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ON THE STOCHASTIC DIFFERENTIAL EQUALITIES
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Abstract. We give a new sense of stochastic differential equalities. We show
that if there exists a stochastic process B which satisfies a set of conditions form-
ing what we called ‘the H hypothesis’, then B could play the same part as the
Brownian motion in stochastic calculus and a series of results known in this cal-
culus can be rigorously proved. This new theory is not a formal generalization of
the stochastic calculus, it has distinct basis and it develops itself by means of its
own tools.

1. INTRODUCTION

Throughout this work, we consider (Ω,K, P ) be a probability space, R the set of
real numbers, B : [0,∞)× Ω → R

m, B = (B1, . . . , Bm), a stochastic process which
satisfies a set of conditions forming what we called ‘the H hypothesis’ (see §2 ), t
the time. Let X, u and v1, . . . , vm be stochastic processes. In this paper we give a
new meaning to the equalities of the following types:

(dt)2 = 0, dBi(t)dt = 0, dtdBi(t) = 0, (dBi(t))
2 = dt, i = 1, . . . ,m,

dX(t) = u(t)dt+ v1(t)dB1(t) + · · ·+ vm(t)dBm(t)

and to the more general equalities

F (a1(t), . . . , am(t), dX1(t), . . . , dXn(t)) = 0,

where a1, . . . , am, X1, . . . ,Xn are stochastic processes and F is a real function. Un-
like other authors (e.g. [1]), we do not make use of the stochastic integral.

Using the H hypothesis and the new meaning given to the above equalities, we
prove some results known in Itô and Stratonovich calculus and in the extension of
this calculus to integrals which depend on a parameter θ in [0, 1]. In this context,
B plays the same part as the Brownian motion in the standard theory.

We emphasize that the theory developed in this paper is not a formal general-
ization of the stochastic calculus, it has distinct basis and it develops itself by means
of its own tools. Nevertheless we obtain the same results as in the standard theory.
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We consider that this fact is very interesting and that the problem ‘why we obtain
the same results?’ is worth studying profoundly.

Naturally, other problem arises from here. Is it possible to develop a theory
which contains both the standard theory of stochastic calculus and the new theory
exposed here as some particular cases?

In the following we will expose the H hypothesis and the theory which follows
from it, leaving the above mentioned problems open for discussion.

2. THE H HYPOTHESIS

If t, s ∈ [0,∞), t ≥ s, θ, σ ∈ [0, 1], θ ≥ σ and x : [0,∞) → R
k, then we denote

Δts = t− s, θts = θ(t− s)+ s, σts = σ(t− s)+ s, Δθσ
ts = θts−σts, Δtsx = x(t)−x(s)

and Δθσ
ts x = x(θts)− x(σts).

Let (Ω,K, P ) be a probability space. We denote ∞×Ω = [0,∞)×Ω, ∞2×Ω =
[0,∞)× [0,∞) × Ω and we introduce the sets

R = {r : ∞2 ×Ω → R | lim
t↘s

r(t, s) = r(s, s)}, R0 = {r ∈ R | r(s, s) = 0}.

If B : ∞ × Ω → R
m, B = (B1, . . . , Bm), where for each i = 1, . . . ,m Bi is a

stochastic process with continuous paths, then we define

MB = {f : ∞2 × Ω → R | f(t, s) = r0(t, s)Δts, where r0 ∈ R0,

or f(t, s) = (Δθσ
ts Bi)

2 −Δθσ
ts , i = 1, . . . ,m, where 0 ≤ σ < θ ≤ 1,

or f(t, s) = Δεδ
tsBiΔ

ϕψ
ts Bi, i = 1, . . . ,m, where 0 ≤ ψ < ϕ ≤ δ < ε ≤ 1

or f(t, s) = Δεδ
tsBiΔ

ϕψ
ts Bj, i, j ∈ {1, . . . ,m}, i �= j,

where δ < ε, ψ < ϕ, δ, ε, ψ, ϕ ∈ [0, 1]}.
Remark 2.1. MB ⊂ R0.

The H hypothesis. There exists a class of stochastic processes HB such that:
a) MB ⊂ HB ⊂ R0.
b) If r1, r2 ∈ R and h1, h2 ∈ HB , then r1h1 + r2h2 ∈ HB .
c) If h(t, s) = Δθσ

ts Bi, 0 ≤ σ < θ ≤ 1, i ∈ {1, . . . ,m} , then h /∈ HB .
d) If h(t, s) = g(t, s)Δts, where g /∈ R0, then h /∈ HB .
e) If h ∈ HB , ε, ϕ ∈ [0, 1], ε > ϕ and H(t, s) = h(εts, ϕts), then H ∈ HB .
The Brownian motion satisfies the H hypothesis because in this case we can take

HB = {h : ∞2×Ω → R | h(t, s) =
k∑
i=1

rifi, where ri ∈ R and fi ∈ MB , i = 1, . . . , k}.

