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METRIZABLE LINEAR CONNECTIONS IN A LIE ALGEBROID

MIHATI ANASTASIEI

Invited paper to celebrate Professor Constantin Udriste,
on the occasion of his seventies

ABSTRACT. A linear connection D in a Lie algebroid is said to be metrizable
if there exists a Riemannian metric h in the Lie algebroid such that Dh = 0.
Conditions for the linear connection D to be metrizable are investigated.

1. INTRODUCTION

Lie algebroids as particular anchored vector bundles [21] have now an important
place in differential geometry and algebraic geometry. Initially defined as infinites-
imal part of Lie grupoids, their algebra [12] and geometry is independently and
largely developed [5, 8, 11, 20]. Besides they have proved to be useful in Mechanics
[2, 4, 7, 16, 24], in the theory of nonholonomic systems [3, 9, 18] in control theory
[6], in field theory [16], in quantum and classical gravity [22, 23]. The cohomology
of Lie algebroids started in [17]. There the adapted exterior differential d was for
the first time introduced. See also [13]. Holonomy and characteristic classes have
been studied in [10]. For more references see the monograph [14]

Let A be a Lie algebroid and D an A-connection (defined in the Section 3) in a
vector bundle (F,q, M). We say that D is metrizable if there exists a Riemannian
metric h in (F,q, M) such that Dh = 0. The tangent bundle TM is a trivial Lie
algebroid and a T'M-connection in (F, g, M) is nothing but an usual linear connection
in this vector bundle. In [1] we provided conditions for metrizability of a T'M-
connection in any vector bundle as well as in vector bundles endowed with Finsler
functions. In this paper we extend some results from [1] to A-connection in (F, ¢, M).
The notations from [19] are used.
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2. LIE ALGEBROIDS

Let £ = (E,q, M) be a vector bundle of rank m. Here E and M are smooth
i.e. C'°° manifolds with dimM = n, dimFE = n+ m and p: E — M is a smooth
submersion. The fibres £, = p~!(z), x € M are linear spaces of dimension m which
are isomorphic with the type fibre R™.

Let F(M) be the ring of smooth real functions on M. We denote by I'(E) and
X(M) the F(M)-module of sections of £ and of the tangent bundle (T'M, T, M),

respectively. If (U, (mz)), i,7,k...=1,2,...,nis a local chart on M, then By
x

provide a local basis for X(U). Let s,: U — p~Y(U), a,b,c,... =1,2,...,m be a
local basis for ' (p™*(U)). Any section s over U has the form s = y%s,(z), € U and
we will take (wi, ya) as local coordinates on p~1(U). A change of these coordinates
(xi,y“) — (fi,gja) has the form

=g (xl,...,x"), rank <gi ) =n,

I

(2.1)
7% = M (x)y®, rank (M{(x)) = m.

Let & = (E*,p*, M) be the dual of vector bundle ¢ and 6%: U — p*~1(U),
x — 0%(x) € E} alocal basis for ' (p*~'(U)) such that §%(s,) = &5

Next, we may consider the tensor bundle of type (r,s), JL(F) over M and its
sections. For g € I' (E* ® E*) we have g = g4 ()0 ®6°. As (E* @ E*) = Ly (E,R),
we may regard g as a smooth mapping © — g(x): E, X E, — R with g(x) a
bilinear mapping given by g(x)(sq, Sp) = gap(z), © € M.

If the mapping g(x) is symmetric i.e. gu = ¢pne and positive definite i.e.
Gap(2)EL > 0 for every (£€%) # 0, one says that g defines a Riemannian metric
in the vector bundle &.

Let us assume that

(i) T'(E) is endowed with a Lie algebra structure [,] over R,
(ii) There exists a bundle map p: E — T'M, called anchor map. It induces a
Lie algebra homomorphism (denoted also by p) from I'(E) to X(M),
(iii) For any sections s1,s9 € I'(E) and for any f € F(M) the following identity
holds

[s1, fs2] = fls1,82] + p(s1)fs2.
Definition 2.1. The triplet A = (&,[,], p) with the properties (i), (ii) and (iii) is
called a Lie algebroid.

Examples:

1. The tangent bundle (T'M, 7, M) with the usual Lie bracket and p equal to
the identity map form a Lie algebroid.
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2. Any integrable subbundle of T'M with the Lie bracket defined by restriction
and p the inclusion map is a Lie algebroid.

3. Let (F,q, M) be any vector bundle. On F' we have the vertical distribution
u — VI =Kergs o, u € F', where g, denotes the differential of g.

