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AN INTEGRAL FORMULA IN QUATERNION SPACE FORM

MIHRIBAN K[CJLAHCI7 MEHMET BEKTAS AND MAHMUT ERGUT

ABSTRACT. In this paper, we obtained an integral formula in quaternion space

form.

1. INTRODUCTION

Let M (c) denote a 4n-dimensional quaternion space form of quaternion sectional
curvature ¢ and p(H) denote the 4n-dimensional quaternionprojective space of con-
stant quaternion sectional curvature 4. Let N be an n-dimensional Riemannian
manifold isometrically immersed in M (c). We call N a totally real submanifold of
M (c) if each tangent 2-plane of N is mapped into a totally real plane in M (c). Many
studies on integral formulas have been done by many mathematicians (see [4], [6],
[9]). Liu [6] studied compact space-like submanifolds with constant scalar curvature
and flat normal bundle. Furthermore, Zheng [9] studied spacelike hypersurfaces in
the de Sitter space. Furthermore, quaternion manifolds are also studied by many
mathematicians (see [2], [3], [5]). In this paper, we consider totally real submanifold
with constant scalar curvature and flat normal bundle and we use the method of
proof which is given in [6] and [9]. The techniques used in the paper are from [§],
where similar results were obtained for totally real submanifolds in complex space
forms. Thus we obtain the following theorem.

Theorem 1.1. Let N be an n-dimensional compact Riemannian manifold isomet-
rically immersed in M (c) with constant scalar curvature. Thus, we have

/ VS| + <Z (n + 1)—35) S—n? |VH|*+nHAH — n2H2c—Z A (nH), | <0.
i
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2. PRELIMINARIES

We use the same notations and terminologies as in [1], [7]. Let M (c) denote a
4n-dimensional quaternion space form of quaternion sectional curvature ¢ and let
N be an n-dimensional totally real submanifold of M (c). We choose a local field of

orthonormal frames,
€1,...,En, erqy =1lei,....epm) = Ien, ey = Jer, A egm) = Jen,

eK(l) = Kel, .. .,eK(n) = Ken,

is such a way that when restricted to N,ey,...,e, are tangent to N. Here I, J, K
are the almost Hermitian structure and satisfy

IJ=-JI=K, JK=-KJ=I, KI=-IK=J, I?’=J>=K?=-1.

We shall use the following convention on the range of indices:

AB,...=1,...nI1),...,1(n),J(1),...,J(n), K(1),..., K(n),
afB,...=1(1),....,1(n), J(1),.... J(n), K(1),..., K(n),
ij...=1,....n, ®=1I,JK.

Let {wa} be the dual frame field. Then the structure equations of M(c) are
given by

dwa ==Y wap Awg, wap +wpa =0,
B
1
dwap = — ZC: wac ANwep + 5 ; Kapcpwe Awp, (2.1)

Kapcp = 2(5A053D —dapdBc +1acIep — IapIpc + 21aBlcD
+JacdBp — JapJIBc + 2JaBJcp

+KacKpp — KapKpc +2KapKcep).

Restricting these forms to IV, we get the following structure equations of the
immersion:

Wo = 0. w0 — Zh wi, G =h%, bSO = h20) = 2B,

1
dwij = — Z Wik N\ Wy + 5 Z Rijk:lwk N wy,
k kl
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C
Riji = 1(5%5]'1 = 0q0jk + Ligljy — Iyl + 2151y
+Jiwdji — Jadje + 2Jij I + KKy — Ky K, + 2K Kjy)

+ (WA — hhs), (2.2)

1
dwag = — Z Wary N Wy + B Z Rogijw; N wj,

v ij
Rapij = Kagij + y_(hihil; — hhiy)- (2.3)
k
We call h = Z h%wiwjea the second fundamental form of the immersed manifold
N. We denotewgy S = Z(hf})Q the square of the length of h. If we use the equation

ijo

(2.1) and (2.2), we have
T= gn(n +1)+n?H? - 8, (2.4)
where 7 is the scalar curvature of N and H is the length of meancurvature vector

of N and H is given by:

3

1 1
H="trho==-3Y h%>0.
nr nzz: 20

Let h% . and h% i;; denote the covariant derivative and the second covariant derivative
of hi;. We define hii, and hly, by

e =y~ 3 i — S+ 3
l l B8
and

S hwwn = dhfy = > = hfwy — Y b+ by was,
1 l l J6]

respectively, where
Op = h; (2.5)
and
ot — hE = > h Rt + Y Wi Ronikt — _ 1 R, (2.6)
m m 5

where R,gy; are the components of the normal curvature tensor of N. If Rg5 = 0
at point x of N, we say that the normal connection of N is flat at x. Let H, and
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A denote the n x n matrix (hf;) and the Laplacian on NV, respectively. By a simple
calculation, we have

1
SAS = Y (hg)"+ Z(n +1)S+ 3" tr(HoHy — HzH,)?

ijka a,B

—> (trHoHg)* + nH A H — n’He. (2.7)

a,f
3. PROOF OF THEOREM
We know from (2.4) that
n2H2—S:T—Zn(n+1) (3.1)

where 7 is the scalar curvature of N. Taking the covariant derivative of (3.1) and
using the fact that 7 = const., we obtain

2 _ § : a po
i?j7a

and hence, by Cauchy-Schwarz inequality, we have

2
DontHAHR)? = | D kb | <D (h)7 Y (i),
k k i,J

i, ij,a 0.k,
that is
W B2 | H|? < S |V (3.2)
On the other hand, the Laplacian Ah?j of the fundamental form h% is defined to be
Z h{ikk» and hence, using (2.5), (2.6) and the assumption that N has flat normal
k

bundle, we have

AVHIEES Z(h%kk — hik) + Z(h?kjk — hirs) + Z(hzqkkj — higij) + (trha)ij
% k k

= Z h?mRmkjk + Z h?mRmijk + (trha)ij,

m,k m,k

where (trhq);j denotes the second covariant derivative of (¢rhq). Since the normal
bundle of NN is flat, we choose eq,...,e, such that

hs = Af'dij.
We define an operator [J acting on f by:
Of = (nHbij — h$) fij. (3.3)

?:7j
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Since (nHd;; — hg;) is trace-free it follows from [4] that the operator [ is self-adjoint
to the L?-inner product of N, i.e.,

4f-Dg=/g-Df.

N
Thus we have the following computation by use of (3.3) and (2.7)

O(nH) = nHA (nH) = > A (nH);

A (nH)? — Z(nﬂ)f — Z A (nH )

i

N = N

AS—F%n(n—i—l)AT—nZ\VHF—ZA?(”H)W (3.4)

Putting (2.7) in (3.4), we have

OmH) = |vS|+ g(n +1)S + 3" tr(HoHg — HzH,)?
a?ﬁ
1
= (trHoHg)* + Frn+1) AT — n? |VH[? =) A (nH);
a,f )
+nH N H —n*H?c. (3.5)

Now we assume that N is compact and we obtain the following key formula by

integrating (3.5) and by noting/ AT =0 and/D(nH)dV = 0 and by using the
N

N
Lemma in [7],

/[|VS| + (Z (n+1)— ;S) S—n? |VH> + nHAH — n’H?c = ) A (nH),;] < 0.
i
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