Consequence 2.1. 1) If h1, h2 ∈ HB , then h1h2 ∈ HB .
Indeed, if h1 ∈ HB , then h1 ∈ R0 ⊂ R and we can use b).
2) If h(t, s) = (t−s)2 or h(t, s) = (

Δθσ
ts Bi

)
(t−s), 0 ≤ σ < θ ≤ 1, i ∈ {1, . . . ,m},

i �= j, then h ∈ HB .
It is true because we can take r0(t, s) = t− s or r0(t, s) = Δθσ

ts Bi and f belong
to HB if f(t, s) = r0(t, s)Δts.
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3) If h(t, s) = r0(t, s)(Δ
θσ
ts Bi)

2, i ∈ {1, . . . ,m}, where r0 ∈ R0 and 0≤σ<θ ≤ 1,
then h ∈ HB .

This is true because h(t, s) = r0(t, s)(θ − σ)Δts + r0(t, s)((Δ
θσ
ts Bi)

2 −Δθσ
ts ).

4) If h(t, s) =
(
Δθσ
ts Bi

)2
, 0 ≤ σ < θ ≤ 1, i ∈ {1, . . . ,m} , then h /∈ HB .

To prove this we write h(t, s) =
[(
Δθσ
ts Bi

)2 −Δθσ
ts

]
+ Δθσ

ts . If h ∈ HB , then

h′ ∈ HB , where h
′(t, s) = h(t, s)−

[(
Δθσ
ts Bi

)2 −Δθσ
ts

]
= Δθσ

ts . It results that h
′′ ∈ HB ,

where h′′(t, s) =
1

θ − σ
h′(t, s) = t− s, but this is contradictory to d).

We denote Hn
B = {(f1, . . . , fn) | f1, . . . , fn ∈ HB}. If f, g : ∞2 × Ω → R

n and

f − g belongs to Hn
B , then we write f

B≡ g. We see that h ∈ Hn
B iff h

B≡ 0.

3. THE DEFINITION OF STOCHASTIC DIFFERENTIAL
θ-EQUALITIES

Let B : ∞× Ω → R
n be a stochastic process which satisfies the H hypothesis.

Definition 3.1. Let F : Rp × R
q1 × · · · × R

qk → R
n be a function, θ ∈ [0, 1] and

let ai : ∞ × Ω → R, i = 1, . . . , p, Xj : ∞ × Ω → R
qj , j = 1, . . . , k, be stochastic

processes. If hθ
B≡ 0, where

hθ : ∞2 × Ω → R
n, hθ(t, s) = F (a1(θts), . . . , ap(θts),ΔtsX1, . . . ,ΔtsXk),

then we say that

F (a1, . . . , ap, dX1, . . . , dXk)
θ
= 0.

We call the equality above stochastic differential θ-equality.
If θ = 0, we say Itô stochastic differential equalityand we write

F (a1, . . . , ap, dX1, . . . , dXk)
I
= 0.

If θ =
1

2
, we say Stratonovich stochastic differential equalityand we write

F (a1, . . . , ap, dX1, . . . , dXk)
S
= 0.

Consequence 3.1. 1) Let F : R → R, F (x) = x2. We take p = 0, k = 1, q1 = 1,

n = 1, X1(t) = X(t) = t in Definition 3.1. Then hθ(t, s) = F (t − s) = (t− s)2

and, as we have noticed, hθ
B≡ 0. It follows that for each θ ∈ [0, 1] the stochastic

differential equality F (dX)
θ
= 0 holds, that is (dX)2

θ
= 0. We will write it

(dt)2
θ
= 0.

2) Let F : Rm × R → R
m, F (x, y) = xy, x = (x1, . . . , xm). In Definition 3.1

we take p = 0, k = 2, q1 = m, q2 = 1, n = m , X1(t) = B(t), X2(t) = t. Then

hθ(t, s) = F (ΔtsX1,ΔtsX2) = F (ΔtsB,Δts) = ΔtsBΔts and hθ
B≡ 0. It follows that
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for each θ ∈ [0, 1] the stochastic differential equality F (dX1, dX2)
θ
= 0 holds, i.e.

dX1dX2
θ
= 0. We write it

dBdt
θ
= 0 or dtdB

θ
= 0.

We can also write for each i ∈ {1, . . . ,m}

dBidt
θ
= 0 or dtdBi

θ
= 0.