This distribution is integrable. If we regard it as a subbundle of T'F', accordingly
to Example 2 a Lie algebroid is obtained.
Locally, we set

p(s0) = Ph() o, (50 30) = Lip(a)se (22

The structure function p} and L¢, of the Lie algebroid A have to satisfy the
following identities

0y, 0pa

@t pbaﬁi = pﬁ ab> Lgy + Ly, =0,
oL (2.3)
Z <LgbL§c + pzc axib> = 0.
cycl(abe)

3. CONNECTIONS IN LIE ALGEBROIDS

Let A = (&,[,],p) be a Lie algebroid with £ = (E,p, M) and let (F,q, M) be any
vector bundle.

Definition 3.1. An A-connection in the bundle (F, ¢, M) is a mapping
D:T'(E)xT'(F) —I'(F), (s,0)— Dso
with the properties:
1) Ds, 45,0 = Dg,0 + Ds,0,
2) Dfsg = fD;o,
3) Ds(Ul + 02) = Dso1 + Dsoo,
4) Ds(fo) = p(s)fo + fDso,
for s, 81,89 € I'(E), 0,01,09 € I'(F), f € F(M).
Notice that a T'M-connection in the vector bundle (F,q, M) is nothing but a
linear connection in this vector bundle.

Definition 3.2. An A-connection in the bundle £ = (F,p, M) is called a linear
connection in the Lie algebroid A.

The notion of tangent lift of a curve on M is generalized as follows.
Definition 3.3. Let A = (&,],], p) be a Lie algebroid with £ = (E,p, M). A curve

a: [0,1] — E is called admissible or an A-path if p(a(t)) = %p(a(t)), t € 0,1].
The curve v(t) = p(a(t)) will be called the base path of a. The A-path « is called
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vertical if p(a(t)) = 0. In this case vy reduces to a point and the curve « is contained
in the fibre in that point.

Locally, if a(t) = (2'(t),y(t)), then y(t) = (2'(t)) and « is an A-path if and
only if

peorn =0 epa, (3.1)
and it is a vertical A-path if and only if
Pu(z(t)y"(t) =0,  telo,1]. (3.2)
Let (0q), a,B,7,... = k:=rank of (F,q, M), a local basis in I'(F'). Then a
local section o has the form o = 2%, and (2%) are the coordinates in the fibres of
(F,q, M).
For s = y%s, and o = z%0,, by the Definition 3.1 we have
Dso = y* (pfz az‘f + 24Dy )0a>
ox? “
and if we put
D, 00 = I’gaalg,
we get
D.o — ¢ B B _ i 02" B La
s0 =y (Dgz")og, D,z" = p}, o + 170, 2% (3.3)
For a linear connection D in the Lie algebroid A = (§,[,], p) we get
Dso = ya(DaZb)Sba Dazb = PZ 821) + Flc)azc'
ox'

Let D be an A-connection in the vector bundle (F, ¢, M) and «a: [0,1] — E an
A-path.

A smooth mapping o: [0,1] — F is called an a-section if ¢(o(t)) = p(a(t)),
t€0,1].

Locally, if a(t) = (z°(t),y%(t)) then o(t) = (z(t), 2%(t)).

Let T'(F)* be the linear space of a-section in the vector bundle (F,q, M). We
define an operator D*: I'(F)* — I'(F)?, o(t) — (D%0)(t) by

B
(00)(0) = (B + Taal)=* (01 o (3.4)

whenever o(t) = 2%(t)o,.
The operator D has the following properties:
(i) DY(c101 + c209) = c1 D01 + caD%09, c1,c0 € R, 01,09 € I'(F)?,
d,
(il) D*(fs) = d—‘icﬂ—fD"‘a, for o0 € T'(F)® and f: [0,1] — R a smooth function,

(iii) If o is a local section that extends o € T'(F)® and p(«a(t)) # 0 (p(a(t)) = 0)
then (D%0)(t) = D)0 (vesp. (D%0)(t) = Dyyo + Ccli_(tj)
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The first two properties are immediate by (3.4). To prove (iii) one uses (3.4),
(3.2) and (3.3)

By contradiction one proves that D® is the unique operator with the properties
(i), (i) and (iii). Indeed, if D*: D(F)® — T'(F)® is another operator satisfying (i),
(ii) and (iii), it easily follows that it is has the form that appears in the second hand
of (3.4).

Definition 3.4. An a-section o in the vector bundle (F,q, M) is said to be parallel
if D% = 0.

Locally, the a-section o(t) = 2%(t)o, with a(t) = y*(t)s, is parallel if and
only if the functions z®(t) are solutions of the following linear system of ordinary
differential equations

dZ'B Jé] a a
T 0)= (1) = 0. (35)
This system has an unique solution ¢t — o (¢) with the initial condition o(0) = oy.

