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ABSTRACT. Based on the normal efficiency conditions for a multiobjective non-
fractional variational problem, we consider fractional duals of generalized Mond-
Weir type and fractional Mond-Weir-Zalmai type. Under some assumptions of
(p, b)-quasiinvexity, weak, direct and converse duality theorems are stated in var-
ious variants.

INTRODUCTION

The first result on the necessity of optimal solutions of scalar variational prob-
lems was established by Valentine [19] in 1937. The papers of Mond and Hanson
[10], Mond, Chandra and Husain [11], Mond and Husain [12], Preda [16] devel-
oped the duality of the scalar variational problems involving convex and generalized
convex functions. Mititelu [3], Mititelu and Stancu-Minasian [9], Mukherjee and
Purnachandra [13], established weak efficiency conditions and developed different
types of dualities for multiobjective variational problems under various types of
generalized convex functions. Kim and Kim [2] used the efficiency property of the
nondifferentiable multiobjective variational problems in duality theory.

In this paper, we use the notion of normal efficient solution introduced by Mi-
titelu [5] and establish certain new results of Mond-Weir duality type and of Zalmai
duality type for multiobjective fractional and non-fractional variational problems
using (p, b)-quasiinvexity assumptions.

For related but different results obtained by other authors on this topic, we
address the reader to: [1] by R. Jagannathan, [14] and [15] by Ariana Pitea, C.
Udrigte and St. Mititelu, [18] by I. M. Stancu-Minasian and St. Mititelu.

1. NOTATIONS AND PROBLEMS STATEMENT

In R"™, the n-dimensional Euclidean space, consider the vectors v = (vy,...,vy)
and w = (w1, ..., w,). We recall that the relations v = w, v < w, v £ w, v < w are
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defined as follows:

v=wsS v =w;, =1,n; v<wES v <w, t=1,n;
vSEwes v Sw, 1=1,n; v<w<& v wand v #£ w.

Let I = [a,b] be a real interval and f = (f1,...,fp): I x R" x R* — RP,
ko= (ki,... k) I xR* xR" = RP, g = (g1,...,gm): I x R" x R® — R™,
h=(hi,...,hq): I x R" x R" — R? be two times differentiable functions.

dz
Consider a vector-valued function f(¢,x, %), wheret € I, z: I - R and & = —.

Denote by f, and f; the p x n matrices of first-order partial derivatives with respect

to = and & respectively, that is f; = (fiz, foz, - -, fpz) and fo = (fia, fois -5 fpa)'s
with

‘flm:(afZ .. afz) and fm:<8fl . afz), i:1,2,...,p.

ox1’ 7 Oz oz, 7 0ap

By analogy, k., gz, he and k;, gz, hs denote the p x n, n X n, ¢ X n matrices of
the first order partial derivatives of k, g and h respectively, with respect to x and .
Let X denote the space of piecewise smooth (continuously differentiable) func-

d
tions x with the norm ||z|| = ||z||co + || D%|| 0o, Where the differential operator D = e

t
is given by u = Dz < z(t) = z(a) + / u(s)ds, excepting the discontinuities, where
a

x(a) is a given boundary value.
Consider the multiobjective fractional variational problem

. b b
/fwwmmet L/nwumamw
Minimize ‘lb ‘lb

(MFP) / ky(t,z(t), z(t))dt

a

g ey

/ ki (t, (), :(2))dt

a
subject to

z(a) = ag, x(b) = by,
L g(t,z(t),2(t) £0, h(t,z(t),z(t) =0, Vtel.

b
Assume that / ki(t,z(t),(t))dt > 0 for all : = 1,2,...,p. Let

D ={x € X|z(a) = ag, x(b) = by, g(t,z(t),z(t)) <0, h(t,z(t),z(t)) =0, Vt € I'}

be the set of all feasible solutions of problem (MFP).
Consider also the following multiobjective variational problem

b b b
win [ 7(eato).at0)ae = ([, [ he.a0)a)
(MP) subjegt to ‘ ‘
z(a) = ag, x(b) = by,
g(t,z(t),2(t) =0, h(t,x(t),2(t)=0, tel.

and remark that the domain of (MP) is also D.
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In this paper, we define a duality of Mond-Weir-Zalmai type for problem (MFP)
through weak, direct and converse duality theorems. For problem (MP) is developed
a duality of generalized Mond-Weir type, also giving theorems of the same type. We
give various variants of these results using assumptions of (p, b)-quasiinvexity.

