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ON (1,2)*-a§-CLOSED SETS

SAEID JAFARI, M. LELLIS THIVAGAR AND NIRMALA MARIAPPAN

ABSTRACT. In this paper we introduce a new class of sets called (1, 2)*-ag-closed
sets in bitopological spaces. We prove that this class lies between the class of
(1,2)*-a-closed sets and the class of (1,2)*-ag-closed sets. Also, we find some
basic properties of (1,2)*-ag-closed sets. Applying these sets, we introduce a new
space called T\ 2)x_q5-space.

1. INTRODUCTION

Levine [4], Mashhour et al. [8] and Njastad [9] have introduced the concepts
of semi-open sets, preopen sets and a-open sets respectively. Levine [5] introduced
generalised closed sets and studied thier properties. Bhattacharya and Lahiri [3],
Arya and Nour [2], Maki et al. [6], [7] introduced semi-generalised closed sets, gen-
eralised semi-closed sets and a-generalised closed sets and generalised a-closed sets
respectively. Veerakumar [11] defined g-closed sets in topological spaces. Thiva-
gar et al [10] have introduced the concepts of (1,2)*-semi-open sets, (1,2)*-a-open
sets, (1,2)*-generalised closed sets, (1,2)*-semi-generalised closed sets and (1, 2)*-a-
generalised closed sets in bitopological spaces.

In the present paper, we introduce a new class of sets called (1,2)*-a-g-closed
sets (briefly (1,2)*-ag-closed ) sets in bitopological spaces and prove that this class
lies between the class of (1,2)*-a-closed sets and the class of (1,2)*-ag-closed sets.
Also, we find some basic properties of (1,2)*-ag-closed sets in bitopological spaces.

Applying these sets, we introduce a new space called T(; 2)«_,z-space.

2. PRELIMINARIES

Let A be a subset of a topological space (X, 7). Let CI(A) and Int(A) denote
the closure and the interior of A.

Definition 2.1. A subset A of a topological space (X, 7) is called
(i) semi-open, [4], if A C Cl(Int(A))
(ii) preopen, [8], if A C Int(Cl(A))
(iii) a-open, [9], if A C Int(Cl(Int(A))).
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The complement of a semi-open (resp. preopen and a-open) set is called semi-
closed (resp. preclosed and a-closed). The a-closure of a subset A of X, denoted by
aCl(A), is defined to be the intersection of all a-closed sets containing A.

Throughout this paper (X, 71, 72) and (Y, 01, 02) represent bitopological spaces
on which no separation axioms are assumed unless otherwise mentioned.

Definition 2.2 ([10]). A subset S of a bitopological space (X, 71, 72) is said to be
T1,2-open if § = AU B where A € 71, and B € 1. A subset S of X is 7 2-closed if
the complement of S is 71 2-open.

Definition 2.3 ([10]). Let S be a subset of X. Then

(i) The 7y 7o-interior of S, denoted by 7172-Int(S) is defined by U{G/G C S and
G is Ty 2-open }.

(ii) The 772-closure of S denoted by 7172-CI(S) is defined by N{F/S C F and
F' is 11 2- closed }.

Remark 2.1. (i) mi7o-Int(S) is 71 2-open for each S C X and 7 7-CI(S) is

71,2-closed for each S C X.

(ii) A set S C X is 71 9- open iff S = 772-Int(S) and is 71 2- closed iff S = 7172-
C1(S).

(iii) 7172-Int(S) =Int, (S) UInt,,(S)
and 7172-C1(S) =Cl,, (S)NCl,,(S) for any S C X

(iv) For any family {S;/i € I'} of subsets of X we have
(a) UTlTQ—Int(Si) C TlTQ—Int(U Sz)

(b) Unme-CI(S:) € mimo -CIU )
(¢) mira-Int(() i) © (772 Int(S5)
(d) Tng—Cl(ml S;) C ﬂlﬁTQ-CI(Sz')
(v) T1,2-open setsZ need nolt form a topology.
We recall the following definitions which are useful in the sequel.