This fact allow us to define the parallel displacement along «, denoted by

P Fyo) — By, () = pla(t) = q(o(t), Piloo) = o(t).

The maps P! are linear isomorphisms.

In particular, we may take a a loop based at z € M ie. v(0) = y(1) = = and
we get the linear isomorphism P,: F, — F,. Its inverse is P,-1 where a1 is the
reverse loop of a and if we consider the composite a; o ag that is ao followed by
oy of two loops based on z it comes out that Py oq, = FPay © Pay. On this way one
obtains a subgroup of the linear isomorphisms of F; called the holonomy group of
D, denoted by ®(z)).

We fix ¢ and consider (PL)™1: Fy) — Fy. Locally, if (PTtq) *(o(7)) =
Z8(1)os, then Z°8(t) = 2P(t), 2°(0) = (P!)~1(o(t)) and (°) are solutions of (3.5).

By Taylor’s formula z°(t) = 2%(0) + t%(()) ..., hence
Lt) — 2P(0) = (P Yo (t)? — 2°(0) + t%(O) e

We divide this by ¢, take ¢ — 0 and obtain

a _ o (P Ho(t) — a(0)
(D%0)(0) = lim " -

Suppose now that D is a linear connection in the Lie algebroid A = (¢, [,], p), & =
(E,p, M). An a-path is called geodesic if D%« = 0. Locally, if a(t) = (2'(t),y*(t)),

then D% = {dy
dt

+T%.(z(t)y*(t)y°(t)| sq and « is a geodesic if and only if the
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functions x°(t),y%(t) are solution of the following system of ordinary differential
equations:

dx’ ;

g = Palz(®))y (),
dy®
T ) (1) = .
It is clear that one has the existence and uniqueness of geodesic with a given base
point x € M and a given yo € E,,. If for a pair (z¢,y0) we have p’ (zg)yd = 0, the
corresponding geodesic is contained in the fibre E, i.e. it is a vertical A-path.

4. RIEMANNIAN METRICS IN LIE ALGEBROIDS

Let A = (&,],],p) be a Lie algebroid with £ = (E,p, M) and a vector bundle
(F,q, M) endowed with an A-connection D whose local coefficients are (I'g, ).

A Riemannian metric in (F, ¢, M) is a mapping g that assigns to any = € M a
scalar product g, in E, such that for any local section o1,09 € I'(F), the func-
tion @ — g¢(01,02) is smooth. Locally, we set g,(0a,08) = gap(x) and so
gu(01,09) = gag(x)z?zg if 01 = 2§04, 02 = zgag.

The operator of covariant derivative D can be extended to the tensor algebra
of (F,q, M) taking D, f = p(c)f, assuming that it commutes with the contractions
and behaves like a derivation with respect to tensor product. It comes out that if w
is a section in the dual (F*,¢*, M) then

(Dsw)(0) = p(s)w(o) —w(Dso), sel'(E), oel(F)
and if a is a section in L?(F,R), then
(Dsa)(o1,02)=p(s)a(o1,02)—a(Dso1,09)—a(o1, Dsoa), s € I'(E), 01,09 € I'(F).
(4.1)

Definition 4.1. The Riemannian metric g is called compatible with the A-connection
D if Dsg = 0 for every s € I'(E).

By (4.1) the condition of compatibility between g and D is equivalent to
p(s)g(o1,02) = g(Dso1,02) + g(o1, Dso2), s €L(E), o1,00 € [(F). (4.2)

Locally, (4.2) is written as follows
. dg
Pl(@) 527 = D)9 () + T, (2)gor ().
The operator D® can be extended to a-section in the tensor bundles constructed
with (F,q, M) and one deduces that
g
(D%g(t)(o1(t), o2(t)) = (ﬁ — gunl ey — gnuFZaya) o1(t)oa(t). (4.3)
If (F,q, M) coincides with (E,p, M) we have
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Theorem 4.1. There exists an unique linear connection V in the Lie algebroid A
such that

(1) ng = 07
(11) v5152 — V5251 = [81,82], S,81,89 € F(E)
It is given by the formula

29 (Vs,82,83) =p(s1)9(s2, 83) + p(s2)g(s1,53) — p(s3)g(s1, 52)

4.4
+gllss, 51l 52) + g(lss, sl 1) + gllon,sas) O
and its local coefficients are given by
1 09ca | ;096d ; Ogp
gc = Egad <p;) 8;7' + lo,é 8%'7' - 101& awf + Lgcgeb + Lflbgec - Lle)cged . (45)

Proof. Inthe condition (i) written for s1, s2, s3 € I'(E') we cyclically permute s1, s9, s3
and so we obtain two new identities. We add these and from the result we subtract
the first. Using (ii) some terms cancel each other and we get (4.4). Writing (4.4) in
a local basis of sections we find (4.5). The uniqueness follows by contradiction. [

If we put
TV(S].7 52) = v8182 - vSQSl - [817 82]7 51,52 S F(E)

we get a section in the bundle L(E, F; E') that may be called the torsion of V.
The curvature of V is defined by

Ry(s1,82)s3 = V5, V,83 — Vg, Vi 83 — Vi, 6,53, 81,582,853 € ['(E).

