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OPTIMALITY AND DUALITY FOR INVEX MULTI-TIME
CONTROL PROBLEMS WITH MIXED CONSTRAINTS

STEFAN MITITELU

ABSTRACT. The aim of this paper is to state and prove necessary optimality
conditions and develop a duality for the multi-time control problem with mixed
constraints (PCP). The duality uses the invexity notion, [1]+[7].

1. INTRODUCTION

We consider a multi-time control problem based on a multiple integral cost func-
tional and on some m-flow type PDE constraints given by

,

Maximize I(z, 1) = / X (4, 2(t), u(t))dv
T, u O

subject to

ox'

ot

[ u(t) e U(t), Vt € Q; x(0) = x0, x(tp) = 21.

(PCM)

= X (t,z(t),u(t), i =T,n, a =T1,m,

In the problem given above t = (t*) € RT; dv = dt!'---dt™ is the volume
element in R’?; Q is the hyper-parallelepiped in R’ defined by the closed interval
[0,t0) = {t € RT|0 < t < ty}, where 0 = (0,...,0) and to = (t},...,t]") are
two points in RT; z(t) = (z'(t)), i = I, n, is a C%-class state vector; u(t) = (u®(t)),
a = 1, k, is a continuous control vector; the running cost X (t, z(t), u(t)) is a C'-class
function; X (¢, z(t),u(t)), a = 1,m, are C'-class functions satisfying the complete
integrability conditions (m-flow type problem).
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Recently, Constantin Udriste (see [8] and [9]) stated a multi-time mazimum
principle for (PCM), that is he obtained for (PCM) necessary optimality condi-
tions. Also, Udriste established sufficient optimality conditions for this problem and
pointed out a wide class of properties.

In the context of the problem (PCM), we consider the functions Yj3(t, z(t), u(t)),
B =1, m, of C'-class, and the next scalar multi-time control problem of minimum
with mixed constraints:

( Minimize I(z, u) = /Q X (4, 2(8), u(t))dv

subject to

(PCP) dz'
ato

Yﬁ(tax(t)’u(t)) <0, 8= m:

u(t) e U(t), Vt € Q; z(0) = xg, x(tg) = 1.

= XL (t,2(t),u(t), i=T,n, a =1, m,

\

In this paper, we establish necessary optimality conditions for the problem
(PCP) and we develop a duality of Wolfe type through weak, direct and converse
duality theorems. These theorems use hypotheses of invexity theory. It is defined
the notion of normal optimal solution for (PCP) and there are stated direct and

converse duality theorems for normal optimal solutions.

2. NECESSARY OPTIMALITY CONDITIONS FOR (PCP)

The following result is true:

Theorem 2.1 (Necessary conditions). Consider the multi-time control problem
(PCP) in the framework presented by §1 and let the point (z,u) be an optimal solu-
tion of the problem (PCP). Then there are 0(t) € RP, u(t) € R? and A\ € R™ x R™,
all being piecewise smooth functions, which satisfy the following conditions:

(0X oxXt oY 0N}

il a B2k T
H(t) 97 + Af(t) o7 + W (t) B + En 0

0X oX? aY,

92 L apnLla | BB —

WP (0)Y(t,a(8), u(t)) = 0

L 0(t) >0, A (t) € R, pP(t) >0,
0X 090X 0X 00X

where e %(t,m(t),u(t)), 0= %(t,x(t),u(t)), e o (¢, z(t), u(t))

T
etc.
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Proof. Let (Z,u) be a feasible solution of (PCP) and the vector functions p(t) € R”
and ¢(t) € R¥, where p,q € CY(Q), p ‘GQ = 0. Let &1 > 0, e > 0 be real numbers
and consider for (z,u) the neighborhood

Ve={(z,0)|2(t) = 2(t) + e1p(t), u(t) = u(t) +e2q(t)}.

