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ABSTRACT. We give a new sense of stochastic differential equalities. We show
that if there exists a stochastic process B which satisfies a set of conditions form-
ing what we called ‘the H hypothesis’, then B could play the same part as the
Brownian motion in stochastic calculus and a series of results known in this cal-
culus can be rigorously proved. This new theory is not a formal generalization of
the stochastic calculus, it has distinct basis and it develops itself by means of its
own tools.

1. INTRODUCTION

Throughout this work, we consider (€2, X, P) be a probability space, R the set of
real numbers, B: [0,00) x Q@ — R™, B = (By,..., By), a stochastic process which
satisfies a set of conditions forming what we called ‘the H hypothesis’ (see §2 ), ¢
the time. Let X, v and vq,...,v,, be stochastic processes. In this paper we give a
new meaning to the equalities of the following types:

(dt)? =0, dB;(t)dt = 0, dtdB;(t) =0, (dB;(t))?> =dt, i=1,...,m,
dX (t) = u(t)dt + v (t)dBy(t) + - - + vy (t)d By (1)
and to the more general equalities
F(ai(t),...,am(t),dX (t),...,dX,(t)) =0,

where aq,...,a,, X1,...,X, are stochastic processes and F is a real function. Un-
like other authors (e.g. [1]), we do not make use of the stochastic integral.

Using the H hypothesis and the new meaning given to the above equalities, we
prove some results known in It6 and Stratonovich calculus and in the extension of
this calculus to integrals which depend on a parameter 6 in [0, 1]. In this context,
B plays the same part as the Brownian motion in the standard theory.

We emphasize that the theory developed in this paper is not a formal general-
ization of the stochastic calculus, it has distinct basis and it develops itself by means
of its own tools. Nevertheless we obtain the same results as in the standard theory.
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We consider that this fact is very interesting and that the problem ‘why we obtain
the same results?’ is worth studying profoundly.

Naturally, other problem arises from here. Is it possible to develop a theory
which contains both the standard theory of stochastic calculus and the new theory
exposed here as some particular cases?

In the following we will expose the H hypothesis and the theory which follows
from it, leaving the above mentioned problems open for discussion.

2. THE H HYPOTHESIS

If t,s € [0,00), t > 5,0, 0 €[0,1], & > o and z: [0,00) — R¥, then we denote
Ay =t—38,0;s=0(t—s)+s, 0, =0(t—s)+s, A?g = O — 015, Dgsx = x(t) — 2(8)
and Az = 2(0;5) — x(0ys).

Let (2,X, P) be a probability space. We denote oo x Q = [0,00) x Q, 00 x Q =
[0,00) % [0,00) x £ and we introduce the sets

R = {r: oo’ ><Q—>R]11ti\mr(t,s):r(s,s)}, Ro ={r e R|r(s,s) =0}

If BiooxQ — R™ B = (By,...,Bp), where for each i = 1,...,m B; is a
stochastic process with continuous paths, then we define
Mp = {f:00% x Q=R | f(t,s) = ro(t,s)Ass, where rg € Ry,
or f(t,s) = (AYB)? - A, i=1,...,m, where 0 <o <0 <1,
or f(t,s) = ADBAYYB;, i=1,...,m, where 0 < ¢ < p<d<e<1
or f(t,s) = ADBAYY B, i,j € {1,...,m}, i # ],
where 0 < e, ¥ < @, d,e,9,p € [0,1]}.
Remark 2.1. Mp C Rg.

The H hypothesis. There exists a class of stochastic processes Hp such that:
a) Mp C Hp C Rg.

b) If r1, ro € R and hq, ho € Hp, then rihy + rohy € Hp.

c)Ifh(t,s) = AYB;,0< o< <1,ic{l,...,m}, then h ¢ Hp.

d) If h(t,s) = g(t, s)As, where g & R, then h ¢ Hp.

e)If he Hp,e,0€10,1], e > p and H(t,s) = h(ets, prs), then H € Hp.