3) Let p = 0, k = 2, q1 = m, q2 = 1, n = m2, F : Rm×R → R
m2
,

F (x, t) = x · xT − Imt, where x = (x1, . . . , xm) ∈ R
m is identified with a column

matrix, xT = (x1 . . . xm) and Im is the m-dimensional identity matrix. We identify

each element of Rm
2
with a matrix from Mn(R).

If we take X1 = B, X2 = t, then

hθ(t, s) = F (ΔtsB,Δts) = ΔtsB · (ΔtsB)T − ImΔts = (bij(t, s))1≤i,j≤m,

where bii(t, s) = (ΔtsBi)
2 −Δts and bij(t, s) = ΔtsBiΔtsBj, i �= j, hence hθ

B≡ 0. So
we have

dB (dB)T
θ
= Imdt.

It follows that

(dBi)
2 θ
= dt, i = 1, . . . ,m, dBidBj

θ
= 0, i �= j, i, j ∈ {1, . . . ,m}

and

(dB)T dB
θ
= mdt.

4) The equality dt
θ
= 0 is false because hθ(t, s) = t− s does not belong to HB .

5) The equality dBi
θ
= 0, i = 1, . . . ,m, is false. Indeed, the stochastic process

hθ(t, s) = ΔtsBi does not belong to HB .

6) The equality (dBi)
2 θ
= 0, i = 1, . . . ,m, is false because the stochastic process

hθ(t, s) = (ΔtsBi)
2 does not belong to HB .

Example 3.1. Let Y : ∞× Ω → R
3, Y =

(
1

2
B2

1 +
1

2
B2

2 , B1B2, B1 +B2

)
. Then

dY =

⎛⎝1− 2θ
0
0

⎞⎠ dt+

⎛⎝ B1 B2

B2 B1

1 1

⎞⎠ dB.

Indeed, if we take p = 2, k = 3, q1 = 1, q2 = 3, q3 = 2, n = 3, a1 = B1, a2 = B2,
X1(t) = t, X2 = Y, X3 = B = (B1, B2), F : R2 × R× R

3 × R
2 → R

3,
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F (x1, x2, t, y1, y2, y3, z1, z2) =

⎛⎝y1
y2
y3

⎞⎠−
⎛⎝1− 2θ

0
0

⎞⎠ t−
⎛⎝ x1 x2

x2 x1
1 1

⎞⎠(
z1
z2

)

=

⎛⎝ y1 − (1− 2θ) t− x1z1 − x2z2
y2 − x2z1 − x1z2
y3 − z1 − z2

⎞⎠ ,

then hθ(t, s) = F (B1(θts), B2(θts),Δts,ΔtsY,ΔtsB) = (hθ1(t, s), hθ2(t, s), hθ3(t, s))
belongs to H3

B because

hθ1(t, s) =
1

2
Δts(B

2
1) +

1

2
Δts(B

2
2)− (1− 2θ)Δts −B1(θts)ΔtsB1 −B2(θts)ΔtsB2

=
1

2

(
(ΔtsB1)

2 −Δts

)
+

1

2

(
(ΔtsB2)

2 −Δts

)
−Δ1θ

tsB1Δ
θ0
tsB1

−Δ1θ
tsB2Δ

θ0
tsB2 −

((
Δθ0
tsB1

)2
−Δθ0

ts

)
−

((
Δθ0
tsB2

)2
−Δθ0

ts

)
,

hθ2(t, s) = Δts(B1B2)−B2(θts)ΔtsB1 −B1(θts)ΔtsB2

= ΔtsB1ΔtsB2 −ΔtsB1Δ
θ0
tsB2 −Δθ0

tsB1ΔtsB2,

hθ3(t, s) = Δts(B1 +B2)−ΔtsB2 −ΔtsB1 = 0

belong to HB .

Proposition 3.1. Let θ, σ ∈ [0, 1] and X,u : ∞× Ω → R
n, v : ∞× Ω → Mn,m(R)

be stochastic processes, u, v right-continuous, such that

dX
θ
= udt+ vdB. (3.1)

a) X is right-continuous.
b) If there exist z : ∞× Ω → R

n, w : ∞× Ω → Mn,m(R) right-continuous such
that

dX
σ
= zdt+ wdB,

then

(i) v = w; (ii) if θ = σ, then u = z.

c) Let vi be the i line of the matrix v. If there exist ϕ ∈ [0, 1] and for each
i ∈ {1, . . . , n} there exist ai : ∞× Ω → R

m, bi : ∞× Ω → Mm(R) right-continuous
and such that

d(vi)T
ϕ
= aidt+ bidB, (3.2)

then

dX
σ
= ũ dt+ vdB, (3.3)

where ũ = ( ũ 1 . . . ũ n)
T , ũ i = ui + (θ − σ)trbi, u = (u1 . . . un)

T .
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d) Let α, β ∈ R and Y, x : ∞ × Ω → R
n, y : ∞ × Ω → Mn,m(R) be stochastic

processes such that

dY
θ
= xdt+ ydB.