If (z,u) is a minimum solution of (PCP), then (0,0) is a minimum solution to

the following minimum problem:
(
Minimize f(e1,2) = [ X(t2(0)+ e1p(0) ult) + <2a(0) do
Q
subject to

. . oxt 0
(A1) { gher,e2) = [ [ Xa(ta(t) + (0, ult) + 20(6) — G — 1| dv =0
Q ate oo

ha(er,e2) = /Q Yi(t, 2(t) + e1p(t), u(t) + e2q(t))dv < 0

teQ, u(t) €U(), ply, =0, q|y, =0

\

Since (0, 0) is a minimum solution of (PM1), then there exist the real functions
0(x,u), A\¢(z,u) and 1P (x,u) such that (PM1) satisfies at (0,0) the following Fritz

John conditions:

0(z,u)V £(0,0) + A¥(z,u) Vgl (0,0) + p (z,u)Vhg(0,0) = 0
(FJ) < pP(x,u)hs(0,0) =0

0z, 1) > 0, 1 (z,u) > 0

But ax
of OX v
Vf(er,e2) = 1 | _ | Jo O
Rl [ %)’
862 0 (')uq
2\ (L (g
Vi (0,0)=| =179 . :
dg’ /8Xz, ]
Oeg o Ou qav
M\ ([,
361 0 Or
Vhﬁ(é‘l,&“g) = = s
oh; o
Des q ou 1%

0X 0X
where under all integrals, p = p(t), ¢ = q(t), =— = —— (¢, z(t), u(t)) etc.
x T
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Then the first conditions (FJ) becomes

0X aXl dp
B2 P 9z P o )V
baw) [0 | @) o
—qdv
/Qauq  u qdv
Y,
ﬂpdv
lu’ ) BY/B 0 )

or componentwise,

0X o oxt dp g .
G(x,u)/Q%pdv—}—/\ (z, u)/ﬂ(axp 8ta)dv+u (z, )/Q aw}f)dv—O

0X o X! 8 o¥g
G(x,u)/ﬂaqdv—i—/\i (ac,u)/Q ™ (m,u)/{zquv =0.

Relations (2.1) can be written in the form

X! Y
/0 x,u) pdv+/ A (x, u) (88;19 gt];) dv+/ (x,u)%—xﬁpdv:(]

Y,
/0 x,u —qdv+/ A ( Alx, )/ ,uﬂ(m,u)—ﬂqdv:O.
o) ou
(2.2)
For the convergence of the integral in (2.2) it is sufficient that the functions 6, A\

(2.1)

and pf should be measurable. Particularly, they can be piecewise smooth functions.
We define now the functions 6(t) := 0(z(t),u(t)), AF(t) = A (z(t),u(t)) and
pP () == pP(z(t),u(t)) and the relations (2.2) become

o) (2Xa, _ Op 5 Y5
/0 pdv+/)\ ( o 8ta>dv+/,u (t)%pdv—o

oy (2.3)
/0 —qdv+/ A (t (t)/,uﬁ(t)—ﬁqdvzo.
Q ou
The first condition (2.3) becomes
0X a 8X 6Yg i a 8]9
/Q[G(t)a—+/\ (t) 5 + 1P () =L B ]pdv /Q/\i (t )(,%ad (2.4)

In addition, we suppose A% of Cl-class. We have

0 o) = P8 4 a2
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8p o
/ H) g™ /81&0 (AP dv_/ Bt

According to Gauss-Ostrogradsky formula, we have

/ £a(Aa )pdv = /BQ()\?p)ﬁ(t)dv _o,

where 7i(t) is the normal unit vector to the boundary 992 and p‘ a0 = 0

and then,

So, condition (2.4) becomes

ox .. 0X: 0Yg  0X; B
/9[9()3_“()595 +il(0)%5" +W] dv = 0. (2.5)
According to a fundamental Lemma of the variational calculus, from (2.5) it
results '
0X X! 0Yg 0N
T2 e e 4o BB L 28
0(t) py + A% (t) Oz + 17 (t) oz + It 0

that is the first condition of (MFJ).
The second condition (2.3) can be written

0X oxt Y,
T2\ BB =
/Q [G(t) + A (t) 5 + p7(t) 5 gdv = 0.

