hy(to) = 0, h,(t1) = 0, where

€ is a “small” parameter, and h is a “small” variation. The functional becomes a

function of ¢,

J(e) = /F L (t,2(t) + eh(t), 2 (t) + ehy (), 2 (t) + by (t)) dtP.

tg,tq1

Suppose that the variation h satisfies the complete integrability conditions of the
1-form

Lg (t,2(t) + eh(t), 2 (t) + ehoy (), 2 (t) + ehy () dt°,

which shows that the set of the functions h(t) is a vector space and the set of the
functions z(t) + ¢h(t) is an affine space.
The following relations hold true:

OLg, . OLsg, . OLg .,
Opi 4 ==Bpd 4 ZZ0 pi | at?
o) oxl ' Oxl,

Lg, ; Lg . . L ,
:/ s p, (QLopi) —p, (2Le) pi
i, \ 02 oz, o,
Ls . Ls\ .
+ D, 8—.5th _p, (2L h, | dt®
8xﬂy 8xiLV
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= / L _p,(%2) s p,p, [ 222 ) ) w
Tioty Oz’ 77, Ox
+ D, 8—L@hﬂ' - D, (D, aL. W |+ D, aLﬁ i) | dt?,
a%gy axiu/ 815“;1/

where D, is the total derivative operator. By adding the hypotheses

OLs DL
D, (k=) =Dg | h'=
v (h 33&7) A <h 83@’7)’

p, [ 2Le W) =y [ ZLags
8%'{“/ 8x;{l‘l/

D, | D, OLs ) i) = Ds | D, 0Ly ) i),
aw{w aw‘ZLV

the vector space of the variations h(t) is restricted to a subspace.
We obtain

OLg . L. . L., .
/ D, | =Lni dtﬂ:/ Dg OLy i) g = L
Tig,tq 8%’% Ty ,tq 890% 890% to

OLg . L., . L. .
/ D, | —Lni | at = / Dg OLy W, | dif = 8_7@
Tigty 0T Loty 0T Ox

/ D, (Dl, (86@ ) hj> dt® = D, <8Lj" ) i
iyt Oz 0y

These terms vanish since h(tg) = 0, h(t1) = 0, hy(to) = 0, h(t1) = 0. Therefore,

oL oL oL :
- / =8 _p, =L 1 p,D, | =L)|nat’.
o, \ 02 o, Oz

The curve I'y) ;, is an arbitrary one, hence we have obtained the conclusion of the
theorem. O

and

t1

t1

to

and

to

For other advances regarding path independent curvilinear functionals, we ad-
dress the reader to [5]+[12].
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4. EQUIVALENT CONDITIONS FOR NULL LAGRANGIANS

4.1. The single-time case: null Lagrangians and the total derivative. There
are Lagrangians whose Euler-Lagrange ODE are identically satisfied. In these situ-
ations, each curve x(t) may be an extremal. Such kind of Lagrangian is called null
Lagrangian. The definition of null Lagrangians does not depend on the coordinate
system. Generally speaking, a Lagrangian having the form

L(t, x(t), (), i(t)) = DK (t, z(t), &(t))

is a null one because
t1

/lL(t,x(t),y'c(t),y’c'(t))dt:K(t,x(t),jc(t)) :

to to

that is the integral depends only on the values of the function z(¢) taken on the
boundary and it is not affected by variations h(t). Fortunately, all null Lagrangians
have this form.

Theorem 4.1. A Lagrangian L(t,z(t), (t),Z(t)), t € Ry, is a null one if and only
if it is a total derivative.

Proof. If L is a total derivative, it is clear that L = D, K is a null Lagrangian.

To prove the converse, suppose that the Euler-Lagrange equations associated to
the Lagrangian L(t,z(t),%(t),%(t)), t € R4, are identically satisfied. Construct the
function f(e) = L(t,ex(t),ex(t),ed(t)) and denote u(t) = ex(t). The derivative of
Lagrangian L
oL .,
ot " i
becomes, using the total derivative of a product,

d . OL OL OL 0L : OL
—f =2 - — D . DD, — D '— ) —-D 'D .
e = <8u’ t(auz>+ ! tam>+ t(x auz) t(”” t(auw))
GOLY ; OL i oL .; OL
+Dt(xam>_Dt<xam th(aui)”aai)‘
By integration, we have

L(t, 2 (t), 5(1), #(1)) — L(t,0,0,0) :Dt/01< 9L _ ip, <8L> + 'iaL> de.

o oiii ) " o

Moreover, there is a function k with Dk = L(t,0,0,0). Therefore,

OL | ;0L
T o

d 7
= =

L(t, x(t), @ (t), #(t)) = Dik + Dy,

Lr.oL oL ;0L
whereK—/O <yc BI _th<8iii> + 8u1> de. O
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4.2. The multi-time case: null Lagrangians and the total divergence. If a
Lagrangian has the property that the corresponding Euler-Lagrange equations are
identically satisfied, each m-sheet x(t) may be an extremal one. Such a Lagrangian
is called null Lagrangian. The definition of null Lagrangians does not depend on the
coordinate system.

