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NEW TYPE DUALITIES IN PDI AND PDE CONSTRAINED
OPTIMIZATION PROBLEMS

ARIANA PITEA, CONSTANTIN UDRISTE AND STEFAN MITITELU

ABSTRACT. In a previous paper [8], Pitea, Udrigte and Mititelu considered the
problem (MFP) of minimizing a vector of quotients of functionals of curvilinear
integrals subject to PDE and/or PDI constraints and studied efficiency necessary
conditions for the problem (MFP). The goal of the present work is to associate
to this problem a dual, (MFD), and to establish some connections between these
two programs. We state a weak duality theorem proving that the minimum value
of the objective function of the primal is not less than the maximum value of the
objective function of the dual. Then we give direct and converse duality theorems
which prove that the values of primal and dual programs are equal in certain
conditions. While Section 1 is introductory [7], Section 2 is new as a whole,
containing our results.

1. INTRODUCTION AND PRELIMINARIES

Let (T, h) and (M, g) be Riemannian manifolds of dimensions p and n, respec-
tively. The local coordinates on T and M will be written ¢ = (t*) and = = (z°),
respectively. Let J!(T, M) be the first order jet bundle associated to T and M.

Using the product order relation on RP, the hyperparallelepiped € ¢, in RP,
with the diagonal opposite points tg = (t§,...,th) and t; = (t1,...,#]), can be
written as being the interval [to,#1]. Suppose 71,4, is a piecewise Cl-class curve
joining the points ty and ;.

The closed Lagrange 1-forms densities of C*°-class

fa:(fozz): JNT, M) —=R", (=T,r, a=1,p

and

k;a:(kfy):‘]l(T7M)—>Rra f:ﬁ’ a=1,

determine the following path independent functionals

Fl(a() = / St e(t), () die, K (a() = / KL (1, (1), 2y (1)) d®,

to,t1
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ox

o
The closeness conditions (complete integrability conditions) are Dg ft =D, fé,

and Dgkl = Daké, a,8=1,p, a # B, £ =1,r, where Dg is the total derivative.
Suppose

where z.,(t) = (t), v = 1, p are partial velocities.

K'a() = [ Kot o 0)de >0
Tto,t1
Also we accept that the Lagrange matrix densities

g:(gg):Jl(T,M)HRms, a=1,s, b=1,m, m<n,

of C*-class defines the partial differential inequations (PDI) (of evolution)
g(t,2(t),24(1) =0, ¢ €y, (1.1)
and the Lagrange matrix densities

h:(hZ): JUT, M) - R%, a=T1,5, b=1,q, ¢<n,

defines the partial differential equations (PDE) (of evolution)
h(t,z(t),x4(t) =0, t€ Qyyyy- (1.2)

The aim of this work is to introduce and study two dual programs:
(1) the multi-time multi-objective fractional variational problem (MFP) of min-
imizing a vector of quotients of path independent curvilinear functionals

() Fa)
(MFP) iy (Kl(w(-))""’W(z(-)))’

(2) the multi-objective variational dual problem

( <F1(y(-)) F’"(y(-)))

O \KO) K ()
subject to
y l
AR 1, y(0), 3 0) — AP (1 0(0). 0, 0)

< pald) gga,ym@» > 4 < valt), gga,ym,w» >

(MFD) < 1oaf (t,y(t), g (1)) — A2 gk (t,y(t), y4(1))

N—

+ < pa(t), gg(t,y(t),yy(t)) >+ < vy (t), gh(t,y(t),yv(t)) > | =0,

Yry Yy

t e Qto,tu o= 1,p

) yy(t) > 20,
, te Qto t

< pa(t), 9ty (1), yy (1) >+ < va(t), h(t,y

AlO > O,
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taking into account that the functions z(t),y(t) have to satisfy the boundary con-
ditions z(to) = wo, x(t1) = z1, or z(t)|sq,,,, =siven, respectively, y(to) = yo,
y(t1) = y1, or y(t)|aQtO’t1 = given, the partial differential inequations of evolution
(1.1), and the partial differential equations of evolution (1.2).