Using the same fundamental Lemma, from this relation results the second con-
dition of (MFJ).
Condition 1# (x,u)hs(0,0) = 0 of (FJ) implies

[ 1 @Ysltx(0), u(e)do = o (2.6)
Q

But condition p”(¢)Ys(t, z(t),u(t))dv = 0 implies (2.6). Therefore, we get the
third condition in (MFJ). Also we have 8(t) > 0, u?(t) > 0 for t € Q. O

Definition 2.1. The optimal solution (z°,u") of (PCP) is called normal if 6(t) # 0,
for all t € Q.

3. WOLFE’S DUALITY FOR (PCP)

The function

L(t, z(t),u(®), A\t), u(t)) = X (¢, 2(), u(t)) + AX(t) | XL (¢, z(t), u(t)) — gf;

W ()Yp(t, 2 (t), ult))

is the Lagrangian function associated to (PCP).
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We associate the next dual to the problem (PCP), [10]:

p

Maximize J (z, u, A, ) = /Q L(t, o(t), u(), A(8), p(t))dv

subject to

0X ox? oY, 2%
DCP « « B _
(DCP) u TN WG, H 5+ G =0

0X 6XZ 0Yp

N5+ ()52 =0,

A () €R, pP(t) >0, x(0) = z0, 2(tg) = 1.

\

In the following, we develop (PCP) and (DCP), a duality of Wolfe type with
weak, direct and converse duality theorems.

This duality uses the notion of invexity introduced right now.

Let the scalar function f(t,z(t),2'(t),u(t)) € R be of C!- class, where z'(t) is

the derivative of z(t) and F(x,u) = /Qf(t,x(t),w'(t), u(t))dt.

Definition 3.1. F(z,u) is said to be invexr at (z*,u*) if there exist the vector
functions 7(t) € R™ of C* class, where n]sq = 0 and £(t) € R¥ of C%-class such that
for every V(z, u)[(z, u) # (2, u")],

of of

F(z,u)—F(z*,u") 2/ (nt%(t,x*,u*) + D(n )a ~(t, 2%, u )+§t%(t, :E*,u*)) dv.

Q

We denote by D the domain of (PCP), by A the domain of (DCP) and by
(z,u, \, 1) = (2, u, \¥, u?) the current point of A.
Now the above-mentioned duality theorems follow.

Theorem 3.1 (Weak duality). Let (z*,u*) € D and (x,u,\,u) € A be two fea-
sible solutions to (PCP) and (DCP). Consider the functions \&(t) and pP(t) as in
Theorem 2.1. Moreover, suppose the next conditions are fulfilled:

/X (t,z(t),u(t))dv is invexr at (x,u);
oz’ o
A (E) | XE(t, x(t), u(t)) — dv is invex at (x,u);
Q ot
c) /uﬁ(t)Yg(t,m(t),u(t))dv is inver at (xz,u), with respect to n and &, as in
Q
Definition 3.1.
Then I(z*,u*) > J(x,u,\, ).
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Proof. According to a) and Definition 3.1, we have

/[X(t,x*,u*)—X(t,a:,u)]dvz/[ 19X gt } (3.1)
Q Q
Using the constraints of (DCP), (3.1) becomes
0X: 0Yg 0N
* k) ) > t|_ o a  BpnYiB )
et - x> [ o |-x0%E - w052 - 5
0X: Y,
t|_ o a  BnYiB
v a0 %E - 052 b (3.2
_ L OAS FIN ). ¢RI ). ¢4
= 8tadv /Q[n)\i()a {A()au]dv

oY, Y,
- /Q [ntuﬁ (t)a—j + &P (t)a—j] dv.

But
8 ont LON?
9 iptaey = 97 ya i
g TA) = 5@ N +7 g
and then,

8>‘a ta na
ata /ataAd_/aAd

Using the ﬂow—divergence formula, we have

a —
/ g (AT )dv = / (n*Ag)ii(t)do = 0,
Q o0

where 7i(t) is the normal unit vector to the boundary 92 and n|gn = 0.
Then (3.2) becomes

ox: OXL oA
; * *\ > a ¢ t L
/Q[X(t,r yut) = X(t, z,u)|dv > /Q)‘z (t) [77 o +¢ Au 815“} v

- [ |1 e St s

Taking into account hypotheses b) and c), respectively, we have

//\?(t) [X;(t,x*,u*) oz _X;(t,x,u)Jr Oz ] do
Q

ote ote
o LOXi aae
//\ [ +¢ 5 815‘1} dv, (3.4)
[ Ottt ~Yattalao> [0 052+ 58w (35)
Q Q ote
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(956*1.