The Brownian motion satisfies the H hypothesis because in this case we can take

k
Hp = {h: 0*xQ = R | h(t,s) = Zrifi, where r; € Rand f; € Mp, i=1,...,k}.
i=1
Consequence 2.1. 1) If hy, hy € Hp, then hihs € Hp.
Indeed, if h; € Hp, then hy € Ry C R and we can use b).
2) If h(t,s) = (t—s)? or h(t,s) = (AV7B;) (t—s),0< o <O <1,i€{l,...,m},
1 #£ j, then h € Hp.
It is true because we can take ro(t,s) =t — s or ro(t,s) = A B; and f belong
to Hp if f(t,s) = ro(t,s)Ass.
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3) If h(t,s) = ro(t, ) (A% B;)?%, i € {1,...,m}, where 79 € Ry and 0< o <6 < 1,
then h € Hp.

This is true because h(t,s) = ro(t, s)(0 — 0)Ass + 10(t, 5) (A7 B;)? — A7),

4) Tt h(t,s) = (A9B)*,0< o <0 <1,ie{l,...,m},then h ¢ Hp.

To prove this we write h(t,s) = [(Angi)Q - Afg} + A% If h € Hp, then
h' € Hp, where K (t, s) = h(t, s)— [(Aﬁ;’Bi)z - Afg} — A% Tt results that h” € ¥,

1
where b (t,s) = mh’(t, s) =t — s, but this is contradictory to d).
We denote H% = {(f1,..-,fn) | f1,---s fn € Hp}. If f,g: 00% x Q — R™ and

B B
f — g belongs to H%, then we write f = g. We see that h € H% iff h = 0.

3. THE DEFINITION OF STOCHASTIC DIFFERENTIAL
0-EQUALITIES

Let B: oo x 2 — R" be a stochastic process which satisfies the H hypothesis.

Definition 3.1. Let F': RP x R? x --- x R% — R" be a function, § € [0,1] and
let a;: 00 x Q2 = R, i =1,...,p, Xj: 00x Q = R%, j =1,...,k, be stochastic

processes. If hy z 0, where
ho: 00® x Q = R™ hg(t,s) = Fla1(0ss), -, ap(01s), Ds X1, -+ oy Ays Xp),
then we say that
Flay,... ap,dXy,...,dX;) 20.

We call the equality above stochastic differential 0-equality.
If 6 = 0, we say Ité stochastic differential equalityand we write

Flay, ... ap,dX1,...,dX;) Z 0.

1
If 0 = o we say Stratonovich stochastic differential equalityand we write

Flay,... ap,dXy,...,dX;) 20.
Consequence 3.1. 1) Let F: R — R, F(z) = 2%2. Wetake p =0,k =1, ¢ = 1,
n =1, X;(t) = X(t) = t in Definition 3.1. Then hg(t,s) = F(t — s) = (t —s)?
and, as we have noticed, hy g 0. Tt follows that for each § € [0,1] the stochastic
differential equality F'(dX) 20 holds, that is (dX)? 2 0. We will write it

d?Zo.

2) Let F: R™ xR — R™, F(x,y) = xy, © = (¢1,...,%y). In Definition 3.1
we take p =0, k =2, 1 = m, go =1, n =m , Xy(t) = B(t), Xo(t) = t. Then

ho(t,8) = F(Aw X1, ApsXo) = F(AsB, Apy) = AsBAgs and hg 2 0. Tt follows that
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for each 6 € [0,1] the stochastic differential equality F'(dX;,dX>) L) holds, i.e.
dX1dX, £ 0. We write it

dBdt L0 or dtdBZo.

We can also write for each i € {1,...,m}

dB;dt £0 or dtdB; Zo.

) Let p = 0, k =2, ¢ = m, @ = 1, n
F(z,t) = 2 - 27 — I,t, where v = (z1,
matrix, 27 = (

m2, F: R"xR — R™,
., Tm) € R™ is identified with a column
Z1...Ty) and I, is the m-dimensional identity matrix. We identify
cach element of R with a matrix from M, (R).