Definition 2.4 ([10]). A subset A of a bitopological space (X, 71, 72) is called

(i) (1,2
(if) (1,2
iii) (1,2

) (1,2

*

-semi-open if A C 1179-Cl(7172-Int(A))

*-preopen if A C 1y1o-Int(71172-CL(A))

(iii) (1,2)*-a-open if A C 1ymo-Int(7172 -Cl(T172-Int(A)))

(iv) (1,2)*-generalised closed (briefly (1,2)*-g-closed) if 7172-Cl(A) C U when-
ever A C U and U is 11 2-open in X.

(v) The (1,2)*-a-closure (resp. (1,2)*- semi-closure) of a subset A of X, denoted
by (1,2)*-a CI(A) (resp. (1,2)*-sCl(A)) is defined to be the intersection of
all (1,2)*- a-closed (resp. (1,2)*-semi-closed) sets containing A.

(vi) The (1,2)*-a-interior of a subset A of X, denoted by (1,2)*-a Int(A) is
defined to be the union of all (1,2)*-a-open sets contained in A.

~— — — ~—
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*

(1,2)*-semi-generalised closed (briefly (1,2)*-sg-closed) if
(1,2)*-sCl(A) Cc U whenever A C U and U is (1,2)*-semi-open in X.
(1,2)*-generalised semi-closed (briefly (1,2)*-gs-closed) if
(1,2)*-sCl(A) C U whenever A C U and U is 71 2-open in X.
(1,2)*-a-generalised closed (briefly (1,2)*-ag-closed) if
(1,2)*-aCl(A) C U whenever A C U and U is 7 2-open in X.
(1,2)*-generalised a-closed (briefly (1,2)*-ga-closed) if

(1,2)*-aCl(A) C U whenever A C U and U is (1,2)*-a-open in X.
The complement of a (1,2)*-semi-open (resp. (1,2)*-a-open) set is called (1,2)*-
semi-closed (resp. (1,2)*-a-closed). The complement of a (1,2)*-g-closed (resp.
(1,2)*-sg-closed, (1,2)*-gs-closed, (1,2)*-ga-closed, (1,2)*-ag closed) set is called
(1,2)*-g-open (resp. (1, 2)*-sg-open, (1, 2)*-gs-open, (1, 2)*-ga-open, (1,2)*-ag-open).

Remark 2.2. (i) Since arbitrary union (resp. intersection) of (1,2)*-a-open
(resp. (1,2)*-a-closed ) sets is (1,2)*-a-open (resp. (1,2)*-a-closed),
(1,2)*-a IntA (resp. (1,2)*-aCl(A)) is (1,2)*-a-open (resp. (1,2)*-a-closed).

(ii) For a bitopological space (X, 71, 72), a subset A of X is (1, 2)*-a-closed (resp.
(1,2)*-semi-closed) if and only if (1,2)*-a CI(A) = A (resp. (1,2)*-sCl(A) =
A).
3. (1,2)*-aj-CLOSED SETS
We introduce the following definitions.

Definition 3.1. A subset A of a bitopological space (X, 71, 72) is called (1,2)*-g-
closed if 7172-Cl(A) C U whenever A C U and U is (1, 2)*-semi-open in X.

The complement of a (1, 2)*-g-closed set is called (1, 2)*-g-open.

Definition 3.2. A subset A of a bitopological space (X, 11, 72) is called (1,2)*-a-
g-closed (briefly (1,2)*-ag-closed) if (1,2)*-a CI(A) C U whenever A C U and U is
(1,2)*-g-open in X.

The complement of a (1, 2)*-ag-closed set is called (1,2)*-ag-open.
Proposition 3.1. Every 11 2-open set is (1,2)*-g-open.

Proof. Let A be a 71 2-open set in X. Then A€ is a 71 2-closed set. Therefore 71 7-
Cl(A¢) = A°. This implies 7172-Cl(A¢) C U whenever A° C U and U is a (1,2)*-
semi-open set in (X, 71, 72). Hence A€ is (1,2)*-g-closed or A is (1,2)*-g-open. [

Proposition 3.2. Every (1,2)*-a-closed set is (1,2)*-ag-closed.