Then

d (αX + βY )
θ
= (αu+ βx) dt+ (αv + βy) dB.

Proof. a) There exist hθ ∈ Hn
B such that

X(t) = X(s) + u(θts)Δts + v(θts)ΔtsB + hθ(t, s)

and because lim
t↘s

hθ(t, s) = 0, X is right-continuous.

b) (i) We have

ΔtsX
B≡ u(θts)Δts + v(θts)ΔtsB and ΔtsX

B≡ z(σts)Δts + w(σts)ΔtsB.

From here we obtain

(v(θts)− w(σts))ΔtsB
B≡ − (u(θts)− z(σts))Δts, (3.4)

and then (v(θts)− w(σts))ΔtsB(ΔtsB)T
B≡ − (u(θts)− z(σts))Δts(ΔtsB)T

B≡ 0. Con-
sequently

(v(θts)− w(σts)) ImΔts = (v(θts)− w(σts))ΔtsB(ΔtsB)T

− (v(θts)− w(σts))
(
ΔtsB(ΔtsB)T − ImΔts

) ≡ 0

and we obtain that (v(θts)− w(σts))Δts
B≡ 0, but it is possible only if

lim
t↘s

(v(θts)− w(σts)) = v(s)−w(s) = 0 for each s ∈ [0,∞).

(ii) If θ = σ, taking into consideration that v = w, from (3.4) it follows that
(u(θts)− z(θts))Δts is decomposable and it is possible only if

lim
t↘s

(u(θts)− z(θts)) = u(s)− z(s) = 0 for each s ∈ [0,∞).

c) The θ-equality dX
θ
= udt+ vdB is equivalent to

ΔtsX
B≡ u(θts)Δts + v(θts)ΔtsB

and then

ΔtsX
B≡ u(σts)Δts + v(σts)ΔtsB + (u(θts)− u(σts))Δts + (v(θts)− v(σts))ΔtsB

or ΔtsX
B≡ u(σts)Δts + v(σts)ΔtsB +Δθσ

ts vΔtsB (since (u(θts)− u(σts))Δts
B≡ 0).

Let us suppose θ > σ. If X = (X1 . . . Xn)
T , then

ΔtsXi
B≡ ui(σts)Δts + vi(σts)ΔtsB +Δθσ

ts v
iΔtsB, i = 1, . . . , n.
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The relation d(vi)T
ϕ
= aidt+ bidB is equivalent to

Δts(v
i)T

B≡ ai(ϕts)Δts + bi(ϕts)ΔtsB.

Replacing here t by θts and s by σts, we obtain

Δθσ
ts (v

i)T
B≡ ai(ξts)(θ − σ)Δts + bi(ξts)Δ

θσ
ts B,

where ξ = ϕ(θ − σ) + σ, ξ ∈ [0, 1], ξ > σ.
Now, supposing that bi = (bkli )1≤k,l≤m, we can write

Δθσ
ts v

iΔtsB = (ΔtsB)TΔθσ
ts (v

i)T
B≡ (ΔtsB)Tai(ξts)(θ − σ)Δts + (ΔtsB)T bi(ξts)Δ

θσ
ts B

B≡
m∑
l=1

m∑
k=1

ΔtsBkb
kl
i (ξts)Δ

θσ
ts Bl

B≡
m∑
k=1

bkki (ξts)ΔtsBkΔ
θσ
ts Bk

=

m∑
k=1

bkki (ξts)(((Δ
θσ
ts Bk)

2 −Δθσ
ts ) + Δ1θ

tsBkΔ
θσ
ts Bk +Δσ0

ts BkΔ
θσ
ts Bk)

+

m∑
k=1

bkki (ξts)(θ − σ)Δts
B≡ trbi(ξts)(θ − σ)Δts = trbi(σts)(θ − σ)Δts

+(trbi(ξts)− trbi(σts))(θ − σ)Δts
B≡ trbi(σts)(θ − σ)Δts.

It follows that

ΔtsXi ≡ (ui(σts) + (θ − σ)trbi(σts))Δts + vi(σts)ΔtsB, i = 1, . . . , n,

or

dXi
σ
= (ui + (θ − σ)trbi) + vidB, i = 1, . . . , n

and this is

dX
σ
= ũ dt+ vdB.