If we take X; = B, Xs = t, then

h@(ta 3) = F(AtsBa Ats) =AyB - (AtsB)T — I Ay = (sz (t7 5))1§i,j§m7

where by;(t,s) = (AtsBi)2 — Ays and b;;(t,s) = AsBiAys By, i # j, hence hy e 0. So
we have

dB (dB)" £ 1,,at.
It follows that

(@B Ldt, i=1,....m, dBdB;20,i+#j i,je{l,....,m}
and

dB)T dB £ mat.
4) The equality dt 2 0 is false because he(t,s) =t — s does not belong to Hp.
5) The equality dB; 2 0,7=1,...,m, is false. Indeed, the stochastic process
hg(t,s) = AsB; does not belong to Hp.

6) The equality (dBi)2 2 0,7=1,...,m, is false because the stochastic process
ho(t,s) = (AtsBi)z does not belong to Hp.

Example 3.1. Let Y: co x Q - R3, Y

1 1
(53% + 5337 BlBQ, Bl + BQ) . Then

1—26 By By
dy = 0 dt + By, B; dB.
0 1 1

Indeed, if we take p=2, k=3, 1 =1, =3,q3 =2, n =3, a; = By, ag = Bo,
Xi(t)=t, Xo=Y, X3 =B = (By, Bs), F: R xR x R? x R? = R3,



On the stochastic differential equalities 23

Y1 1-—260 1 X9 .
F(xy,20,t, 91,92, Y3, 21, 22) = | ¥2 | — 0 t—| 22 1 ( 1)
Y3 0 1 1

Yy — (1 — 29) t— 121 — X222
Y2 — X221 — X122 )
Ys — 21 — 22
then he(t, S) = F(Bl (Qts), BQ (Gts), Ats, AtsY, AtsB) = (hgl (t, S), hgg(t, 8), h93 (t, S))
belongs to U{% because

1 1
ho1(t,s) = §At5<B%) + §At5<B§) — (1 —20) Ays — B1(015)Ats By — Bo(015)As Ba

1

; ((AtsBl)Q _ Ats) + % ((Atng)Q . Ats> ~AMB AR,

~altmaalts - ((afm)” - o) - ((alm)’ - att).

hoa(t, s) = Aps(B1B2) — Ba(01s) Ars B1 — B1(01s) Ars Bo
= AtsB1AsBy — Ays BIAY By — AP By A By,

hgs(t, s) = A¢s(B1 + Ba) — AysBa — Ays By = 0
belong to Hp.

Proposition 3.1. Let 6,0 € [0,1] and X, u: 0o x Q@ = R", v: 0o x Q@ = M, ,(R)
be stochastic processes, u,v right-continuous, such that

dX £ udt + vdB. (3.1)

a) X is right-continuous.
b) If there exist z: 0o x Q@ — R", w: 0o X & — M, n,(R) right-continuous such
that

dX Z zdt + wdB,
then

(i) v = w; (ii) if 0 = o, then u = z.
c) Let v' be the i line of the matriz v. If there exist ¢ € [0,1] and for each
i € {1,...,n} there exist a;: 0o X Q& — R™ b;: 0o x Q — M,,(R) right-continuous
and such that
d(w)T £ a;dt + bdB, (3.2)
then
dX Z udt + vdB, (3.3)

where @ = (U1... Un)", U; = u; + (0 —o)trby, u = (u1 ... uy)?.
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d) Let a,f € R and Y,z: 00 x 2 = R", y: 0o x Q@ = M, ,(R) be stochastic
processes such that

dy £ zdt + ydB.
Then
d(aX +5Y) L (ou + Bx) dt + (o + PBy) dB.
Proof. a) There exist hg € 3 such that
X(t) = X(8) + u(0ps)Ats + v(0rs) A¢s B + hy(t, s)
and because 1151{‘1; he(t,s) = 0, X is right-continuous.
b) (i) We have

B

AtsX g u(GtS)Ats + U(Gts)AtsB and AtsX Z(O’tS)AtS + w(atS)AtsB.

From here we obtain
B

(’U(ats) - w(ats)) AtsB = — (u(Gts) - Z(O'ts)) Ats, (34)
and then (v(0ss) — w(oss)) Aps B(AysB)T 5_ (u(Bss) — 2(01s)) As (A B)T £ 0. Con-
sequently

(U(Hts) - w(gts)) ImAts = (U(Qts) - w(gts)) AtsB(AtsB)T
- (v(@ts) — UJ(O’ts)) (AtsB(AtsB)T — ImAts) =0

and we obtain that (v(0gs) — w(ogs)) Ags = 0, but it is possible only if

}{g (v(0ts) — w(ogs)) = v(s) —w(s) = 0 for each s € [0, 00).