Let C*°(Q4,+,, M) be the space of all functions x: Qy, ¢, — M of C*°-class, with
the norm

p
lzll = llzllso + D Izalloo-

a=1

If
fTrd(Qlfoﬂfl) = {x S COO(Qto,tlvM) ’x(to) = 20, x(tl) =1, g(t,x(t),xw(t)) é 0,
h(t7x(t)7x’7(t)) =0, te Qto,tl}
is the set of all feasible solutions of the previous problems, we can write

fL‘() € gj(Qto,h)a y() € Sr(Qto,h)'

The paper [8] introduced and studied the problem (MFP), given necessary con-
ditions for the efficiency of a feasible solution.

To develop the theory in our main section, we need the notion of efficient solu-
tion.

Definition 1.1. A feasible solution z°(:) € F(Q4,+,) is called efficient solution for
the program (MFP) if and only if for any feasible solution z(-) € F(£4, ), we have
the implication

where

Fa() _ <F1($(-)) F’”(w(-))>
K(x()  \K'z()" K (x() /)

Remark 1.1. To study significant basic ideas of optimization problems of path
independent curvilinear integrals with PDE constraints or with isoperimetric con-
straints as multiple integrals or path independent curvilinear integrals, the reader is
encouraged to see [3], [4], [5], [7], [8], [12], [13], [14] and [15].

It is well known that such kind of optimization problems arise in wide areas
of research in pure and applied sciences and in the new technology as well. First
of all, we have in mind the material sciences where many times optimal estimation
of material parameters is required, either non-destructive determination of faults is
needed. Next, chemistry which provides a huge class of constrained optimization
problems such as the determination of contamination sources given the flow model
and the variance of the source. Last, but not least, games theory where the main
study is finding optimal wining strategies. All of these considerations motivate the
theoretical research given in this paper.
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In the problems of our study the objective function is of curvilinear integral
type and could mould the entropy when we have in mind physics or minimizing the
cost or maximizing the profit when we discuss economical problems.

2. MAIN RESULTS

Let p be a real number and b: C*(Qy, ¢, M) x C®(Qyy 4, M) — [0,00) a func-
tional. To any closed 1-form a = (a,) we associate the path independent curvilinear
functional

A() = [ aaltia(t).a (1) di°

to,t1
The following definition of the quasiinvexity [2], [6], [9], [10], [16] [17], helps us
to state the results included in this section.

Definition 2.1. The functional A is called [strictly] (p,b)-quasiinvex at the point
x°(-) if there is a vector function

n: I (Qugys M) X T (Qug i, M) — R,
such that
n(t, 2°(t), x5 (t), 2°(¢), z5(t)) = 0,
and the functional 8: C*°(Qy, ¢, M) x C°(Qy 1., M) — R”™, such that for any z(-)
[z(+) # z°(+)], the following implication holds

(Az() = A(=°()) = <b(~’v((-),x°(‘))/ [< n(t,x(t), 2y (), z°(1), 25(1)),
i

to,t1

I (4w (8),a5(t) > + < Dty x(t), 4 (1), 2°(8), 22(1)),

G000, 03(0) > | 1] £ = phla). )02 (I ).
~
Let us denote by m(z°()) the minimizing functional vector of the problem
(MFP) at the point z°(-) € F(Qy,) and by d(y(-), y(-), A0 A% u(-),v(+)) the
maximizing functional vector of the dual problem (MFD) at the point
(y(-), y (1), AT A0 1u(+),v(-)) € A, where A is the domain of the problem (MFD).

Theorem 2.1 (Weak duality). Let 2°(-) be a feasible solution of the problem (MFP)
and y(-) be an efficient solution of the problem (MFD). Assume that the following
conditions are fulfilled:

a) Aj" >0, A0 >0, 0=T,7, Al°F'(y(-)) — AP K (y() = 0;

b) for any £ = 1,7, the functional F*(x(-)) is (p"*,b)-quasiinvez at the point y(-)
and the functional —K*(z(-)) is (p"%,b)-quasiinvex at the point y(-) with respect to
n and 0;

) [ € ha0h gt l0), 7, 0) > + < valb), B al0) 0 (0) Sl s ("0

Yegt
- quasimvoe:cl at y(+) with respect ton and 0;
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d) one of the functionals of b), c) is strictly quasiinvez;

e) p’eA%O + p//ZA%O + p" > 0.
Then, the inequality 7(z°(-)) < 6(y(-), y(-), A0, A2 u(-), v (:)) is false.

