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THE GEODESICS OF A PSEUDO-RIEMANNIAN MANIFOLD

GABRIEL BERCU, CLAUDIU CORCODEL AND MIHAI POSTOLACHE

ABSTRACT. Given an arbitrary pseudo-Riemannian manifold (M, g), consider a
real function f, defined on M, whose Hessian with respect to the initial pseudo-
Riemannian metric g is non-degenerate. Then we obtain a new pseudo-Riemannian
manifold (M, h), where h = V2f. The aim of this work is twofold. First we
provide the general form of geodesic equations of a given pseudo-Riemannian
manifold. Then we suggest a possible numerical study. We indicate an implicit
parametric solution and use a numerical method to produce the direction geodesic
field plots as well as a phase portrait of solution curves.

1. INTRODUCTION AND PRELIMINARIES

According to [12], [13], a pseudo-Riemannian metric of signature (p,q) on a
smooth manifold M of dimension n = p + ¢ is a smooth symmetric differentiable
2-form g on M such that, at each point x of M, g, is non-degenerate on T,,M with
the signature (p,q). We call (M, g) a pseudo-Riemannian manifold.

Let be given a pseudo-Riemannian manifold (M, g). The fundamental theorem
of pseudo-Riemannian geometry states that there exists an unique linear connection
Vg4 on M, called the Levi-Civita connection (of g), such that the following two
assertions hold good:

a) Vg is metric (i.e. Vg9 =0); b) V, is torsion-free (i.e. T = 0).

If (U,x',...,2") is a coordinate chart on M, then the Christoffel symbols Ffj
of the Levi-Civita connection are related to the functions g;; by the formulas
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Also, the curvature R has the components Rfjk given by
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Note that in local coordinates a geodesic (t) = (xi(t))izlw’n satisfies a system
of n second order differential equations

i+ Thdlah = 0, i=1,...,n.
If f: M — R is a smooth function, then the second covariant derivative
O f of : :
2, _1k 2 7 7
Vol = (&viaxﬂ' L7 Dk dz' ® dx
is called the Hessian of f, [14], [17].
Let us suppose that the Hessian h = Vg f is non-degenerate. Then h is a
pseudo-Riemannian metric which produces the Levi-Civita connection V} and the

Christoffel symbols f‘f]
Throughout this paper, we shall use the following notations:

of O’ f m Ofij
fi= pyet fij = IideT L7 fms fijk = &Ekj —T4ife; — Thifuai
We have, [3]

Theorem 1.1. Let f,P* be the contravariant components of the pseudo-Riemannian

metric hp, = fr and R;?k be the components of the curvature tensor field pro-

duced by the pseudo-Riemannian metric g;;. Then the components of Levi-Civita
connection Vy, are given by the following formula

T 1 m m
Y =T+ §f»kp [Fik + (Rif; + Rigi) fm]-
Corollary 1.1. The differential system of geodesics is
. 1 id
P + |:Ff] + f?pk <§fﬂ]k + Rfk]f,f):| ') = Oa b= 1a c.a, N

We remark that Corollary 1.1 is the generalization of Theorem 2.1 from [9] in
the pseudo-Riemannian case.

2. MAIN RESULT

Let us take M = Ri be the positive quadrant endowed with the metric g = (g;5).

where
. 1 1
Gij (CC, y) = dla’g Fa ? .
It is known that this metric has the Christoffel coefficients

1 1
Ph = _57 F32 = —ga F%l = P%1 = Fh = F%Q = F%l = F52 = 0.

We choose the function

1 1
f:RY - R, f(ar,y):5+\/5+§+\/§,
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and we prove that V2f = (f;;) is positive definite on (M, g).
Indeed, after straightforward calculation, we get

1 1 1 1
V2f = di -+ —, =+ —
/= diag <£v3 T gt 4y\/§)
which is positive definite on Ri, therefore (Ri, v? f) is a Riemannian manifold.
According to Theorem 1.1, we have

G B(L U\ 31 1
U \4 T dtayz) P y\4 d+yyy)]
f%l =0, f‘b = 1:%1 =0, f%z = f‘%l =0, f%z =0,
and with p = 1 in Corollary 1.1, we find 2" (t) = —T'},(2/(¢t))®. We put = = z(¢) and

state

Theorem 2.1. The component x of geodesic curves of the Riemannian manifold
(Ra_, VQf) 18 solution of the 2nd order ODE

2 = 2 G + ﬁ) («')?, (2.1)

with arbitrary initial values.

Remark 2.1. With p = 2 in Corollary 1.1, we find 3" (t) = —T'3,(y/(t))?, therefore
y satisfies the ODE in Theorem 2.1 too.
To find a more convenient form of equation (2.1), we arrange it in the form
! 3 3z

x! :Z;+x(4+m\/§)’

and, after an integration, in the form

Inz'(t) = %lnaﬁ(t) + 3/

z'(t)
dﬂ@+m@ do)

We denote by I the integral in the right side of (2.2). Changing the variable \/z = u
reduces this integral to the form

1
I=2 | ——— du.
/uM+u%1¢

Using the general procedure for the integration of rational functions, after straight-

dt. (2.2)

forward calculation, we obtain a primitive

4
I=1In \/5

——— +1Ink,
v x/x + 4
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where k; is any positive real constant. Using this primitive, we can write (2.2) as
vz (t)

V/z(t)\/z(t) + 4

After an arrangement in (2.3) and using for y the same form, we can state our main

Inz'(t) = zln z(t) + 31In +1Ink. (2.3)

result. This is given in

Theorem 2.2. The geodesic curves of the Riemannian manifold (Ri,vz f) are
solutions of the first order ODE system

a'(t) = % y'(t) = % (2.4)
\Va(t)2 +4 y(t)2 +4

where k1 and ko are any positive real constants, and the initial values are arbitrary.