2. PRELIMINARIES ON OPTIMALITY AND EFFICIENCY
FOR VARIATIONAL PROBLEMS

In this section we recall some definitions and auxiliary results that will be needed
later in our discussion of efficiency conditions and Mond-Weir duality for problem
(MFP).

Definition 2.1. A feasible solution z° € D is an efficient solution of problem (MP)
if there is no x € D, = # 2, such that

b b
/f(t,x(t),ﬂb(t))dtg/ f(t,2%(t),2°(t))de.

For problem (MP) we quote the following result of efficiency

Theorem 2.1 (Necessary efficiency conditions for problem (MP)). ([6], [9]) Let
2% € D be an efficient solution of problem (MP). Then there exist a vector \° € RP
and piecewise smooth functions p°: I — R™ and v°: I — RY which satisfy the
following conditions

A7 fo(t, 20(t), 29 () +pO(t) go (¢, 2°(t), 20 (1)) 400 (8) hae (2, 2° (1), 2°(2))
= — AV fa(t, 2 (1), 2°(2)) + pO(t) g (t, 2" (1), 2°(t))
(MV) +0(8) Ry (8, 20(t), 0 (¢))]

pO(t) g(t,2°(t),2%(t)) = 0, pui(t) 20, Vtel,
AN 2>0, X =1, e=(1,...,1) € RPif \? > 0.

8.

Definition 2.2. [5] The point 2° € D is a normal efficient solution of problem (MP)
if the vector A” from the previous theorem satisfies the inequality A\° > 0.

We present now the efficiency necessary conditions for problem (MFP).
For each i = 1, p, we consider the functionals

b b
Fi,Ki: X > R, Fi(x):/ Filt, 2(t), &())dt, Ki(x):/ ki(t, 2(t), & (1)) dt.

Mititelu established the following necessary efficiency conditions for (MFP):

Theorem 2.2 (Necessary efficiency conditions for problem (MFP)). ([6], [9]). Let
20 be a normal efficient solution of problem (MFP). Then there exist \° € R™ and
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piecewise smooth functions p°: I — R? and v°: I — R™ that satisfy the conditions

( D

D A [Ki(a®) fia(t,a%(8), (1)) — Fi(2°)kia(t, 2°(t),2°(1))]

=1
10(t) g (t, 20(t), 20(t)) + vO(t) he (t, 2°(2), 2°(2))
(MFV) {ZA O) fia (£, 2°(t), &° (1)) — Fi(a®)kia (¢, 2°(¢), 2°(1))]
=1

+ul(t) gz (t, 20(t), 20(¢)) + O (t) ha(t, 20(2), :/Uo(t))}

uO(8)g(t,a0(t),i%(t)) =0, pO(t) 20, Vtel,
AN>0, &X0=1.

b
Let p € R™ and b: X x X — [0,00). Denote H(z) :/ h(t,x(t), z(t))dt.

Definition 2.3. ([6]) The function H is called (strictly) (p,b)-quasiinvezr at the
point zV if there exist vector functions n: I x R™ x R™ — RY, with n(t, z(t),2(t)) = 0
for z(t) = 2°(t), and 6: X x X — R™ such that for any x (z # 2°),

b
H(z) < H(x") = b(x,xo)/ [0 by (t,2°(¢),2°()) + (D) hy(t, 2°(¢),2°(¢)) ] dt

(<) —;b(x,xo)"G(x,xo)‘}2.

Definition 2.4. ([3]) The function H is monotonic (p,b)-quasiinvexr at the point
20 if there exist vector functions n: I x R™ x R" — R? with n(t,z(t),(t)) = 0 for
x(t) = 29(¢), and 6: X x X — R" such that for any x (x # 20),

b
H(z)=H(z") = b(w,wo)/ [n'hx(t,xo(t),a‘co(t)) + (Dn)’hi(t,xo(t),jvo(t))]dt

= —pb(x,2°)||6(z, 2)||*.