(ii) If § = o, taking into consideration that v = w, from (3.4) it follows that
(u(0ys) — 2(045)) Ays is decomposable and it is possible only if

%{n (u(Brs) — 2(015)) = u(s) — z(s) = 0 for each s € [0, 00).
c¢) The f-equality dX % udt + vdB is equivalent to
B
AtsX = u(@tS)AtS =+ v(@tS)AtsB
and then

Aps X = w(os)Ags + v(0ps) Ars B + (u(brs) — u(os))Ags + (v(0is) — v(0s)) Aes B

or A X g w(015) Ags + V(015) Ays B + AV70 A B (since (u(6ys) — u(oss))Ass 2 0).

Let us suppose 6 > 0. If X = (X1...X,,)7, then

B ; ; .
A X = ui(0s)Ars + 0" (015) Ars B + AfngAtsB, i=1,...,n.
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The relation d(v')T £ a;dt + b;dB is equivalent to

. B
Ass (v = ai(prs) Ars + bi(prs) Ay B
Replacing here ¢t by ;5 and s by Ots, We obtain
A7 ()T 2 a(€5) (0 — 0) Dt + bi(Es) AL B,
where £ = (0 —0)+0,£€[0,1], £ > 0.
Now, supposing that b; = (b,’fl)lgklgm, we can write

A0Ty A, B = (BB >TA9“< )T 2 (AyB >Taz»<gts>< — 0) At + (ArsB) by(615) AL B

—ZZAmBkb (€s)A) B, 2 Zb (§ts) Ars BeAYY By,
=1 k=1 k=1

= (&) ((AF Br)® — AL + Al BRAY By + A% BLA By)
k=1

37 BEE (60 — 0)Ags 2 trbi(€4s) (0 — 0) Ay = trbi(015)(0 — 0) A
k=1

(b (Ess) — trbi(06)) (0 — 0)Ags 2 trbi(04s) (6 — o) Ass.
It follows that
Ay X = (ui(ogs) + (0 — o)trbi(ors)) Avs + vi(ats)AtsB, t=1,...,n,
or
dX; Z (ui + (0 — o)trb) +v'dB, i=1,...,n
and this is
dX £ udt + vdB.

For 0 < o the proof is similar.
d) From

Ay X g u(ats)AtS + U(Gts)AtsB and Ay Y g x(etS)Ats + y(etS)AtsB
we obtain
B
Ais (aX + BY) = (au + Bx) (0is) Ars + (av + By) (015)A¢s B
O

Consequence 3.2. If X: 0o x Q — R and there exist right-continuous functions
u,v: 00 X  — R such that dX L wdt + vdB and right-continuous functions
a,b: 0o x 0 = R such that dv L adt + bdB, then

1
ax 2 (u _ 55) dt + vdB.
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Definition 3.2. Let 6 € [0,1] and X : co x Q — R” be a stochastic process. If there
exist right-continuous functions u: co x 2 = R", v: co x @ = M), ,n(R) such that
dX £ udt +vdB,

then we say that X is 0-differentiable. We call u the temporal 6-derivative of X
and we denote it by DX and v the B-derivative of X and we denote it by DX
(see Proposition 3.4).

If 0 = 0 we say that X is Ito-differentiable and we denote the temporal derivative

1
by DI X. If 6 = 5 We say that X is Stratonovich-differentiable and we denote the

temporal derivative by Dy X.

When we say that DpX ezists (where X : oo x 2 — R" is a stochastic process),
we mean that there is 6 € [0,1] such that X is #-differentiable.

If X is #-differentiable for each 6 € [0, 1], then we say that X is differentiable.

Now we can write the relation (3.1) as
dX £ DIXdt + DpXdB.
If X = (X1 - Xn)T, then we denote DX = (DBin)ISiSn,ISjSm' We see that

dX; L D{X;dt + Dp, X;dBi + -+ Dp, X; dBy,.