Proof. From b) it follows

(F'(z°() = Fiy(-) = (b(x"(')ay('))/ [<77(t793°(t)795$(t),y(t%yv(t)%
Ttg.ty

Ofa 0fa

(&, y(8), 4y ())>+ < Dyn(t, 2°(8), 25(8), y(#), y5 (1))

< —p'%<:c°<->7y<->>ue<x°<->,y<->>||2), (=T, (2.1)

(K (2°(:) == K'(y(-) = (b(w"('),y('))/ [<—n(t,x°(t)7x3(t),y(t)7yw(t)),

¢ ?
D (1 (1), o (£)) >+ < — Dot 2°(8), 22(1), y(2), 15 (1)), Z’;a,yu),yﬁ(w» ate

= p”gb(x"('),y(-))llﬁ(wc’('),y('))HQ)7 t=1,r. (2.2)

We multiply (2.1) by A}® > 0 and (2.2) by AZ° > 0. We make the sum and we
obtain the following implications

(AéOF%(-))) CAPKY () < o) = (b<x°<->,y<->>

¢
/ {< n(t, 2° (1), z5(1), y (1), y+ (1)), A}O%(t,y(t),yy(t))

l
A%(]%Z"‘@, y(1), 35 (1)) >+ < Dy(t,2°(0),25,(1), y(1), (1)),

o F! Okt
AL 01,00 0) — A G 0,000 > et

< = 0@ (), g0 (), y (NI (P AL + p"zAEO)) (2.3)
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According to the hypothesis c), we have

(/ [< palt), g, 2°(1), 22(8)) > + < valt), h(t, 2°(1), 22(1)) >] dt® <
Ytg,t1
/ [< 1a(t), g(t, y(t), yy (1)) >+ <va(t), h(t, y(t), y, (1)) >]dt“> =
= (b(%"(-),y(-))/%0 . <L, 2°(t), 25(1), y(1), yy (1)), < ua(t),gg(tay@)’yw(t)) >

[e)

+ < va(t), @(t,y(t),yw(t)) >> 4 < Doyt °(t), 25(t), y(t), yy (1)),

dy
< a(0). 5. 3(0). <>>>+<ua<>§h< (0),5(0)) >> e
<~ AU O NI ()P (2.4

Making the sum of the implications (2.3) and (2.4) it follows

(A%OFZ(fUO(-))—A?OKK(UC(’(-)H/ [ < nalt),g(t,2°(t), 25(t)) >

Vto,t1

+ < val(t), h(t, (1), 25 (t)) >]dt® —/ [< pa(t), 9 y(1), y,(1)) >
Ytg,t1

+ < va(t), h(t,y(t), yy(t)) >]dt* < 0> =

l
- <b<x°<->,y<->> | (0,50 000, (00, AP 1 y(0). 5, 0)
Tto,t1
AP 0 0,y ) < a0, 220,400, 40) >

+ <wa(t), gZ(t,y(t),yw(t)) >> 4+ < Dyn(t, z°(t), 25(t), y(t), yy (1)),

4 8k£
MOS0t 0, 0) - AR

F< ua<t>,§i< (), 15(1) > + < valb),

=(t,y(1), y4(1))

Syt (0.3 (8) >> dr”

< =b(2°(), y()NO(° (), ()P (p’KA%O +p" AP + p’”)) : (2.5)
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Since b(z°(-),y(-)) > 0, we obtain

/ <t 2°(8), 25(8), y(), 4y (1), %‘;a(t,y(t),yv(t)%uﬂ),V(-) >
y

to,t1

+<Dw@fﬁ%ﬁ@MM%m@%gﬁ@yﬁw%mhuﬁwﬁ)>ﬁ“
<—mewm%MW+ﬂﬁ%w) (2.6)

where
Va(t,y(-), 5y (), A (), (1)) = A £ (5 (1), 55 (8)) — ARG (L, y(t), yy (£))

+ < pa(y(t)), g(t, y(t), yy (1)) >+ < valt), h(t,y(t), y,(t)) >, t € Qyty, = 1,p.