3. GENERALIZED MOND-WEIR DUALITY FOR (MP)
Let {Jo,J1,...,J} be a partition of the set J = {1,...,m} that is J, C J,

JoNJg =0 if a# p, U Jo = J. Let also {So, S1,...,S;} be a partition of the set
a=0

S ={1,...,q}. Consider a function y € X and the piecewise non-smooth functions

pw: I — R™ and v: I — R9. The Mond-Weir Lagrangian associated to problem

(MP) is

Le(tv y(t)v y(t)) = f(tv y(t)v y(t))
+ [N’Jo (t)/gJo (ta y(t)v y(t)) + Vs, (t)/hSO (ta y(t)v y(t))] €,
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where L, = (L1,...,Lp) and

Li(tv y(t)a y(t)) = fi(ta y(t)v y(t)) + HJo (t)/gJo (ta y(t)v y(t)) + Vs, (t)lh‘so (ta y(t)v y(t))a

for i =1,p.
The generalized multiobjective Mond-Weir dual problem associated to problem
(MP) is the following variational problem:

(

b
Maximize (Pareto) / Le(t,y(t),y(t))dt

= </abL1(t,y(t)7?J(t)),...,/abL (t, y(t), ())dt>

subject to

(MWD) y(a) =yo, y(b) = by,

N £ (8),500)) + 092 (6, y(0), 5(0)) + (0 b (1, 0(0) 60)
= N a0, 5000) + (0 92, 0), 500) + (0 it

a0 91, (0,90, 5(0)) + v, (0 s, (6,900, 5(1)) 2 0, @ =

A>0, ex=1.

We denote by 7(x) the value of problem (MP) at x € D and by d(y, A, u, v) the
value of dual (MWD) at (y, A\, u,v) € A, where A is the domain of (MWD).

t),9(t)) }
,r, Vt €1,

e CASE STUDY 1

Theorem 3.1 (Weak duality). Let x € D and (y, A\, u,v) € A be feasible points of

problems (MP) and (MWD). Assume that the following conditions are satisfied:
b

a) For each i = 1,p, the integral / Li(t, x(t), u(t), v(t))dt is (p},b)-quasiinvex
at the point y with respect to n and 6. ¢
b
b) For each o = 1,7, / [ (1) g1, (t, 2(t), () + vic, (£) hic, (¢, 2(t), 2(t))] dt

a
is (p2,b)-quasiinvez at the point y with respect to n and 6.
c) At least one of the integrals from a)-b) is strictly (p,b)-quasiinvex at the point
y with respect ton cmd 0.

I VS WD
Then the mequalzty m(x) < 0(y, \, u,v) is false.

Proof. By reductio ad absurdum, suppose there exist x € D and (y, A\, u,v) € A
such that 7(z) < d(y, A\, i, v). Hence, for all i = 1, p, we have

b
/ £t x(t), £(t))dt < / Le(t, y(t), 5(0)dt,
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or componentwise

b
/ filt,2(t),2(t))dt < / [fit, y (), 5()) + 1y (1) 9.0 (£, (1), (1))

+vsy (1) hsy (t,y (1), 5 (1)) ] dt. (3.1)

But g, (t) g5, (t,x(t),2(t)) < 0 and vs, () hs, (t, z(t),z(t)) =0, Vte€ I, and from
(3.1), we obtain

b b L
[ mtaw.amars [ Lyo.oma. i -1 (3.2)
According to hypothesis a), relation (3.2) implies
b

Consider A = (A1,...,\,;) > 0 such that ¢\ = 1. Multiplying (3.3) by \; and
summing over i = 1, p, we obtain

b
b) [ THOCE (0 500) + (D) OV o)t y(6) 6]
(Z m) v 9) 0z, y)|P. (3.4)

From the constraints of D and A, we have

b
/ [t (0 g0, (£ (), (1)) + ws, () s, (1, 2(t), &(2))] dt
b
< / (1 (8 g, (6,5 (), 5(8)) + s, (8 D, (£, y(8), 5(1))] dt

and according to b), we obtain

b
b(wvy)/ (1120 (8)' (90)y (:y(1), () + v, (1) (his, )y (£ y(2), 5 (2))] At
+b(z

‘ b
) [ (D) [, (8) (90 (£, y(8), 5(8) +vsa (t) (hs, )a (8, 5 (t), 9(2))] dt
Pa

b, y)10(z, ). (3.5)
Summing (3.4) and (3.5) side by side, we obtain

b
b(x, y)/ [ (X fa(t,y(1),9(8) + 1) 9o (6, y (1), 5(1)) + v(t) ha(t,y(t), (1))
) [N fa(t,y(t), 9(t) + u(t) 92 (t, y (1), 5(t)) + V(t)'hi(t7y(t)7y(t))ﬂdt

< (Z&pﬂrZP ) 2. 9) 10z, ) (3.6)
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Taking into account the hypothesis ¢) at inequality (3.6) it follows b(z,y) > 0
and consequently (3.6) becomes