Having X© (t, z*,u*) — — =0and — B ()Y5(t, z*,u*) > 0 and summing, side

by side (3.4) and (3.5) multiplied by —1, we obtain

- [ v e e S av- [ woio [ 52+ e 5]
Q Q

ox ou ote 15) ote

/ At [ Xi (£, 2, ) gfa} dv + /Q WOyt o, wdv.  (3.6)

Then, from (3.3) and (3.6), successively, it results

/Q[X(t,xo’uo) — X(t,z,u)]dv > —/Q/\?(t) [—X;(t, T,u) + gfa} dv

+ /Q PP () Y5(t, x, u)dv

or
7

/Q X(t,2°, u®)dv> /Q <X(t,x,u)+/\?(t) [X;(t, x,u)—gfa]+u6(t)Y/5(t,x,u)) dv,

/X(t,m*,u*)dv>/L(t,x,u,)\,,u)dv, that is  I(x*,u*) > J(z,u, \, u).
Q Q
[l

Theorem 3.2 (Direct duality). Let (z°,u°) be a normal optimal solution of the
problem (PCP). Suppose that the conditions of Theorem 2.1 are satisfied. Then
there exist the functions (A\$)°(t) and (u?)°(t) such that (2° ()\0‘) (1?)0) is an
optimal solution of the dual (DCP). Moreover, I(z°,u") = J(a: u?, (A0, (u?)?),
that is min(PCP) = max (DCP).

Proof. According to Theorem 2.1, there exist the functions (A%)0(t) and (%)°(t)
such that the condltlons (MFJ ) are satisfied at (2%, u®) with 6(¢ ) 1. Then, it fol-

lows that (20, u®, (A)?, (1#)°) € A and moreover, I(x u®) = J(2%,u®, (A0, (u?)9).
Using the hypotheses of Theorem 3.1, it follows that the point (a: u?, (AN, (1?)?)
is optimal to dual problem (DCP). O

Theorem 3.3 (Converse duality). Let (x°,u®, (A\®)?, (1#)°) be an optimal solution
of the dual problem (DCP) and suppose that the following conditions are satisfied:
i) (z,a) is a normal solution to primal (PCP).

a X v ZS ZTLU@.’E Qa X UO
>/QX(t, (1), u(t))d (2, u0);

b) / S |:Xé(t,:c(t),u(t)) — gfa dv is invex at (20, u);
Q
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c) / 1P () Ya(t, 2(t), u(t))dv is invex at (2, u°),
Q
all with respect to n and &, as in Definition 3.1.
Then (2°,u®) = (z,@). Moreover, I(x°,u®) = J(x° u® (A}, (1P)?), that is
min (PCP) = max (DCP).

Proof. On the contrary, we suppose that (Z,%) # (2°,u°) and we shall find a con-

tradiction. Because (Z,%) is a normal optimal solution to (PCP), there are the
scalar continuous functions A¢(t) and f?(t) of C'-class which satisfy conditions
(MFJ) at the point (Z,@) with 6(t) = 1. It follows (z,a, A%, i’) € A. Moreover,
I(z,q) = J(z,a, \&, i°).

Taking into account the hypotheses ), b), c¢) of this theorem and according to
Theorem 3.1, we have I(Z,u) > J(:v u®, (A0, (1P)0). This is equivalent to the
inequality J(z, @, Ay, i) > J ( 0 (AN, (1?)°). The equality is excluded because
(z,a) # (z°,u°). Then, J(z,a 5\7 ,uﬁ) > J(2%,u%, (0, (1#)°). But this inequality
contradicts the optimality of (2, u°, (A%)?, (1#)°) in the dual (DCP). Therefore, we

have (z,%) = (2°,u’) and

1(2° ) = I(z,3) = J(2,8, 3, i°) = J(2°, %, O, (7)),
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