The connection V given by the Theorem 4.1 is called the Levi-Civita connection
of A.

We stress that the Theorem 4.1 says that given g there exists and is unique V
such that Vg = 0 and Ty = 0. Now we give a different proof of this theorem.

Given g we may associate to it the energy function &: E — R, E(s) = ¢(s, s),
s € E. Locally, &(z,y) = gap(2)y*y®, s = y*s4.

The energy function € is a regular Lagrangian on F i.e.

1 9%
det (5 W) = det(gab(x)) 7£ 0.

In [2], we associated to any regular Lagrangian L on a Lie algebroid a semispray
on F, that is a vector field

- 0
S = pay” - QG%(ﬂﬁ,y)a—ya

ozt

o1.,( 0L ,., ,0L . ,OL
__gb< PcY — Py L d )7 (46)

with

L™y Oybox’ agi Y oy°
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1 9L
2 Oy2Oyb

Taking L = € in (4.6), a direct calculation in which Lgdycyd = 0 is used, shows
that the semispray associated to € has the form

where gq, = and (¢g) is the inverse of the matrix (gap).

i,.a 0 a c 0
S = PaY o' - ch(l‘)y yda—ya7 (47)

with I'?, given by (4.5). These coefficients determines V. They are symmetric in
bottom indices, hence Tyy = 0. The uniqueness of V follows by contradiction.

Note that (4.7) gives a 2-homogeneous semispray, that is a spray.

By (4.7) it follows

Theorem 4.2. The integral curves of S are just the geodesics of the Levi-Civita
connection V in the Lie algebroid A.

For a different derivation of S from g we refer to [24].
Now we come back to the general framework and prove

Lemma 4.1. Let be the vector bundle (F,q, M) endowed with an A-connection D
and a Riemannian metric g. Then for any A-path o:t — a(t), t € [0,1] on E
with base curve v = qo a = po a we have

1
(Dag) (o1,00) = lim - [9v) (Pho, Phoa) — g0 (01,02)] (4.8)

where 01,02 € F, o) and pPt: F, 1y — F,0) s the parallel displacement defined by
D along «.

Proof. Let o1 and o3 be the parallel a—sections in (F,q, M) such that o71(0) = o1,
75(0) = o9. Then Ploy = o1(t) and Ploy = 03(t). By Taylor formula in the local
basis (03) we get (Ploy)" = of — Tha(r)a1”(r)y*(r)t for 7 € (0,¢) and a similar
formula for Ploy. Recall that at) = y*(t)s,. Then by using again the Taylor
formula and omitting the terms which contain ¢ and ¢3, we may write

9 (¥(1)) (Pho1)" (Phoa)” = g (v(0)ot ol =

= (w00 + 201 ) (P} (Pho)” ~ srulr @)t

dg
= ( d;y = Gunla — gnvFZa> ooy,

where the terms in the parenthesis are computed for some values 7 in (0,1).
Now dividing by ¢, taking ¢ — 0 and looking at (4.3), we obtain (4.8). O

Definition 4.2. An A-conection D in (F,q, M) is said to be metrizable if there
exists a Riemannian metric in (F,q, M) such that Dg = 0.

Based on Lemma 4.1 we obtain:
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Theorem 4.3. Any A-conection D is metrizable with respect to g if and only if all
its parallel displacements are isometries with respect to g.

In particular, the holonomy group ®(z) is made up of isometries of (Fy, g(z)).

Using a local chart around x we may put ®(x) in an 1: 1 correspondence with
a subgroup ®(z) of GL(k,R), k = rank F. A change of local chart moves that
subgroup in a conjugate of it. We identify ®(z) with this class of conjugate subgroups
in GL(k,R). With this identification, by Theorem 4.3, we get

Theorem 4.4. A necessary condition for an A-connection to be metrizable is that
the holonomy group ®(z) be a subgroup of the orthogonal group O(k) for every
zeM.