[ 0D 000,500 + 0000505000 + 101,000, 50)
DY [N il (0 500)) + 16 g8 (0. 50) + 00 (e, (0. (0]
(Zmﬁzp ) ()10 . (3.7)
Denoting V' = X f + u(t)'g + v(t)'h relation (3.7) becomes
[ bk ovar < —||9<x,y>|2<§;xip; ¥ Zp) (33)
Integrating by parts, the foregoing inequality becomes
b b d P r
Wil [ e g ae< et (Sad ) @9

But n(a,y(a),y(a)) = n(b,y(b),y(b)) = 0 and taking into account the first con-
straint of problem (MWD), relation (3.9) reduces to

P r
0< —||e<x,y>12(2m4 ; Zp’;).
=1 a=1

According to hypothesis d), this inequality becomes 0 < 0, that is false. O

Theorem 3.2 (Direct duality). Let 20 be a normal efficient solution of the primal
(MP) and suppose satisfied the hypotheses of Theorem 3.1 at the point x°. Then
there are \° € RP and the piecewise smooth functions pu’: I — R™ and 1°: T — RY
such that (20, X%, 1%, 10) is an efficient solution of the dual (MWD). Moreover, we
have 7(z%) = §(2%, X%, 10, 00).

Proof. Since the point 2° is a normal efficient solution of problem (MP), according
to Theorem 2.1 there are a vector A\’ € R” and the piecewise non-smooth functions
pl: I — R™ and v°: I — RY which satisfy relations (MV). The vector relation
pl(t)'g(t,2°(t),#°(t)) = 0 from (MV) is equivalent to u?(t)’gj (t,2°(t),2°(¢)) = 0,
j =1, m. It follows ps, (t) gz, (t,2°(t),2"(t)) = 0 for a = 1,7. Also, we remark that
ve (t ) hs, (t,2°(t),4°(t)) = 0, for a = 1, 7. Therefore, we obtain

100 (8)' 9.0, (8, 2°(1),3°(1)) + w3, (1) hs, (t,2°(t),2°(t)) = 0 for « = T,7

and then, we get (22, X%, 10 %) € A. Moreover,
po(t) 9 (8,2 (1), 27 (1)) + 5, () sy (8, 2°(1),8°(t)) = 0
and consequently, m(2°) = 6(z%, A%, 10, 00) [ = f(¢,2%(t), 2°(¢))]. O
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Theorem 3.3 (Converse duality). Let (20, A%, %, 10) be an efficient solution of the
dual (MWD) Suppose that the following conditions are satisfied:
i) 20 € D.

a) For each i = 1,p, the functional / fi(t,z(t), £(t))dt is (p},b)-quasiinvezr at

the point x° with respect to n and 6.
b
b) For each a = T,r, / [0, (8) 92, (£, 2(8), (8)) + V3, () hs, (£, (2), #(1))] dt s

(P b)-quasiinvex at the point ¥ with respect to n and 0.
c) At least one of the integrals from a)-b) is strictly (p,b)-quasiinvex at the point
20 with respect to 77 and 6.

Z +Zp//>0

=1
Then zV is an eﬁ‘iczent solution of (MP). Moreover, w(z%) = §(2°, X, u®, 19).

Proof. On the contrary, suppose that the point 20 is not an efficient solution of
problem (MP) and we will find a contradiction. Then, there exists x € D such that
(fi,---sfp) < (L1,...,Lp). Repeating the proof of Theorem 3.1, with (2%, A%, u®,20)
instead of (y, A\, i, v), we obtain

0< —re<w°,y>12(z +Zp )

=1
that is 0 < 0. It means that the above made supposition is false. Therefore z° is an
efficient solution of problem (MP), and we obtain 7(2°) = §(2?, \?, 0, 20). O

e CASE STUDY 2

Theorem 3.4 (Weak duality). Let x € D and (y, A\, u,v) € A be feasible points of

problems (MP) and (MWD). Assume satisfied the following conditions:
b

a) For each i =1,p, the functional/ i(t,x(t), z(t))dt is (p},b)-quasiinvez at
the point y with respect to n and 6. ¢
b

b) For each o = 1,7, / wra () g7, (t,x(t),2(t))dt is (pl,b)-quasiinvez at the
point y with respect to n and 6.
b
c) For each o =1,r, the functional/ vi, (t) hi, (t, z(t),2(t))dt is monotonic

a
(P2, b)-quasiinvex at the point y with respect to n and 6.
d) At least one of the integrals from a)-c) is strictly (p,b)-quasiinvex at the point
y with respect to 77 and 6.