Proof. Let A be a (1,2)*-a-closed set and U be any (1,2)*-g-open set containing
A. Since A is (1,2)*-a-closed, (1,2)*-aCl(A) = A C U. Hence A is (1,2)*-ag-
closed. O

Corollary 3.1. Every 11 2-closed set is (1,2)*-ag-closed.
Proof. Every T 2-closed set is (1,2)*-a-closed and hence (1,2)*-ag-closed. O
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Remark 3.1. A (1,2)*-ag-closed set need not be (1,2)*-a-closed as shown in the
follwing example.

Example 3.1. Let X = {a,b,c}

= {(ba X, {a" b}}a T2 = {¢’ X, {a’ C}} i

71 2-open sets = {¢, X, {a,b},{a,c}}

71 2-closed sets = {¢, X, {c}, {b}}

{b,c} is (1, 2)*-ag-closed but not (1,2)*-a-closed.

Proposition 3.3. Every (1,2)*-ag-closed set is (1,2)*-ag-closed.

Proof. Let A be a (1,2)*-ag-closed set and U be any 7 2-open set containing A.
Since A is (1, 2)*-ag-closed and every 7y 2-open set is (1,2)*-g-open , (1,2)*-aCl(A4) C
U. Hence A is (1,2)*-ag-closed. O

Remark 3.2. A (1,2)*-ag-closed set need not be (1,2)*-ag-closed as shown in the
follwing example.

Example 3.2. Let X = {a,b,c}

= {(ba X, {a}} T2 = {d)a X, {b’ C}} ;

T1,2-0Opéen sets = {()ba ‘Xﬂ {0,}, {b’ C}}

{a,c} is not (1,2)*-ag-closed but (1,2)*-ag-closed.

Remark 3.3. From the above results, it follows that the class of (1,2)*-ag-closed
sets lies between the class of (1,2)*-a-closed sets and the class of (1,2)*-ag-closed
sets.

Proposition 3.4. Every (1,2)*-ag-closed set is (1,2)*-gs-closed.

Proof. The result follows since every 7j-open set is (1,2)*-g-open and (1,2)*-
sCl(A4) C (1,2)*-a CI(A) for every subset A of X. O

Remark 3.4. A (1,2)*-gs-closed set need not be (1, 2)*-ag-closed as shown in the
follwing example.

Example 3.3. Let X = {a,b,c}

= {QS, X’ {a}}; T2 = {d)a Xv {b}} ;

T1,2-0p€en sets = {d): X: {a}a {b}: {a: b}}

{b} is not (1, 2)*-ag-closed but (1,2)*-gs-closed.

Remark 3.5. (1,2)*-ag-closedness is independent from (1, 2)*-sg-closedness, (1, 2)*-
g-closedness, (1,2)*-g-closedness and (1,2)*-ga-closedness as shown in the following
examples.

Example 3.4. Let X = {a,b,c}

™ = {QS, X, {a}}; T2 = {d)a X, {a, b}} ;

71 2-open sets = {¢, X, {a}, {a,b}}

{a,c} is (1, 2)*-ag-closed but neither (1, 2)*-ga-closed nor (1, 2)*-sg-closed. Also {b}
is (1, 2)*-ag-closed but neither (1,2)*-g-closed nor (1,2)*-g-closed.
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The set {a} in example 3.3 is (1, 2)*-sg-closed but not (1, 2)*-ag-closed. The set
{b} in example 3.2 is (1, 2)*-g-closed, (1,2)*-g-closed and (1,2)*-ga-closed but not
(1,2)*-ag-closed.