For θ < σ the proof is similar.
d) From

ΔtsX
B≡ u(θts)Δts + v(θts)ΔtsB and ΔtsY

B≡ x(θts)Δts + y(θts)ΔtsB

we obtain

Δts (αX + βY )
B≡ (αu+ βx) (θts)Δts + (αv + βy) (θts)ΔtsB.

�

Consequence 3.2. If X : ∞ × Ω → R and there exist right-continuous functions

u, v : ∞ × Ω → R such that dX
I
= udt + vdB and right-continuous functions

a, b : ∞× Ω → R such that dv
I
= adt+ bdB, then

dX
S
=

(
u− 1

2
b

)
dt+ vdB.
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Definition 3.2. Let θ ∈ [0, 1] and X : ∞×Ω → R
n be a stochastic process. If there

exist right-continuous functions u : ∞× Ω → R
n, v : ∞× Ω →Mn,m(R) such that

dX
θ
= udt+ vdB,

then we say that X is θ-differentiable. We call u the temporal θ-derivative of X
and we denote it by Dθ

tX and v the B-derivative of X and we denote it by DBX
(see Proposition 3.4).

If θ = 0 we say thatX is Itô-differentiable and we denote the temporal derivative

by DI
tX. If θ =

1

2
we say that X is Stratonovich-differentiable and we denote the

temporal derivative by DS
t X.

When we say that DBX exists (where X : ∞×Ω → R
n is a stochastic process),

we mean that there is θ ∈ [0, 1] such that X is θ-differentiable.
If X is θ-differentiable for each θ ∈ [0, 1], then we say that X is differentiable.

Now we can write the relation (3.1) as

dX
θ
= Dθ

tXdt +DBXdB.

If X = (X1 . . . Xn)
T , then we denote DBX = (DBjXi)1≤i≤n,1≤j≤m. We see that

dXi
θ
= Dθ

tXidt+DB1XidB1 + · · ·+ DBmXi dBm.

We call DB1Xi, . . . ,DBmXi the partial B-derivatives of Xi.
Because DBXi = (DB1Xi . . . DBmXi), bi from the relation (3.2) becomes

DB (DBXi)
T = (D2

BjBk
Xi)1≤j,k≤m, where D2

BjBk
Xi = DBj (DBk

Xi). We denote


BXi =
m∑
j=1

D2
B2

j
Xi, D

2
B2

j
Xi = D2

BjBj
Xi, and 
BX = (
BX1 . . . 
BXn)

T .We call


BX the B-Laplacian of X.We see that tr bi = tr(DB (DBXi)
T ) = 
BXi and then,

from relation (3.3) we have

Dσ
t X = Dθ

tX + (θ − σ)
BX. (3.5)

In particular DS
t X = DI

tX − 1

2

BX.

If X : ∞× Ω → R, then 
BX = DB (DBX) and we denote it D2
B2X.

4. TRANSFORMATION OF STOCHASTIC DIFFERENTIAL
θ-EQUALITIES

Lemma 4.1. Let θ, σ, λ, ϕ ∈ [0, 1] and let X,Y,Z : ∞× Ω → R
n be stochastic pro-

cesses such that X is θ-differentiable, Y is σ-differentiable and Z is λ-differentiable.
Then:

a) dX (dY )T
ϕ
= (DBX) (DBY )T dt; (4.1)

b) dX (dY )T dZ
ϕ
= 0. (4.2)
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Proof. a) Because X is θ-differentiable and Y is σ-differentiable, there exist right-
continuous functions u, z : ∞ × Ω → Mn,1(R), v, w : ∞× Ω → Mn,m (R) such that

dX
θ
= udt+ vdB and dY

σ
= zdt+ wdB. This means that

ΔtsX
B≡ u(θts)Δts + v(θts)ΔtsB and ΔtsY

B≡ z(σts)Δts + w(σts)ΔtsB.

So we have

ΔtsX(ΔtsY )T
B≡ v(θts)ΔtsB (ΔtsB)T (w(σts))

T B≡ v(θts) (ImΔts) (w(σts))
T

= v(θts) (w(σts))
T Δts = v(ϕts) (w(ϕts))

T Δts

+
[
v(ϕts) (w(σts)− w(ϕts))

T + (v(θts)− v(ϕts)) (w(σts))
T
]
Δts

B≡ v(ϕts) (w(ϕts))
T Δts.