Z&pﬁz Pa+p)Z0

Then the mequalzty m(x) < 0(y, \, u,v) is false.



Mond-Weir dualities with Lagrangians for multiobjective variational problems 49

Theorem 3.5 (Direct duality). Let 2° be a normal efficient solution of the primal
(MP) and suppose satisfied the hypotheses of Theorem 3.4 at the point x°. Then
there are \° € RP and the piecewise smooth functions pu’: I — R™ and 1°: T — RY
such that (z°,\°, 1%, 10) is an efficient solution of the dual (MWD) and moreover,
m(20) = §(x0, X0, 10, 00).

Theorem 3.6 (Converse duality). Let (2%, A%, 1%, 10) be an efficient solution of the
dual (MD) and suppose satisfied the following conditions:
i) 20 € D.
ii) The hypotheses a)-e) of Theorem 3.4 hold for (y, A\, p,v)=(x°, A%, u°, v0).
Then 2V is an efficient solution of (MP). Moreover, mw(x°) = 6(z%, AV, u®,Y).

e CASE STUDY 3

Theorem 3.7 (Weak duality). Let x € D and (y, A\, u,v) € A be feasible points of
problems (MP) and (MWD). Assume satisfied the following conditions:
b

a) The functional/ N fo(t,x(t), @ (t))dt is (p,b)-quasiinvex at the point y with
respect to n and 6. ‘
b

b) For each o = 1,7, / wn () g, (8, x(t), 2(t))dt is (pl,,b)-quasiinver at the
point y with respect to n and 6.

b
c) For each a = 1,7, the functional/ vk, (t) b, (t,z(t),2(t))dt is monotonic

a
(P2, b)-quasiinvex at the point y with respect to n and 6.
d) At least one of the integrals from a)-c) is strictly (p,b)-quasiinvex at the point
y with respect ton and 6.

p+z (o +p0) 20, peRP.

Then the inequality w(x) < §(t, A\, p,v) is false.

Theorem 3.8 (Direct duality). Let 20 be a normal efficient solution of the primal
(MP) and suppose satisfied the hypotheses of Theorem 3.7 at the point z°. Then
there are \° € RP and the piecewise smooth functions pu°: I — R™ and v°: I — RY
such that (x°, X0, u®,10) is an efficient solution of the dual (MWD) and moreover,
m(a?) = 6(2%, A%, u,07).

Theorem 3.9 (Converse duality). Let (20, A%, u% v°) be an efficient solution of the
dual (MWD) and suppose satisfied the following conditions:
i) 20 € D.
ii) The hypotheses a)-e) of Theorem 3.7 hold for (y, A\, p,v)=(2°, A%, u° v0).
Then 2 is an efficient solution of (MP) and moreover, m(2°) = §(2°, )\O,p ).



50 Stefan Mititelu and Mihai Postolache

e CASE STUDY 4

Theorem 3.10 (Weak duality). Let z € D and (y, A\, u,v) € A be feasible points of
problems (MP) and (MWD). Assume satisfied the following conditions:

b
a) The functional/ N fo(t,x(t), @ (t))dt is (p,b)-quasiinvex at the point y with

respect to n and 6.

b
b) For cach a =T, [ s, (t) g1, (6:2(2).(0) + vic, (8 hic, (,a(e), (2] s
(pl,,b)-quasiinvex at the pogmf y with respect to n and 6.

c) At least one of the integrals from a)-b) is strictly (p,b)-quasiinvex at the point
y with respect ton and 6.

d)p+> 0,20, peRr

a=1

Then the relation w(x) < 0(t, A\, p,v) is false.

Theorem 3.11 (Direct duality). Let 20 be a normal efficient solution of primal
(MP) and suppose satisfied the hypotheses of Theorem 3.10 at the point 2°. Then
there are \° € RP and the piecewise smooth functions p’: I — R™ and 1°: T — RY
such that (z°,\°, 1%, 10) is an efficient solution of the dual (MWD) and moreover,
7(20) = §(x0, X0, 10 00).

Theorem 3.12 (Converse duality). Let (2%, A%, u®,1°) be an efficient solution of
dual (MWD) and suppose satisfied the following conditions:
i) 20 € D.
ii) The hypotheses a)-d) of Theorem 3.10 hold for (y, A, p,v)= (2%, X%, u°, v0).
Then the point z° is an efficient solution of (MP), and w(2°) = §(2®, A0, u0, 0.