We call Dp, X;,...,Dp,, X; the partial B-derivatives of X;.
Because DpX; = (Dp,X; ... Dp, X;), b; from the relation (3.2) becomes
Dp (DpX;)" = (D}, p Xi)1<jh<m, where D} p X; = Dp (Dp,X;). We denote

m
ApX; = ZD?BJQ_XZ-, D%?Xi = D} p,Xi, and ApX = (ApXy ... ApXy)T. We call
j=1
ApX the B-Laplacian of X. We see that trb; = tr(Dp (DBXZ-)T) = ApX; and then,
from relation (3.3) we have
DIX =DIX + (0 —o0)ApX. (3.5)
1
In particular D X = D]/ X — §ABX.
If X:00xQ—R,then AgX = D (DpX) and we denote it D%, X.
4. TRANSFORMATION OF STOCHASTIC DIFFERENTIAL

0-EQUALITIES

Lemma 4.1. Let 0,0,\, ¢ € [0,1] and let X,Y,Z: 0o x Q@ — R™ be stochastic pro-
cesses such that X is 0-differentiable, Y is o-differentiable and Z is A-differentiable.
Then:

a) dX (dY)" £ (DpX) (DpY)" dt; (4.1)
b) dX (dY)'dzZ £ 0. (4.2)
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Proof. a) Because X is #-differentiable and Y is o-differentiable, there exist right-
continuous functions u, z: co x @ — M, 1(R), v,w: co x Q& = M, », (R) such that

dX i udt + vdB and dY Z zdt + wdB. This means that
A X Z w(05) Avs + 0(01) ArsB and Ay Z 2(014) Ags + w(015) s B.
So we have
A X (A Y)T Z0(01) A B (A BYT (10(06))” 2 0(Bss) (Ines) (w (o))
= v(0ss) (w(01)) " Aus = v(prs) (w(rs))" Dt
+ [v(%s) (w(ots) — weprs) " + (V(0es) — v(1s)) (w(04s)) " | Agg

v(pts) (w(@ts))T Ags.

But v = DX, w = DY and we get (4.1).
b) Using the proof of a) we can write

B

B
A X (DY) A0 = (v(s) (w(ts)” AisZ ) Ars
and this is (4.2). O

Proposition 4.1. Let F: RPYF — R be a function and let a;: co x @ — R,
i=1,...,p, Xj: 00xQ =R, j=1,...,k, be stochastic processes.

a) If X,)Y,Z: 00 x Q — R are O-differentiable stochastic processes and
a,b: 0o x Q2 — R such that

F(al,...,ap,Xm,...,ka)+adX+dedZi0, (4.3)
then
Flay,... ap,dX1,...,dX}) + (aD!X +bDpY(DpZ)Tdt + aDpXdB 2 0. (4.4)
b) Let a, X, Y : 0o x Q — R be stochastic processes such that

Flay,... ap,dXy, ..., dX;) + adXdY Z 0. (4.5)
If
(i) there are ¢ € [0,1] and u;, X}: coxQ —R,i=1,...,q, Xj?,XJ‘?: cox Q) — R,
j=1,...,r v 00 x Q=R kle{l,...,r} such that
q r
dX £ wdX} + ) vdX7dX? (4.6)
i=1 ij=1

(ii) there are o, o', 0" € [0,1] such that Y is o-differentiable, X7 is o’-differen-
tiable and X;’ is o -differentiable for each j =1,...,r;
then

q
Flai,...,ap,dXy,....dX;) +a ) wdXldy £0. (4.7)
j=1
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Proof. a) (4.3) is equivalent to

B
F(al (Gts), ce ,ap(Gts), Atle, e ,Atst) + a(@tS)AtsX + b(@tS)AtSYAtsZ = 0

Taking into consideration that X,Y, Z are #-differentiable and using Lemma 4.1, a),
we get

F(CL]_ (9t8)7 L 7ap(9ts)7 AtSX].7 L 7Atst)
—l—[a(@tS)Dth(@ts) +b(0is) (DBY) (0:s) (DBZ)T (etS)]Ats
B

+a(9ts) (DBX) (QtS)AtsB =0

and this is equivalent to (4.4).