Remark 3.6. From the above discussions and known results we have the following
implications. A — B (resp. A +» B) represents A implies B but not conversely (resp.
A and B are independent of each other) and (1) = 7 2-closed set, (2) = (1,2)*-a-
closed set, (3) = (1, 2)*-g-closed set, (4) = (1, 2)*-ag-closed set, (5) = (1,2)*-g-closed
set ,(6) = (1,2)* — ag-closed set , (7) = (1,2)*-ga-closed set, (8) = (1,2)*-sg-closed
set, (9) = (1,2)*-gs-closed set.

i1 — 3 — 5

LNt X

2 —> 4 — 6

| X EN

7 8§ —/m 9

Remark 3.7. The union of two (1,2)*-ag-closed sets need not be (1,2)*-ag-closed
as shown in the following example.

Example 3.5. Let X = {a,b,c}

T = {¢a Xa {a’a b}}a T2 = {d): X: {ba C}a{a: C},{C}} ;

11 2-open sets = {¢, X, {a,b},{b, c},{a,c}, {c}}

{b} and {c} are (1,2)*-ag-closed but {b,c} is not (1, 2)*-ag-closed.

Remark 3.8. The intersection of two (1,2)*-ag-closed sets need not be (1,2)*-ag-
closed as shown in the following example.

Example 3.6. Let X = {a,b,c}

T1 :{(baXa{a}}/ TQZ{d)aX} ;

71 2-open sets = {¢, X, {a}}

{a,b} and {a,c} are (1,2)*-ag-closed, but {a} is not (1,2)*-ag-closed.
Proposition 3.5. If a set A is (1,2)*-ag-closed, then (1,2)*-aCl(A) — A contains
no nonempty T 2-closed set.

Proof. Let A be (1,2)*-ag-closed and F a 71 2-closed subset of (1,2)*-aCl(A) — A.
Then A C F€; F° is 11 2-open and hence (1,2)*-g-open. Since A is (1, 2)*-ag-closed,
(1,2)*-a CI(A) C F°. Consequently F' C (1,2)*-a CI(4) N ((1,2)*-a CI(A))¢ and
this implies F' is ¢. O
Remark 3.9. The converse of Proposition 3.5 need not be true.

Example 3.7. Let X = {a,b,c}

= {Qs, X, {a}}: T2 = {d)aX{b: C}} ;

Let A ={b}. (1,2)*-a CI(A) — A contains no nonempty 7 2-closed set. However A
is not (1, 2)*-ag-closed.
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Proposition 3.6. If a set A is (1,2)*-ag-closed, then (1,2)*-aCl(A)-A contains no
nonempty (1,2)*-g-closed set.

Proof. Let A be (1,2)*-ag-closed and F' a (1,2)*-g-closed subset of (1,2)*-aCl(A)-
A. Then A C F€ and F° is (1,2)*-g-open. So (1,2)*-aCl(A) C F°. Consequently
C (1,2)*-aCl(A) N ((1,2)*-aCl(A))¢ and this implies F is ¢. O

Corollary 3.2. If a set A is (1,2)*-ag-closed, then (1,2)*-aCl(A)-A contains no
nonempty 11 2-closed set.

Proof. It follows since every 71 2-closed set is (1, 2)*-g-closed. O

Proposition 3.7. If A is a (1,2)*-g-open and (1,2)*-ag-closed subset of (X, 11, 72)
then A is a (1,2)*-a-closed subset of (X, T1,72).

Proof. Since A is (1,2)*-g-open and (1, 2)*-ag-closed, (1,2)*-aCl(4) C A. Hence A
is (1, 2)*-a-closed. O

Definition 3.3. A bitopological space (X, 71, 72) is said to be a (1,2)*-T;-space if
for every x,y € X, x # y, there exists a 71 2-open set U containing = but not y.

Theorem 3.1. In a (1,2)*-T1-space (X, 11, 72) every (1,2)*-ag-closed set is (1,2)*-
a-closed.