4. FRACTIONAL DUAL MOND-WEIR-ZALMAI
WITH LAGRANGIANS FOR PROBLEM (MFP)

Let {Jo, J1,...,Jr} be a partition of {1,...,m} and {Sp, Si,...,S,} a partition
of {1,...,q}. We denote

b b
ﬂ@:/ﬁmwmww,m@:/mmwmmw,

Fi(t,y(8),5(8) = fit,y(), () + 1y (8) 90 (£, (1), 9(1) + vs, (8) sy (£, 9(2), ().
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Consider a function y € X. We associate to problem (MFP) the following
multiobjective variational problem:

¢

b b
[ A y()y(t»dt / Folt, y(t), (0)dt

Maximize

/bk (b (), /bkp §(0)dt

a

subject to y(a) = yo, y(b) = by,

ZA Y) fia(t,y(t),9(t) — Fi(y)kia (t,y(1), (1))

(MFZD) Fu(t) g (b, y(8), 5(t)) + v(8) ha(t, y(t), 9(2)) =

dt{ DTRG0 b0 5(0) ~ R0, 0]

+u(t) 92 (t, y(t), y(t) + v (8) ha(t, y(b), y(t))}

A>0, er=1

We denote by m(z) the value of problem (MFP) at the point x € D and by
d(y, A, pu, v) the value of dual (MFZD) at the point (y, A\, u,v) € A, where A is the
domain of (MFZD).

e CASE STUDY 1

Theorem 4.1 (Weak duality). Let x € D and (y, A\, pu,v) € A be feasible points of
problems (MFP) and (MFZD). Assume that the following conditions are satisfied:

a) Ii(x) [:U’JO(t)/gJo (tvy(t)vy(t)) + Vs, (t/)hso (tvy(t)vy(t))] é 07 Vx € 'D; vVt € I;
fori=1,p.
b
b) For eachi = 1,p, the integml/ [K;(y) fi(t, 2(t), () Fi(y)ki(t, z(t), &(t))] dt

is (pl, b)-quasiinvex at the point y with respect to n and 6.

b
c) For each o =1T1,r, / (1070 (&) 90 y(0), (1) +vic, (F Vhre, (8, y(t), y(t))]dt is

a
(p!,b)-quasiinvez at the point y with respect to n and 6.
d) At least one of the integrals from a)-b) is strictly (p,b)-quasiinvez at the point
y with respect to 77 and 6.

Z)\lpﬁ-z,o" > 0.

Then the mequalzty m(x) < 0(y, \, u,v) is false.
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Proof. By reductio ad absurdum, we have

b b
( / Fi(t, 2(8), &(0))dt / fp(t,x(t),yb(t))dt)

b ’ ) b
/ by (1 (1), (8) )t / kot 2(t), (£))dt

a

b 3 b B
Fult, (1), #(1))dt / Fo(t,a(t), (1))t
b, BN .

S

or componentwise,

[ rtt.ato.awar ) [ Ettvo. s

/ab ki(t,z(t), z(t))dt - /ab ki(t,y(t),y(t))dt R

[ TR 0.50) + @003, 0,000-50) + v 00, 1,000, 50
/ k(e (o), 30

for i = 1,p. From this inequality it follows

b
/ Ky filt, 2(t), #(t))dt < / Fi(y)kit, 2(t), (1)) dt

/a (o) [0 (1)030 (1,90, 5(0)) + vy (DD, (90 9(2))] b
and taking into account the hypothesis a) we get
/K Vfi(t, z(t) dt</F (t))dt.
We have
/ " (K (0, £(0)) — Fi(wks(t,2(0), (1))t < 0
-/ (K e y(0),350) ~ Bk a@)a (@)

or Fy(z)Ki(y) — Ki(z)Fi(y) < 0.
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According to b), relation (4.1) implies

b
b [ {of alo) in b0, 500)) = Fi@)bis(.9(0). 0]

(D) [Ki() fia (b (). 5(8)) = Fily)kia (, y(0), 5(0))] Jdt
< —pibla, )Gz, y)]|. (4:2)

Multiplying (4.1) and (4.2) by A;, i = 1,p (A > 0) and summing over i = 1,p,
we obtain

/ {2 A0 o000 900) — )it 50)
D) 3 N [Kiw) fi (1), 5(0)) = Filw)bia (1,90 5(0)] i

S —b(x7y)!\9(x7y)||22/\ip§- (4.3)