But v = DBX, w = DBY and we get (4.1).
b) Using the proof of a) we can write

ΔtsX(ΔtsY )TΔtsZ
B≡

(
v(ϕts) (w(ϕts))

T ΔtsZ
)
Δts

B≡ 0

and this is (4.2). �
Proposition 4.1. Let F : Rp+k → R be a function and let ai : ∞ × Ω → R,
i = 1, . . . , p, Xj : ∞× Ω → R, j = 1, . . . , k, be stochastic processes.

a) If X,Y,Z : ∞ × Ω → R are θ-differentiable stochastic processes and
a, b : ∞× Ω → R such that

F (a1, . . . , ap, dX1, . . . , dXk) + adX + bdY dZ
θ
= 0, (4.3)

then

F (a1, . . . , ap, dX1, . . . , dXk) + (aDθ
tX + bDBY (DBZ)

Tdt+ aDBXdB
θ
= 0. (4.4)

b) Let a,X, Y : ∞× Ω → R be stochastic processes such that

F (a1, . . . , ap, dX1, . . . , dXk) + adXdY
θ
= 0. (4.5)

If
(i) there are ϕ ∈ [0, 1] and ui, X

1
i : ∞×Ω → R, i = 1, . . . , q, X2

j ,X
3
j : ∞×Ω → R,

j = 1, . . . , r, vkl : ∞× Ω → R, k, l ∈ {1, . . . , r} such that

dX
ϕ
=

q∑
i=1

uidX
1
i +

r∑
i,j=1

vijdX
2
i dX

3
j ; (4.6)

(ii) there are σ, σ′, σ′′ ∈ [0, 1] such that Y is σ-differentiable, X2
j is σ′-differen-

tiable and X3
j is σ′′-differentiable for each j = 1, . . . , r;

then

F (a1, . . . , ap, dX1, . . . , dXk) + a

q∑
j=1

uidX
1
j dY

θ
= 0. (4.7)
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Proof. a) (4.3) is equivalent to

F (a1(θts), . . . , ap(θts),ΔtsX1, . . . ,ΔtsXk) + a(θts)ΔtsX + b(θts)ΔtsYΔtsZ
B≡ 0.

Taking into consideration that X,Y,Z are θ-differentiable and using Lemma 4.1, a),
we get

F (a1(θts), . . . , ap(θts),ΔtsX1, . . . ,ΔtsXk)

+[a(θts)D
θ
tX(θts) + b(θts) (DBY ) (θts) (DBZ)

T (θts)]Δts

+a(θts) (DBX) (θts)ΔtsB
B≡ 0

and this is equivalent to (4.4).
b) (4.5) is equivalent to

F (a1(θts), . . . , ap(θts),ΔtsX1, . . . ,ΔtsXk) + a(θts)ΔtsXΔtsY
B≡ 0

and (4.6) is equivalent to

ΔtsX
B≡

q∑
i=1

ui(ϕts)ΔtsX
1
i +

r∑
i,j=1

vij(ϕts)ΔtsX
2
i ΔtsX

3
j .

It follows that

F (a1(θts), . . . , ap(θts),ΔtsX1, . . . ,ΔtsXk)

+a(θts)

q∑
i=1

ui(ϕts)ΔtsX
1
i ΔtsY + a(θts)

r∑
i,j=1

vij(ϕts)ΔtsX
2
i ΔtsX

3
jΔtsY

B≡ 0.

Because ΔtsX
2
i ΔtsX

3
jΔtsY

B≡ 0, we have

F (a1(θts), . . . , ap(θts),ΔtsX1, . . . ,ΔtsXk) + a(θts)

q∑
i=1

ui(ϕts)ΔtsX
1
i ΔtsY

B≡ 0.

Then

F (a1(θts), . . . , ap(θts),ΔtsX1, . . . ,ΔtsXk)

+a(θts)

q∑
i=1

ui(θts)ΔtsX
1
i ΔtsY + a(θts)

q∑
i=1

(ui(ϕts)− ui(θts))ΔtsX
1
i ΔtsY

B≡ 0.

But ΔtsX
1
i ΔtsY

B≡ (
DBX

1
i

)
(ϕts) (DBY )T (ϕts)Δts (Lemma 3.1 a)) and we obtain

a(θts)

q∑
i=1

(ui(ϕts)− ui(θts))ΔtsX
1
i ΔtsY

B≡ 0. Finally,

F (a1(θts), . . . , ap(θts),ΔtsX1, . . . ,ΔtsXk) + a(θts)

q∑
i=1

ui(θts)ΔtsX
1
i ΔtsY

B≡ 0

and this is equivalent to (4.7). �
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Proposition 4.2. Let θ, σ, ϕ ∈ [0, 1] and ai,Xi, bj , Yj , Zj : ∞×Ω → R, i = 1, . . . , p,
j = 1, . . . , q, be ϕ-differentiable stochastic processes and bj : ∞×Ω → R, j = 1, . . . , q,
be right-continuous stochastic process. Then

p∑
i=1

aidXi +

q∑
j=1

bjdYjdZj − θ

p∑
i=1

daidXi
θ
= 0 (4.8)

if and only if
p∑
i=1

aidXi +

q∑
j=1

bjdYjdZj − σ

p∑
i=1

daidXi
σ
= 0. (4.9)