Let be S = 092 and n the normal unit vector to S. If a Lagrangian L can be
written as a total divergence, L(t,z(t), z~(t),z,u (t)) = Div P(t,2(t),z,(t)), then by
the theorem of the divergence, we obtain

/Ldtl...dtm:/Didetl...dtm: P -ndsS.
Q Q o0

The Euler-Lagrange equations are identically satisfied, due to the fact that the
functional depends on the values of the function z(t) taken on the boundary only
and it is not affected by variations h(t). Hence, the Lagrangian L = Div P is a null
one. Fortunately, only the Lagrangians with a total divergence are null Lagrangians.

Theorem 4.2. A Lagrangian L(t,x(t),z,(t), ., (t)), t € R}, is a null one if and
only if it is a total divergence.

Proof. Suppose that the Euler-Lagrange equations associated to L(t, z(t), £~ (t), T ),
t € Ry, are identically satisfied. Take the function f(e) = L(t,ex(t), ex(t), exum (1))
and denoting by u(t) = z(t), we obtain

if— Z-8_L+ ; OL e oL
=’ = 9w T 0 T g,
It follows
d oL oL 0L . OL
—f = — D, =— D,D, | — D, (z'—
dsf <8u’ K <3u2y P <3ufw>> Py (x 3u2y>
o (i) o (0 ()

L . OL - L
:D( 31+x:t8i —x’Dl,<8i ))
ou ouy,, out,,

By integration, we get

L(t,x(t), xy(t), xum(t L(t 0,0,0)

; OL i oL
_D/< 8u’ ”31 —xDl,<aqu>>d€.

Moreover, there is a vector p, such that divp = L(¢,0,0,0). This implies
L =divp +div P,

1
where P = (P7), PV = / oL + 2! 8.L —2'D, 8L de. O
8uZ T out,




Null Lagrangian forms on the 2nd order jet bundles 81

Proposition 4.1. A null Lagrangian L is the curvilinear primitive of the closed
Lagrange 1-form

0L 0L Ox' 0L 0! oL \ Oz’
— +D,(=——=—)|+D __ v ) _D,(D, | =—— @,
<8ta Py (83;; 8ta> P (ax;w 8ta> . ( (690’;“,) 8ta>> dt

Proof. The following equalities hold true:
L 0L dz" L Oz} L oxl,
o (a oL 9z’ 9L Oxl QL O, ) o

ot " oz o " oui ot oai, o1

oL oL oL oL \\ oz
=P (25 _p (22 L p,p, (2 o
oot T (336”‘ i (mg) + (ax;w)) gto 1t

0L Ox 0L Oxt oL \ Oz’
D, =— dt*+ D, | =———=2 | dt* —D, (D, | = dt®
R (83;3 8ta> P (895}“, aw) K ( (ax;) 8ta>

oL oL Oz oL i, oL \ Oz o
= (aT + Dy (@a?) + D (ax;'w aT> ~Du (DV <—ax;~w> 8ta>> ai.

O

5. NULL LAGRANGE FORMS AND TOTAL DERIVATIVES

There exist multi-time closed Lagrange 1-forms whose Euler-Lagrange equations
are identically satisfied. This means that each m-sheet x(¢) could be an extremal.
Such kind of Lagrange 1-form is called null. The definition of null Lagrange 1-forms
does not depend on the coordinate system.

If a Lagrange 1-form can be written as L, = D,L, then

t1
/ Ladt® = [ DaLdt® = Lit, 2(t), 2 ()| .
I

tot1 Cigty to
In this case, the functional depends only on the values of the function x(t) taken

on the boundary only and it is not affected by variations h(t). Hence the 1-form
L, = D,L is a null one. Fortunately, these are all null Lagrange 1-forms.

Theorem 5.1. A closed Lagrange 1-form L (t,z(t),x(t))dt*, t € R, is a null
one if and only if it is a total divergence.

Proof. The proof follows after we perform the same computations as we did for
proving Theorem 4.2. (I

Corollary 5.1. The total divergence of a tensor of type (1,1) is the total derivative
of a function.

Proposition 5.1. If L,dt“ is a null Lagrange 1-form, then the Lagrange 1-forms

0L, oz’ OL,, OL,, Oxt 0L, \ Oz
—2 4D, (=—=—=2)+D,(—2=%)-D,(D, | —= @,
<8tﬁ T <8t7 83;;) P <8x§w 8tﬁ> “( (33%,,) 8t5>>dt

are exact.
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Proof. The proof follows in the same manner as Proposition 4.1. O

We finish our considerations underlying that a wide class of optimization prob-
lems reduces to extremizing a multi-time cost functional. The multi-time cost func-
tionals can be introduced either using a path independent curvilinear integral, or
using a multiple integral. Using a similar argument as in [11], page 144, variational
problems with multiple integrals can be converted to problems with curvilinear in-
tegrals and conversely.
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