Proof. Let (X, 71, 72) be a (1,2)*-Tj-space and A be (1,2)*-ag-closed subset of X.
Lety ¢ A. Then for every € A, there exists a 71 2-open set U, such that z € U, and
y ¢ Uy. Then UyeaU, = U is 11 2-open and (1,2)*-g-open. Also AC U and y ¢ U.
Since A is (1,2)*-ag-closed, (1,2)*-aCl(A) C U and therefore y ¢ (1,2)*-aCl(A).
Then (1,2)*-aCl(4) C A and A is (1,2)*-a-closed. O

Proposition 3.8. Let A be a (1,2)*-ag-closed subset of (X, T1,72).
If Ac B C (1,2)*-aCl(A) then B is also a (1,2)*-ag-closed subset of (X, Ti,72).

Proof. Let U be a (1,2)*-g-open set of (X, 71, 72) such that B C U. Then A C U.
Since A is a (1,2)*-ag-closed set, (1,2)*-aCl(4) ¢ U. Also since B C (1,2)*-
aCl(A4), (1,2)*-aCl(B) C (1,2)*-aCl((1,2)*-aCl(A) = (1,2)*-aCl(A). Thus (1,2)*-
aCl(B) C U. Hence B is also a (1, 2)*-ag-closed subset of (X, 71, 72). O

Proposition 3.9. Let A be a (1,2)*-ag-closed subset of (X, T1,T2).
IfACY C X and Y is 11 2-open then A is (1,2)*-ag-closed relative to Y.

Proof. Let A C Uy, a 1y 2-open set in Y. Then Uy = U NY, where U is a 71 2-open
set in X. Any 7 2-open set is (1,2)*-g-open and A is (1,2)*-ag-closed, (1,2)*-
aCl(A) c U. Hence (1,2)*-aCl(A) (relative to Y) c UNY = U; and A is (1,2)*-
ag-closed relative to Y. [l
Proposition 3.10. For each a € X either {a} is (1,2)*-g-closed or {a}° is (1,2)*-
ag-closed in X.

Proof. Suppose that {a} is not (1, 2)*-g-closed in X. Then {a}¢ is not (1,2)*-g-open.
Therefore the only (1, 2)*-g-open set containing {a}is X and (1, 2)*-aCl({a}¢) C X.
Hence {a}¢ is (1, 2)*-ag-closed. O
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Theorem 3.2. Let A be (1,2)*-ag-closed in X. Then A is (1,2)*-a-closed if and
only if (1,2)*-aCl(A) — A is 11 2-closed.

Proof. Necessity: Let A be a (1,2)*-a-closed subset of X. Then (1,2)*-aCl(A) = A
and (1,2)*-aCl(A) — A = ¢ which is 71 2-closed.

Sufficiency: Since A is (1, 2)*-ag-closed, by Proposition 3.5 (1,2)*-aCl(A) — A con-
tains no nonempty 7 2-closed set. But (1,2)*-aCl(A)— A is 71 2-closed. This implies
(1,2)*-aCl(A) — A = ¢, which means (1,2)*-aCl(A) = A and hence A is (1,2)*-a-
closed. O

4. APPLICATIONS

Definition 4.1. A subset A of (X, 71, 72) is called (1,2)*-ag-open if and only if A¢
is (1, 2)*-ag-closed in (X, 11, 72).

Remark 4.1. For a subset A of (X, 711, 72), (1,2)*-aCl(A°) = [(1,2)*-alnt(A)]°

Theorem 4.1. A subset A of (X, 11,72) is (1,2)*-ag-open if and only if F C (1,2)*-
alnt(A) whenever F is (1,2)*-g-closed and F C A.

Proof. Necessity: Let A be a (1,2)*-ag-open set in (X, 7,72). Let F' be (1,2)*-g-
closed and F C A. Then F¢ D A€ and F° is (1,2)*-g-open. Since A€ is (1,2)*-
ag-closed, (1,2)*-aCl(A¢) C F°. By remark 4.1 [(1,2)*-aInt(A)]¢ C F°. That is
F c (1,2)*-alnt(A).