Indeed, if ®(z) is made up of isometries of (Fy, g(x)), the elements of ®(z) are
isometries of (R¥, <, >), with the inner product <,> induced by g(z).

REFERENCES

[1] M. Anastasiei: Metrizable linear connections in vector bundles, Publ. Math. Debrecen,
62(2003), 277-287.
[2] M. Anastasiei: Geometry of Lagrangians and semisprays on Lie algebroids, Proc. 5th Conf.
Balkan Society of Geometers, 10-17, BSG Proc. 13, Geometry Balkan Press, Bucharest, 2006.
[3] M. Anastasiei: Mechanical systems on Lie algebroids, Algebras Groups Geom., 23(2006), No.
3, 235-245.
[4] M. Anastasiei: Semisprays on Lie algebroids. Applications, Tensor, N. S., 69(2008), 190-198.
[5] M. Boucetta: Riemannian Geometry of Lie algebroids arXiv:0866.3522v1[math.DG], 21.06.2008
[6] J. Cortés, M. de Leén, J. C. Marrero, D. Martin de Diego and E. Martinez: A survey of
Lagrangian mechanics and control on Lie algebroids and groupoids, Int. J. Geom. Methods
Mod. Phys., 3(2006), No. 3, 509-558.
[7] M. Crasméreanu and Cristina-Elena Hretcanu: Last multipliers on Lie algebroids, Proc. Indian
Acad. Sci. Math. Sci., 119(2009), No. 3, 287-296.
[8] M. Degeratu and M. Ivan: Linear connections on Lie algebroids, Proc. 5th Conf. Balkan Society
of Geometers, 44-53, BSG Proc. 13, Geometry Balkan Press, Bucharest, 2006.
[9] M. de Leén, J. C. Marrero and E. Martinez: Lagrangian submanifolds and dynamics on Lie
algebroids, J. Phys. A, 38(2005), No. 24, R241-R308.
[10] R. L. Fernandes: Lie algebroids, holonomy and characteristic classes, Adv. Math., 170(2002),
No. 1, 119-179.
[11] J. Grabowski and P. Urbanski: Tangent and cotangent lifts and graded Lie algebras associated
with Lie algebroids, Ann. Global Anal. Geom., 15(1997), No. 5, 447-486.
[12] Ph. J. Higgins and K. Mackenzie: Algebraic constructions in the category of Lie algebroids, J.
Algebra, 129(1990), No. 1, 194-230.
[13] Gh. Ivan: Cohomology on Lie algebroids, Tensor, N. S., 67(2006), No. 3, 283-293.
[14] K. Mackenzie: General theory of Lie groupoids and Lie algebroids, London Math. Society
Lecture Note Series, 213, Cambridge Univ. Press, Cambridge, 2005. xxxviii+501 pp.



18

Mihai Anastasiei

[15]
[16]
17)
18]
[19]
[20]

(21]

(22]
23]

24]

E. Martinez: Lagrangian mechanics on Lie algebroids, Acta Appl. Math., 67(2001), No. 3,
295-320.

E. Martinez: Classical field theory on Lie algebroids: variational aspects, J. Phys. A, 38(2005),
No. 32, 7145-7160.

Liliana Maxim-Raileanu: Cohomology of Lie algebroids, An. St. Univ. “Al. I. Cuza” Iasi, Sect.
I a Mat., N. S., 22(1976), No. 2, 197-199.

T. Mestdag and B. Langerock: A Lie algebroid framework for non-holonomic systems, J. Phys.
A, 38(2005), No. 5, 1097-1111.

R. Miron and M. Anastasiei: The Geometry of Lagrange Spaces: Theory and Applications,
FTPH 59, Kluwer Academic Publishers, 1994.

L. Popescu: Geometrical structures on Lie algebroids, Publ. Math. Debrecen, 72(2008), No.
1-2, 95-109.

P. Popescu and Marcela Popescu: Anchored vector bundles and Lie algebroids, Lie algebroids
and related topics in differential geometry (Warsaw, 2000), 51-69, Banach Center Publ., 54,
Polish Acad. Sci., Warsaw, 2001.

S. Vacaru: Clifford-Finsler algebroids and nonholonomic FEinstein-Dirac structures, J. Math.
Phys., 47(2006), 093504.

S. Vacaru: FEinstein-Cartan algebroids and black holes in solitonic background, arXiv ; gr-
qc/0501057,35 p.

A. Weinstein: Lagrangian Mechanics and Grupoids, Fields Institute Communications, 7(1996),
207-231.

“Al. I. Cuza” University of lagi
Faculty of Mathematics,

700506, Iasi, Romania

E-mail address: anastas@uaic.ro