=1
According to ¢), we have
b
/ [t (8 g, (. 2(8), 8(8)) + s, (1) s, ( 2(8), (£))] e
b
< / [t (8 g7, (65 (8), 5(8)) + s, (8 B, (E,y(8), 3(1))] dt

b
= blavy) [ {0 (0 (02 (690, 5(0) + v, (0 (s, ) (0. 9(0)]

(D) (12 (1) (92)5 (£ y(£),5(1)) + v, (1) (hs,); (8 y(E), y(t))]}dt
< —pab(z, y)llo,y)|. (4.4)

Summing side by side over o = 1,7 the double implication (4.4), we obtain
b
/ [1(t) gt x(t), 2(t) + v () h(t, x(t), 2 (t))] dt
b
—/ [n(t) gt (1), 9(t) + v()' Rt y(t), y(t)]dt < 0 =
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b
= by [ {0 (0, 500)) + (0,30, 500
(D) [l g2 (1, 9(6),9(0) + v(8) Rt y(0), 5(0)] e
< b, )06 )P D ol (15)
a=1

Summing now side by side the double implications (4.3) and (4.5) and taking
into account c) it follows

b

p
SN [F (@) Ki(y) - Ki@) Fi(y)] + / [n(t) g(t, (), £(1)) + v(t) h(t, (), £(1))]dt
=1

a

b
—/ [1(t) g (t,y(t), 5 (1) + v() h(t,y(t),5(t))]dt < 0

b p
= b(w,y)/a {77,|:Z)\i [Ki(y) fia (t,y(2), 9(1) — Es(y)kia(t,y (1), (1))

i=1

(09208, 900).9(0) + w00 00,
[ZA ) Fia (1, 9(0),5(8)) — Fi ks (1, (), 9(6)]
(0931, 9(0).5(0) + (0 ity (0, )| b
< —b(x,yne(w,y)n?(gm; " Zp) (16)

By the second implication of (4.6) we get b(x,y) > 0. Then, the second impli-
cation of (4.6), shortly, becomes

b p T
[ v+ onyvilar < ol (xS k). )
a i=1 a=1

where we denoted
v = ZA Y) £t y(1),5(t) — Fi(y)ki(t, y(t), 9(2))]
+u( )9t y(t), 9(t) + v(t) h(t, y(t), y(t)).

Using an integration by parts, the previous inequality becomes

b

b p r
d
S [l <o (S + ) @
a i=1 a=1

n'V;
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But n(a,y(a),y(a)) = n(b,y(b),y(b)) = 0 and taking into account the first con-
straint of problem (MFZD), relation (4.8) reduces to

p r
0< —||e<x,y>12(zmg ; Zp’;)-
=1 a=1

Taking into account now the hypothesis d), this inequality becomes 0 < 0, that
is false. Consequently, the above made supposition is false. O

Theorem 4.2 (Direct duality). Let 2° be a normal efficient solution of primal
(MFP) and suppose satisfied the hypotheses of Theorem 4.1 at z°. Then there
are \° € RP and the piecewise smooth functions p’: I — R™ and 1°: I — R"
such that (29, A%, u°,10) is an efficient solution of dual (MFZD) and moreover,
7(20) = §(x%, N0, 10 v0).

Proof. Because z' is a normal efficient solution of problem (MFP), according to

Theorem 2.2 there are a vector A\’ € R” and the piecewise non-smooth functions
pl: T — R™ and v¥: I — RY which satisfy relations (MFV).
Vector relation 10(t) g(t, 2°(t), 2°(¢)) = 0 is equivalent to relations

1y () g;(t,2°(8),3°(t) =0, j=T,m,

), &
from which it results MJ (t )gJa( O),#°(t)) =0, a=0,r.
Also v (t)'hs, (t,2",i%) =0, a =

0,7. Then we have

o () 97, (2% (1), 2% (1) + v5, (1) hs, (t,2°(t),3°()) = 0, a =0,

that is (2%, A%, u°, 1) € A and in addition, 7(2°) = §(z° AO,M Vo). O
Theorem 4.3 (Converse duality). Let (2%, A%, u®,10) be an efficient solution to dual
(MFZD) and suppose satisfied the following conditions:

i) 20 € D.

a) Ki(a) 1o (8) 9.0 (6, (1) 9(1)) + v (8) B (£, 9(8), § (1)) £ 0, Vo € D, Ve € T,
) D- )
b) For each i = 1,p, / (K (2°) fi(t, 2(t), &(t)) — Fi(a®)ki(t, x(t), @ ()] dt s

(p%,b)-quasiinvez at the point x = 20 with respect ton and 6.

b
c) For each a = 1,7, / (19, @) g (t,2(t),2(t) + V3 (t) hs, (t,2(t), 2 (t))] dt is

(o, b)-quasiinvex at the point x = x° with respect to n and 0.
d) At least one of the integrals from a)-c) is strictly (p,b)-quasiinvex at the point
x =2 zth respect ton and 6.