The following relation holds

< Dyn(t,z°(t), z5(t), y(t), y(1)), g&“(t,y(t), Yy (1), A, u(t), v(t) >

= Dy <n(t, 2°(t), 23(t), y(t), 4, (1)), Z‘;j(t»y(t), Yy (), A, p(t), v(t)) >

OVa

— <n(t,2°(t), 25(), y(t), y4(t)), Dy (%) (&, y(8), yy (1), A, p(t), v (1)) >. (2.7)

By replacing the relations (2.7) and by using Euler-Lagrange PDE, the relation
(2.6) becomes

Dy <t 2°(t), 25(1), y(), 45 (1)), g‘y/j(t, y(1), 94 (1), A, (1), v(2)) > dt®

Vto.t1

<—Wﬁ@%%%ﬂﬁ+ﬂ@ww) (2.8)
Let

QA (t)=<n(t,z°(t), 25(1), y(t), y,(t)) OV

) ay7

(&, y(8), yy (), A, p(t), v(8)) >, e, y=1,p,

and

I= A D, Q(t) dt®.

to,t1

According to [14], §9, we have the following

Lemma 2.1. A total divergence is equal to a total derivative.
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Consequently, there exists Q(¢), with Q(tp) = 0 and Q(t1) = 0 such that
D,Q1(t) = DaQ(#) and

I= DaQ(t) dt* = Q(t1) — Q(to) = 0.

Tto,t1

Replacing into the inequality (2.8), it follows that
0 < =[0G (), y(NI? (P AL + o"AF + p")

From hypothesis €), the previous relation becomes 0 < 0, that is false. From
relation (2.5), it follows

0= A%OFZ(UC(’(-))—A?OKK(HCC’(-)H/ [ < pal(t),g(t,2°(t), 25(t)) >

Yto,t1

+ <wa(t), h(t, 2°(t), x5 (1)) >]dt* — / [< pa(t), 9(t y(t), y4 (1)) >
Y

to,t1

+ <wa(t), hl(t,y(t), y, (1)) >]dt®.

Taking into account the inequality

/ [< pa(t), 9(t, y (), y5(t) > + < val(t), h(t, y(t), yy(t)) >]dt* = 0,

to,t1

the above-mentioned relation becomes
AP a0() — APPK (a°(-) > 0,
that is

FY(z°

s L

I ) _ Fy)
RGO | gty ~ R >
0, ¢

(
Because K*(z°(-))K*(y(-))

>0, ¢ =1,r, we conclude that
Flee()  Flut)  Fee()  Frul)
(e ~ Ry T ~ ) £ O o)
" FE0) @O (P F)
<K1< ()R @ >> £ < Ki(y() " <y<->>> |
Therefore, the relation m(2°(-)) < 6(y(-), yy(-), A, A%, pu(-),v(+)) is not satis-
fied. ]

We shall finish our considerations by giving the statements of two results on
direct duality and converse duality, respectively. For proofs, see [8].

Theorem 2.2 (Direct duality). Let z°(-) be an efficient solution of (MFP) and
suppose that the hypotheses of Theorem 2.1 are satisfied. Then there are the scalars
A0 A% € R” and the smooth functions pu°: Qg — R™P 1% Q1 — RIP such
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that (xo(-),xf/('),AIO,AQO,MO(-),VO(-)) is an efficient solution of the dual program
(MFD) and m(2°(-)) = 0(2°(), 25 (), A, A%, 52 (), v°()).

We shall present now a theorem concerning the converse duality, by changing
some of the hypotheses.

Theorem 2.3 (Converse duality). Let (xo(-),x?y(-),Alo,AQO,uo(-), v°(+)) be an effi-
cient solution of the dual problem (MFD) and suppose that the following conditions
are fulfilled:

a) Z(+) is an efficient solution of the primal problem (MFP);

b) for any ¢=1,r, we have

Fi(z°(:)) >0, K'(a°() >0, APF(2°() — AP K (2°())=0;

c) for any £ = 1,r, the functional F*(x(-)) is (p'*, b)-quasiinvez at the point x°(-)
and the functional —K*(x(+)) is (p""%, b)-quasiinvex at the point x°(-), with respect to
n and 0;

d) / [<ha(t), g(t,2(8), 25 (1)) > +<wa(t), h(t, x(t), (t)) >] dt

oty

is (", b)-quasiinver at the point x°(-) with respect to n and 0;

e) one of the functionals of c), d) is strictly (p"*,b), (p",b) or (", b)-quasiinvex
with respect to 1 and 0, respectively;

f) pIZA%O + p”eA%O + p/// > 0.

Then Z(-) = x°(-) and moreover, w(z°(+)) = 5(1‘0(-),x%(-),AlO,AQO,,uO(-), v°(4)).

Remark 2.1. If we would like to make a computer aided study of PDE and/or
PDI optimization problems we can try to perform symbolic computations. In this
respect, we recommend the MAPLE software package [1], [11].
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