b) (4.5) is equivalent to
B
F(al(ets), S ,ap(ﬁts), Atle, .. ,Atst) + a(ets)AtsXAtsY =0
and (4.6) is equivalent to

q T
B
A X = E Ui(@ts)Atinl-i- E Uij(sots)AtinzAtsX?-
i=1 i,j=1

It follows that
F(CLl (91&5), e ,ap(Gts), Atle, e 7Atst)

q T
. B
a(0rs) Y ui(prs) A X AY + a(01s) D 0ij(01s) A XP A XFALY = 0,
i=1 i,j=1
Because AtsX,?AtszaAtsY g 0, we have

q

B
F(al (Hts)a cee aap(gts)v Atlev ce aAtst) + CL(Qts) Z Ui(@ts)AtinlAtsY =0.
i=1
Then
F(al(ﬁts), e ,ap(ﬁts), Atle, e 7Atst)
q q
B
+a(9ts) Z (Hts)AtsX Atsz + a ets Z Us Sots - 91&5)) AtinlAtsY =0.
i=1 =1

But Ay X} AY Z (DBXZ-l) (pts) (DBY)T (pts)Ars (Lemma 3.1 a)) and we obtain
q

a(015) S (us(pes) — wi6ss)) A XL ArsY 2 0. Finally,
i=1

q
B
F(a1(0s), - - ap(B1s), As X1, o AsXp) + a(01s) D ti(04) Ags X[ ApsY =0
i=1
and this is equivalent to (4.7). O
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Proposition 4.2. Let 0,0, € [0,1] and a;, X;,0;,Y;, Zj: coxQ =R, i=1,...,p,
Jj=1,...,q, be p-differentiable stochastic processes and b;: coxQd =R, j=1,...,q,
be right-continuous stochastic process. Then

P q p
N adX; + > bidY;dz; — 0> daidX; £ 0 (4.8)
i=1 j=1 i=1
if and only if
p q p
> awdX;+ Y bidY;dZ; — oY daidX; Z0. (4.9)
i=1 j=1 i=1
Proof. (4.8) is equivalent to
P q P B
Z a;(0rs) Ays X + Z bj(0rs) A Y ANys Zj — 0 Z Agsa; Ags X; =0
i=1 j=1 i=1

and (4.9) is equivalent to

P q P
B
Z ai(UtS)Atin + Z bj(ats)AtstAtst -0 Z Apsa; Ay X; = 0.
i=1 j=1 i=1
It is sufficient to prove that
P q B
> (A~ (0-0) Aar) A Xi + D AALY; AL Z; =0,
i=1 Jj=1

B

From Lemma 4.1 a) we get AyY;AsZ; = (DY) (¢rs) (DBZ]-)T (p1s)A¢s and

q
B
then Z A?gbjAtstAtst = 0. It remains to prove that
j=1
P

> (Afai - (0 - 0) Avai) ArX;

i=1

1'%

We will prove that (Af;’a —(0—o0) Atsa) Ay X z 0, where a,X: 00 x Q2 - R
are p-differentiable.
We have Asa 2 (D7 a) (¢1s)Ats + Z (Dp,a) (¢rs)Ats Bi. Replacing here t by

k=1
0:s and s by o5, we obtain

Ala 2 (Dfa) (6s)(0 — o)A + S (Dp,a) (Es) AL By,
k=1
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where § = (6 — o) + 0. Now we have
A%%a — (0 — o) Asa 2 ((Dfa) (&s) — (DFa) (¢15)) (0 — o) Avg

+ ( Dp,a) (&) AY By, — (6 — 0) (Dp,a) (@ts)AtsBk) :
ps

On the other hand A;s X 2 (DfX) (p1s)Ags + Z (DB, X) (pts)Ars B

k=1
Now we can write

(Af7a— (8- ) Awsa) AwX Z ((DFa) (&) — (Dfa) (1)) (6 = 7) A X Ay,

+é ((D5,0) () AT By~ (6~ 0) (D) (1) Mrs By ) A X

L3 (P00 @I B~ 0= 0) (D) ()30 5) (D X) ()

+ ki é( D, 0) (€05) AL By~ (0-0)(D5,0) (915) Bs B ) (D5, X) (915) s B
2 S ((D50) ) AT Bides B (00X D) () (BesB)”) (D X))

B
Il
—_

I
NE

(D5, X) (1) (Do) (€) (A1) = 0 ) (D) ()

>
Il
—

(DB, X) (¢ts) (Dpya) (&s) — (Dp,a) (p1s) (0 — o) Ags Zo.