Z)\O +Zp” = 0.

Then 20 is an eﬁ?czent solution to (MFP) and moreover, w(z°) = §(2°, A%, u°, 10).

—_

7=
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Proof. On the contrary, suppose that the point 20 is an efficient solution of problem

(MFP) and then, we will find a contradiction. Then there exists z € D such that
for each i = 1, p:

b
/ filt 2 (t), £ (1))dt

/b it (t), 6 (8) )t

<

b
/ f”L (tv x() (t)a io (t)) + g (t),gJo (ta xO (t)v jjo (t)) + Vs, (t)/hso (tv x() (t)a io (t))] dt
< Ja -

/b ki(t,z0(t),20(¢))dt

Following the proof of Theorem 4.1, with (2%, A\°, 4% 1) instead of (y, A, i, v),

we obtain
0< —|6(x,2° |2<Z>\0 +Zp )
=1

that yields 0 < 0. It means that the above made supposition is false. There-
fore the point z° is an efficient solution of problem (MFP) and we have m(z) =
§(x0, N0, 10, 00). O

e CASE STUDY 2

Theorem 4.4 (Weak duality). Let x € D and (y, \, pu,v) € A be feasible points of
problems (MFP) and (MFZD). Assume satisfied the following conditions:

a) Ki(@) [y (t) g0 (1, y(8), 5 (1)) + vy (¢ )hs, (,y(1), 4(1)] <0, Vo € D, Vt € 1,
yP-

b
b) For eachi = 1,p, the integml/ (Ki(y) fi(t, x(t), &(t)—F; (y)ki (¢, x(t), &(t))] dt
is (pl, b)-quasiinvex at y with respect Lzlfo n and 6.
b
c) For each o = 1,r, the functional / . () g, (&, x(t), 2()dt s (p,b)-

a

—_

7=

quasiinver at y with respect to n and 6.
b

d) For eacha =1,r, | vk, (t)hk, (t,z(t),2(t))dt is monotonic (p}”,b)-quasiinvex
at the point y with respectato n and 6.

e) At least one of the integrals from a)-b) is strictly (p,b)-quasiinver at y with
respect to n and 9.

Z&pﬁrz (ol +pl) 2 0

Then the mequalzty m(x) < 0(y, A\, ,v) is false.

Theorem 4.5 (Direct duality). Let 2° be a normal efficient solution of primal
(MFP) and suppose satisfied the hypotheses of Theorem 4.4 at x°. Then there
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are \° € RP and the piecewise smooth functions p’: I — R™ and 1°: I — R"
such that (z°, A%, u°,10) is an efficient solution of dual (MFZD) and moreover,
7(29) = 6(a%, 0, 40, 19).

Theorem 4.6 (Converse duality). Let (x°, A\, u®, %) be an efficient solution of dual
(MFZD) and suppose satisfied the following conditions:
i) 20 € D.

a) K;(@%) [, (t) gJo(tvy(t)bd)(t)) + s, () hisy (t,y(1), 9(1)] S0, vt €T, i=Tp.

b) For each i = 1,p, [K;(2°) fi(t, 2 (t), 2(2)) — Fi(x) ki (t, 2(t), & (t ))]dt is

(pi,b)-quasiinvex at the poz’nt z =2 wztiz respect to n and 6.

¢) For each o = 1,r, the integral / () gg., (8, x(t), 2(¢))dt is (pll,b)-quasi-

imvex at the point x = xg with respect toan and 6.
b
d) For each o = 1,r, the integral / vic, () hi (t, z(t),2(t))dt is monotonic

a
(P2, b)-quasiinvexr at © = xy with respect to n and 0.
e) One of the integrals from a)-c) is strictly (p,b)-quasiinver at ¥ with respect
ton and 0.

f)z Zpaﬂ)’;’ > 0.
=1

Then 2° is an eﬁiczent solution of (MFP). Moreover, w(z°) = §(x®, X0, u°,10).
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