Sufficiency: Let A° C U where U is (1,2)*-g-open. Then U¢ C A where U€ is (1, 2)*-
g-closed. By the hypothesis U¢ C (1,2)*-alnt(A). That is [1,2)*-alnt(A4)]¢ C U.
By remark 4.1 (1,2)*-aCl(A°) C U. This implies A€ is (1,2)*-ag-closed. Hence A
is (1, 2)*-ag-open. O

Proposition 4.1. If (1,2)*-alnt(A) C B C A and A is (1,2)*-ag-open then B is
(1,2)*-ag-open.

Proof. (1,2)*-aInt(A) C B C A implies A° C B C [(1,2)*-alnt(A)]°. By remark
4.1 A° C B C [(1,2)*-aCl(A°). Also A€ is (1,2)*-ag-closed. By Proposition 3.8 B¢
is (1, 2)*-ag-closed. Hence B is (1,2)*-ag-open. O

Remark 4.2. Every 7 2-open set is (1,2)*-ag-open. But the converse may not be
true as shown in the following example.

Example 4.1. Let X = {a,b,c}

T = {¢a X, {0,, b}}a T2 = {¢,X{CL,C}} ;
11 2-0pen sets = {¢, X, {a,b},{a,c}}; {a} is (1,2)*-ag-open but not 7 2-open.

As an application of (1,2)*-ag-closed sets we introduce the following definition.

Definition 4.2. A space (X, 71,72) is called a T{; 2)-_q4-space if every (1,2)*-ag-
closed set in it is (1, 2)*-a-closed.

Theorem 4.2. For a space (X, 11, 72) the following conditions are equivalent.
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(i) (X, 71,72) is a T(y,2)-—ag-space.
(ii) Every singleton set of (X, 71, 72) is either (1,2)*-g-closed or (1, 2)*-a-open.

Proof. (i) = (ii) Let © € X. Suppose {x} is not a (1, 2)*-g-closed set of (X, 1, 72).

Then X — {z} is not a (1,2)*-g-open set. So X is the only (1,2)*-g-open set con-

taining X — {z}. So X —{z} is a (1,2)*-ag-closed set of (X, 7y, 72). Since (X, 71, 72)

is a T{y1 2)»—ag-space, X — {z} is a (1,2)"-a-closed set of (X, 71,72) or equivalently

{x} is a (1, 2)*-a-open set of (X, 71, T2).

(1i) = (i) Let A be a (1,2)*-ag-closed set of X. Trivially A C (1,2)*-aCl(A). Let
€ (1,2)*-aCl(A).By (ii) {x} is either (1, 2)*-g-closed or (1,2)*-a-open.

(a) Suppose that {x} is (1,2)*-g-closed. If x ¢ A, (1,2)*-aCl(A) — A contains a
nonempty (1, 2)*-g-closed set {x}. By Proposition 3.6 we arrive at a contra-
diction. Thus x € A.

(b) Suppose that {x} is (1,2)*-a-open. Since z € (1,2)*-aCl(A4), {z} N A # ¢.
This implies that x € A.

Thus in any case = € A. So (1,2)*-aCl(A) C A. Therefore (1,2)*-aCl(A) =
A or equivalently A is (1,2)*-a-closed. Hence (X, 71,72) is a T(1 2 -space.
O

)*—ag

Definition 4.3. A bitopological space (X, 11, 72) is called

(i) T(1,2)+»- space if every (1,2)*-gs-closed set in X is 71 »-closed.
(ii) aT{y2y+- space if every (1,2)"-ag-closed set in X is 71 »-closed.

Theorem 4.3. (i) Every T(y 2)«- space is a T(1 2)+_qg-space.
(ii) Bvery oT(q 2y~ space is a T(q 2y« _qg-space.

Proof. (i) Let A be a (1,2)*-ag-closed set. Then A is (1,2)*-gs-closed. Since
(X, 71,m2) is T(19)«- space, A is 71p-closed. It is true that every 7 s-closed is
(1,2)*-a-closed. Therefore X is T 9)«_q4-Space.