The equations (2.4) cannot be integrated using analytical methods because we
meet a Chebyshev integral of this form / u 2\/u3 + 4du. However, a numerical
study of this system could be useful.

3. A SOLUTION STUDY

In this section, we find an implicit parametric solution of (2.4), and use a numer-
ical method to produce the direction geodesic field plots as well as a phase portrait
of solution curves.

For our first purpose, it is enough to make the study of the first equation in
(2.4). We consider both z and k; be positive, and we write the first equation in
(2.4) as

1
kydt = Etd

— 3.1
If we integrate (3.1) side by side, we obtain
v/ 4
/T
Changing the variable \/x = v reduces this equality to the form
Vud +4
kit+c1 = 2/%&0.
v
or, more convenient, to the form
4 1
e [ (v ) 2)

14+ —
+4
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Ifve (0, \374_1), then we can make use of Taylor expansion and write (3.2) as

kit 4 c1 = /((v + %) Z(—l)”%(‘;—s)") dv. (3.3)

n>0

If we commute the sum and the integral in (3.3), after integration we obtain

(2n)! ( U3"+2 4,U3n—1)

kit +c1 = Z(_l)n 24n(n!)2\3n+2  3n-1
n>0

Finally, we return to x as variable. So, if x € (0, v 16), we have

(2n)! <m%(3n+2) 4m%(3n—1)

kit +er = (—1)"
itta ;O( Ve nrz T aeo1

). (3.4)

We underly that equation (3.4) gives an implicit parametric form of the solution
x = x(t,k1,c1) of the ODEs in Theorem 2.2. A similar form can be written for
y = y(t, ko, c2), where ko and cy are real constants, ks > 0. Therefore, we have
obtained this result.

Theorem 3.1. Let 0 < z,y < V/16. The implicit parametric solution of ODEs in
Theorem 2.2 1s given by

(2n)! (:c%(3”+2) 4g3(Bn=1) )

kit+c = Z(—l)n24n(n!)2 3n 4+ 2 3n—1
n>0

(2n)! (y%(3n+2) 4y%(3n—1)>

kot 4+ co = Z(—l)n 24 ()2 \ 3n 42 3n—1
n>0

ki, c1, ko and cy being real constants, k1 > 0, ko > 0.

We could imagine a computer aided study of ODEs in (2.4). This may be
performed by asymptotic methods or by means of numerical procedures. For our
purposes, we choose the numerical way with MAPLE (in [4], such kind of study is
made using MAPLE for PDEs).

Since the system in (2.4) is determined to be autonomous, we can produce di-
rection geodesic field plots (grid of arrows tangential to solution curves) as indicated
in Figures 1, 2 and 3.
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k1 = 10 and k9 = 1; the com-
ponent z is dominant and the direc-
tion field is almost horizontal, see
Figure 1.

k1 = 2 and ko = 1; no one
component is dominant; the direc-
tion field has the shape plotted in
Figure 2.

k1 = 1 and ko = 10; the com-
ponent y is dominant and the di-
rection field is almost vertical, see
Figure 3.
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Geodesic field, k1=1 and k2=10
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Azymptotic solution, x(t)

srrs s A
s i A s VAN 4

For the system of first order 05558555575 7500
differential equations (2.4), in Fig- AL AN TLSS s
ure 4 is plotted a phase portrait GLLAL LG0T TS
o T by A Ay /A
of solution curves, z(t), by a nu- /f’“@///////; Yy
. A AN AN
merical method. We used k1 =1 VP VE VNS Y Y LY
: - i ST AL L LRI
and the list of initial conditions AT s 022007
z(1) € {0.33; 0.66; 1.0}.  Remark A e
. ) T
that the solution curve y(¢) has the =~ aslattalatashalatatanton
4 2 2 4 4] g 10 12

same shape. ¢

Figure 4

4. CONCLUSION

In this paper we solved the problem of finding the geodesic equations [3], [18] of
a class of pseudo-Riemannian manifolds, but the problem is open for other classes
of manifolds. For this case study, we indicate an implicit parametric solution and
use a numerical method to produce the direction geodesic field plots as well as a
phase portrait of solution curves. The results our work give a relevant link between
differential geometry and applied (experimental) sciences, see [1] for geometrical
methods in Statistics, [2] for mathematical modeling in Ecology, [15] for optimization
methods on manifolds. Regarding different but related viewpoints, the authors
address the reader to these treatises and to the research works [5]+[8], [10], [11], [16]
and [19] as well.
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