Proof. (4.8) is equivalent to

p∑
i=1

ai(θts)ΔtsXi +

q∑
j=1

bj(θts)ΔtsYjΔtsZj − θ

p∑
i=1

ΔtsaiΔtsXi
B≡ 0

and (4.9) is equivalent to

p∑
i=1

ai(σts)ΔtsXi +

q∑
j=1

bj(σts)ΔtsYjΔtsZj − σ

p∑
i=1

ΔtsaiΔtsXi
B≡ 0.

It is sufficient to prove that

p∑
i=1

(
Δθσ
ts ai − (θ − σ)Δtsai

)
ΔtsXi +

q∑
j=1

Δθσ
ts bjΔtsYjΔtsZj

B≡ 0.

From Lemma 4.1 a) we get ΔtsYjΔtsZj
B≡ (DBYj) (ϕts) (DBZj)

T (ϕts)Δts and

then

q∑
j=1

Δθσ
ts bjΔtsYjΔtsZj

B≡ 0. It remains to prove that

p∑
i=1

(
Δθσ
ts ai − (θ − σ)Δtsai

)
ΔtsXi

B≡ 0.

We will prove that
(
Δθσ
ts a− (θ − σ)Δtsa

)
ΔtsX

B≡ 0, where a,X : ∞ × Ω → R

are ϕ-differentiable.

We have Δtsa
B≡ (Dϕ

t a) (ϕts)Δts +

m∑
k=1

(DBk
a) (ϕts)ΔtsBk. Replacing here t by

θts and s by σts, we obtain

Δθσ
ts a

B≡ (Dϕ
t a) (ξts)(θ − σ)Δts +

m∑
k=1

(DBk
a) (ξts)Δ

θσ
ts Bk,
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where ξ = ϕ(θ − σ) + σ. Now we have

Δθσ
ts a− (θ − σ)Δtsa

B≡ ((Dϕ
t a) (ξts)− (Dϕ

t a) (ϕts)) (θ − σ)Δts

+
m∑
k=1

(
(DBk

a) (ξts)Δ
θσ
ts Bk − (θ − σ) (DBk

a) (ϕts)ΔtsBk

)
.

On the other hand ΔtsX
B≡ (Dϕ

t X) (ϕts)Δts +

m∑
k=1

(DBk
X) (ϕts)ΔtsBk.

Now we can write(
Δθσ
ts a− (θ − σ)Δtsa

)
ΔtsX

B≡ ((Dϕ
t a) (ξts)− (Dϕ

t a) (ϕts)) (θ − σ)ΔtsXΔts

+

m∑
k=1

(
(DBk

a) (ξts)Δ
θσ
ts Bk − (θ − σ) (DBk

a) (ϕts)ΔtsBk

)
ΔtsX

B≡
m∑
k=1

(
(DBk

a) (ξts)Δ
θσ
ts Bk − (θ − σ) (DBk

a) (ϕts)ΔtsBk

)
(Dϕ

t X) (ϕts)Δts

+

m∑
k=1

m∑
l=1

(
(DBk

a) (ξts)Δ
θσ
ts Bk−(θ−σ)(DBk

a) (ϕts)ΔtsBk

)
(DBl

X) (ϕts)ΔtsBl

B≡
m∑
k=1

(
(DBk

a) (ξts)Δ
θσ
ts BkΔtsBk−(θ−σ)(DBk

a) (ϕts) (ΔtsBk)
2
)
(DBk

X)(ϕts)

B≡
m∑
k=1

(DBk
X) (ϕts)

(
(DBk

a) (ξts)
(
Δθσ
ts Bk

)2 − (θ − σ) (DBk
a) (ϕts)Δts

)
B≡

m∑
k=1

(DBk
X) (ϕts) ((DBk

a) (ξts)− (DBk
a) (ϕts)) (θ − σ)Δts

B≡ 0.