(ii) Let A be a (1,2)*-ag-closed set. Then A is (1,2)*-ag-closed. Since X is a
aT(1 2)«p- space, A is 71 2-closed. Therefore A is (1,2)*-a-closed which shows X is

T(1,2)*—ag~ SPace. O

Remark 4.3. The reverse implications in the above theorem are not true in general
as shown in the following examples.

Example 4.2. Let X = {a,b,c}

= {¢a X, {0,}}; T2 = {¢,X{b}} ;
T 2-open sets = {¢, X, {a},{b},{a,b}}; (X,71,72) is a Ty 9)«_qg-SPace but not a
T{1,2)+- space since {b} is (1,2)"-gs-closed but not 7y »-closed.

Example 4.3. Let X = {a,b,c}

T = {¢, X, {a}}ﬂ T2 = {d)a X{b: C}} ;

1 ,2-open sets = {¢, X, {a}, {b, c}}; (X, 71, 72) is a T(y 2)-_ag-Space but not a aT{; 2y«4-
space since {a,c} is (1, 2)*-ag-closed but not 7 »-closed.
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Definition 4.4. A bitopological space (X, 71,72) is called T{; 9)-5- space if every
(1,2)*-g-closed set in X is 71 o-closed.

Proposition 4.2. Let (X, 71,72) be a bitopological space. If a set A is (1,2)*-g-
closed then 1112-Cl(A) — A contains no nonempty (1,2)*-semi-closed set.

Proof. Suppose 1172-Cl(A) — A contains the (1, 2)*-semi-closed set F'. Then A C F*.
F¢is (1,2)*-semi-open and A is (1,2)*-g-closed. Therefore 1175-Cl(A) C F°. Then
F C (mim2-Cl(A)).

Hence F C 7172-Cl(A) N (1172-C1l(A))¢ = ¢ which implies F' = ¢. O

Theorem 4.4. For a bitopological space (X, T1,72) the following are equivalent.
(i) (X, 71,72) is a T(1 )5 space.
(ii) Every singleton set {z} is either (1,2)*-semi-closed or 71 2-open.

Proof. (i)=(ii): Let x € X. If {x} is not (1,2)*-semi-closed, then X — {z} is not
(1,2)*-semi-open. So X is the only (1, 2)*-semi-open set containing X —{z}. There-
fore X — {z} is (1,2)*-g-closed. Since X is T(; 2)«_;- space, X — {z} is 71 2-closed
or {x} is 71 g-open.

(ii)=(i): Let A be a (1,2)*-g-closed set of (X, 71,72). Let x € 772-Cl(A4). By (ii)
{x} is either (1, 2)*-semi-closed or 7y 2-open.

Case(i): {x} is (1,2)*-semi-closed. If x ¢ A, 1179-Cl(A) — A contains a nonempty
(1,2)*-semi-closed set {x}. By Proposition 4.2 we arrive at a contradiction. Thus
xz € A

Case(ii): Suppose that {x} is 71 2-open. Since z € 1172-Cl(A), {x} N A # ¢. This
implies that x € A.

Thus in any case x € A. So 1y72-Cl(A) C A. Therefore 172-Cl(A) = A or equiva-
lently A is 71 5-closed. Hence (X, 71,72) is a T{q 2)-_4- space. O

Remark 4.4. T(; 5)-_g-spaces and T{y o)«_4-spaces are independent of one another

as the following examples show.

Example 4.4. Let X = {a,b,c}

le{(tb’X’{a’}}; 72={¢7X} )

71 2-open sets = {@, X, {a}}; (X, 71, 72) is a T(y,2)-_g-space but not a T{; 2)-_n4-Space
because {a,b} is (1,2)*-ag-closed but not (1,2)*-a-closed.

Example 4.5. Let X = {a,b,c}

1 = {(ba Xa {a}}a T2 = {d)a X{ba C}} ;
11 2-open sets = {¢, X, {a}, {b,c}}; (X, 71, m2)isa T(1,2)—ag-space but not a T(q g)«_;-
space since {a,c} is (1, 2)*-g-closed but not 71 2-closed.
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