I
NE

B
Il
—_

O
5. ITO FORMULA AND 6-FORMULA

Theorem 5.1 (Ito formula). Let g: R® — R, g € C*(R") and let X: cox Q) — R™,
X = (X1,...,Xy), be Ito-differentiable stochastic process.
Then the following stochastic diﬁerential equalities hold:

a) dg(X) £ Vg(X)dX + = (dX) H(g)(X)dX, (5.1)

where Vg(X) = <(%91(X) . ;‘Jn (X)> , H(g)(X) = (8225]xj (X))Km'q.

n 2
b) dg(X) £ (Vgoc)DfX + %2 T (D) <DBXj>T) dt

+Vg(X)DpXdB. (5.2)
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Proof. a) We have to show that

Besg(X) ~ Tg(X(5)AX — 3 (A0 X)" H(g)(X(s))(20X) 20

Using Taylor formula the above relation is equivalent to

i=1

WS(X(t)) [i (Atin)2] g Oa (53)

where wy is continuous and h)l}l( )ws(x) = 0. X is Ito-differentiable, hence X is
T—r S

right-continuous and then lim ws(X (¢)) = 0.
tN\(s

Because X is Ito-differentiable we can write (Atin)z 2 DpX;(s) (DBXZ-)T (s)A¢s
(Lemma 4.1) and (5.3) becomes equivalent to

Zws ) DpXi(s) - (DpX:)T (5)Aps 2 0

which is true because %{‘n ws(X () DpX;(s) - (DpX;)T (s) = 0.
S
b) At a) we have proved that

Zaxz ydX; — = Z axlaxj X)dX;dX;

7‘7_

Applying Proposition 4.2 we get

1 - 829 T
X)DIx;+ = X)DpX; - (DpX; dt
Zaxz X435 3 G, XOPs % (D5X5)

- 89} (X)(DpX;)dB £ 0

which is (5.2). O

Theorem 5.2 (f-formula)). Let § € [0,1], g: R® — R, g € C3(R") and let
X:oox Q—=R" X = (Xyq,...,Xy), be differentiable stochastic process. Then the
following stochastic differential equalities hold:

a) dg(X) L Vg(X)dX + (% _ 9) (dX)7 - H(g)(X) - dX: (5.4)
0 oy (L_g) 5 P N \
b) dg(X) = | Vg(X)D!X + (2 9> Z P, (X)DpX;- (DpX;)" | dt

7‘7
+Vg(X)DpXdB.
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Proof. a) Because X is differentiable, it is Ito-differentiable and (5.1) is true. Now
we can apply Proposition 4.2 and we get

dg(X) L vg(X X)dX + 5 L ax)T . m(g)(x) - dX—QZd(ag>(X)dXi.

Z

Using a) from Theorem 4.1, we obtain

<8xz> Zaxlax] X)dXj + 5 Zm( )dX;dX;.

From Proposition 4.1 we get

dg(X) £ Vg(X)dX + = (dX) H(g)(X)-dX — OZZ ax ag; X)dX;dX;
=1 j=1 Ll
which is (5.4).
b) The proof is similar to the proof of Theorem 5.1 b). g

Application 5.1. Let X: 0o x Q — R™ be a differentiable stochastic process,
a: [0,00) x R" = R continuous, b: [0,00) X R™ — M, m(R), b = (bij)1<i<n,1<j<m,

g <8b1k - 8bnk>T

bij € C*(R™). Let b¢ be the k column of b and

831]' 831]' . 831]'
If dX £ a(t, X)dt + b(t, X)dB, then
- b
dXZ lat,X)+ (0 -0 ZZ (L, X)bjr(t, X) | dt + b(t, X)dB.
k=1 j= 1

m n
b5,
Proof. 1t6 formula allows us to find ApX = E g —E (¢, X)bjr(t, X) an then
2
k=1j=1 "7
applying (3.5) we get the o-equality. O
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