�
5. ITÔ FORMULA AND θ-FORMULA

Theorem 5.1 (Itô formula). Let g : Rn → R, g ∈ C2(Rn) and let X : ∞×Ω → R
n,

X = (X1, . . . ,Xn), be Itô-differentiable stochastic process.
Then the following stochastic differential equalities hold:

a) dg(X)
I
= ∇g(X)dX +

1

2
(dX)T H(g)(X)dX, (5.1)

where ∇g(X) =

(
∂g

∂x1
(X) · · · ∂g

∂xn
(X)

)
, H(g)(X) =

(
∂2g

∂xi∂xj
(X)

)
1≤i,j≤n

.

b) dg(X)
I
=

⎛⎝∇g(X)DI
tX +

1

2

n∑
i,j=1

∂2g

∂xi∂xj
(X)(DBXi) (DBXj)

T

⎞⎠ dt

+∇g(X)DBXdB. (5.2)
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Proof. a) We have to show that

Δtsg(X) −∇g(X(s))ΔtsX − 1

2
(ΔtsX)T H(g)(X(s))(ΔtsX)

B≡ 0.

Using Taylor formula the above relation is equivalent to

ωs(X(t))

[
n∑
i=1

(ΔtsXi)
2

]
B≡ 0, (5.3)

where ωs is continuous and lim
x→X(s)

ωs(x) = 0. X is Itô-differentiable, hence X is

right-continuous and then lim
t↘s

ωs(X(t)) = 0.

BecauseX is Itô-differentiable we can write (ΔtsXi)
2 B≡ DBXi(s) (DBXi)

T (s)Δts

(Lemma 4.1) and (5.3) becomes equivalent to

n∑
i=1

ωs(X(t))DBXi(s) · (DBXi)
T (s)Δts

B≡ 0

which is true because lim
t↘s

ωs(X(t))DBXi(s) · (DBXi)
T (s) = 0.

b) At a) we have proved that

dg(X) −
n∑
i=1

∂g

∂xi
(X)dXi − 1

2

n∑
i,j=1

∂2g

∂xi∂xj
(X)dXidXj

I
= 0.

Applying Proposition 4.2 we get

dg(X) −
⎛⎝ n∑
i=1

∂g

∂xi
(X)DI

tXi +
1

2

n∑
i,j=1

∂2g

∂xi∂xj
(X)DBXi · (DBXj)

T

⎞⎠ dt

−
n∑
i=1

∂g

∂xi
(X) (DBXi) dB

I
= 0

which is (5.2). �

Theorem 5.2 (θ-formula)). Let θ ∈ [0, 1], g : Rn → R, g ∈ C3(Rn) and let
X : ∞× Ω → R

n, X = (X1, . . . ,Xn), be differentiable stochastic process. Then the
following stochastic differential equalities hold:

a) dg(X)
θ
= ∇g(X)dX +

(
1

2
− θ

)
(dX)T ·H(g)(X) · dX; (5.4)

b) dg(X)
θ
=

⎛⎝∇g(X)Dθ
tX +

(
1

2
− θ

) n∑
i,j=1

∂2g

∂xi∂xj
(X)DBXi · (DBXj)

T

⎞⎠ dt

+∇g(X)DBXdB.
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Proof. a) Because X is differentiable, it is Itô-differentiable and (5.1) is true. Now
we can apply Proposition 4.2 and we get

dg(X)
θ
= ∇g(X)dX +

1

2
(dX)T ·H(g)(X) · dX − θ

n∑
i=1

d

(
∂g

∂xi

)
(X)dXi.

Using a) from Theorem 4.1, we obtain

d

(
∂g

∂xi

)
I
=

n∑
j=1

∂2g

∂xi∂xj
(X)dXj +

1

2

n∑
j,l=1

∂3g

∂xi∂xj∂xl
(X)dXjdXl.

From Proposition 4.1 we get

dg(X)
θ
= ∇g(X)dX +

1

2
(dX)T ·H(g)(X) · dX − θ

n∑
i=1

n∑
j=1

∂2g

∂xi∂xj
(X)dXjdXi

which is (5.4).
b) The proof is similar to the proof of Theorem 5.1 b). �

Application 5.1. Let X : ∞ × Ω → R
n be a differentiable stochastic process,

a : [0,∞) × R
n → R continuous, b : [0,∞) × R

n → Mn,m(R), b = (bij)1≤i≤n,1≤j≤m,

bij ∈ C2(Rn). Let bck be the k column of b and
∂bck
∂xj

=

(
∂b1k
∂xj

· · · ∂bnk
∂xj

)T
.

If dX
θ
= a(t,X)dt + b(t,X)dB, then

dX
σ
=

⎛⎝a(t,X) + (θ − σ)

m∑
k=1

n∑
j=1

∂bck
∂xj

(t,X)bjk(t,X)

⎞⎠ dt+ b(t,X)dB.

Proof. Itô formula allows us to find 
BX =

m∑
k=1

n∑
j=1

∂bck
∂xj

(t,X)bjk(t,X) an then

applying (3.5) we get the σ-equality. �
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