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STRONG CONVERGENCE OF SOME ITERATIVE ALGORITHMS
FOR PSEUDO-CONTRACTIVE MAPPINGS

MENGQIN LI

Abstract. In this paper, we suggest and analyze some new iterative algorithms
for a strictly pseudo-contractive mapping T in the sense of Browder-Petryshyn in
a real q-uniformly smooth Banach space. We prove that the proposed iterative
algorithms converge strongly to some fixed point of T .

1. INTRODUCTION

Let E be an arbitrary real Banach space and let Jq(q > 1) denote the generalized
duality mapping from E into 2E∗ given by

Jq(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖q = ‖x‖‖x∗‖} for all x ∈ E,

where E∗ denote the dual space of E and 〈·, ·〉 denotes the generated duality pairing
between E and E∗. In particular, J2 is called the normalized duality mapping and
it is usually denoted by J . It is well known that Jq(x) = ‖x‖q−2J(x) if x 6= 0 and
that if E∗ is strictly convex, then Jq is single-valued.

Let K be a nonempty closed convex subset of E. A mapping f : K → K is
called contractive if there exists a constant α ∈ [0, 1) such that

‖f(x)− f(y)‖ ≤ α‖x− y‖, (1.1)

for all x, y ∈ K. Recall that a mapping T : K → K is called pseudo-contractive if
for all x, y ∈ K, there exists jq(x− y) ∈ Jq(x− y) such that

〈Tx− Ty, jq(x− y)〉 ≤ ‖x− y‖q.

It is easy to see that (1.1) is equivalent to the following: there exists some
j(x− y) ∈ J(x− y) such that

〈Tx− Ty, j(x− y)〉 ≤ ‖x− y‖2,

for all x, y ∈ K. Recall also that a mapping T : K → K is called strictly pseudo-
contractive mapping (in the terminology of Browder-Petryshyn) [1] if there exists
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λ > 0 such that for all x, y ∈ K there exists jq(x− y) ∈ Jq(x− y) satisfying

〈(I − T )x− (I − T )y, jq(x− y)〉 ≥ λ‖(I − T )x− (I − T )y‖q, (1.2)

where I denotes the identity operator. We denote by F (T ) the set of fixed points of
T .

In the literature, many interesting and important results have been acquired to
approximate the fixed points of pseudo-contractive mappings. We refer the reader
to [1]-[12], [15], [17]-[20].

It is our purpose in this paper to introduce and analyze some new iterative
algorithms for a strictly pseudo-contractive mapping T in the sense of Browder-
Petryshyn in a real q-uniformly smooth Banach space. We prove that the proposed
iterative algorithms converge strongly to some fixed point of T .

2. PRELIMINARIES

Let E be a real Banach space. The modulus of smoothness of E is defined as
the function ρE : [0,∞) → [0,∞):

ρE(τ) = sup
{

1
2
(‖x + y‖+ ‖x− y‖)− 1 : ‖x‖ ≤ 1, ‖y‖ ≤ τ

}
.

E is said to be uniformly smooth if and only if lim
τ→0+

(ρE(τ)/τ) = 0. Let q > 1.

The space E is said to be q-uniformly smooth (or to have a modulus of smoothness
of power type q > 1), if there exists a constant cq > 0 such that ρE(τ) ≤ cqτ

q. It is
well known that Hilbert spaces, Lp and lp spaces, 1 < p < ∞, as well as the Sobolev
spaces, W p

m, 1 < p < ∞, are q-uniformly smooth.
We shall require the following lemmas in the sequel.

Lemma 2.1 ([13]). Let q > 1 and E be a real smooth Banach space. Then the
following are equivalent:

(1) E is q-uniformly smooth;
(2) There exists a constant cq > 0 such that for all x, y ∈ E

‖x + y‖q ≤ ‖x‖q + q〈y, jq(x)〉+ cq‖y‖q.

Lemma 2.2 ([14]). Let {xn} and {yn} be bounded sequences in a Banach space E
such that xn+1 = σnxn+(1−σn)yn, n ≥ 0 where {σn} is a sequence in [0, 1] such that
0 < lim inf

n→∞ σn ≤ lim sup
n→∞

σn < 1. Assume lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

Then lim
n→∞ ‖yn − xn‖ = 0.

It is easy to check that the following result holds.

Lemma 2.3 ([8], [9]). Let K be a nonempty closed convex subset of a q-uniformly
smooth Banach space E. Let T : K → K be a strictly pseudo-contractive mapping
such that F (T ) 6= Ø. Let f be a fixed Lispschitzian strongly pseudo-contractive
mapping from K to K. For any t ∈ (0, 1), let xt be the unique fixed point of
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tf + (1 − t)T . Then as t → 0+, {xt} converges to a fixed point p ∈ F (T ) which is
the unique solution in F (T ) to the variational inequality:

〈f(p)− p, j(z − p)〉 ≤ 0 for all z ∈ F (T ).

Lemma 2.4 ([16]). Assume {an} is a sequence of nonnegative real numbers such
that an+1 ≤ (1− bn)an + cn, n ≥ 0, where {bn} is a sequence in (0, 1) and {cn} is a
sequence in R such that

(i)
∞∑

n=0

bn = ∞; (ii) lim sup
n→∞

cn

bn
≤ 0 or

∞∑

n=0

|cn| < ∞.

Then lim
n→∞ an = 0.

3. MAIN RESULTS

Let K be a nonempty closed convex subset of a real q-uniformly smooth Banach
space E. Let f : K → K be a contraction with coefficient α ∈ [0, 1) and T : K → K
be a strictly pseudo-contractive mapping. First we introduce the following iterative
algorithm.

Algorithm 3.1. Let {αn}, {βn} and {γn} be real sequences in [0, 1] such that
αn + βn + γn = 1, n ≥ 0. Let the sequence {xn} be generated from an arbitrary
x0 ∈ K by the following iterative scheme:

xn+1 = αnf(xn) + βnxn + γn((1− δ)xn + δTxn), n ≥ 0, (3.1)

where δ ∈
(

0, min

{
1,

(
qλ

cq

) 1
q−1

})
is a constant.

Now we state and prove our main results as follows.

Theorem 3.1. Let K be a nonempty closed convex subset of a q-uniformly smooth
Banach space E, and T : K → K be a strictly pseudo-contractive mapping such that
F (T ) 6= Ø. Let f : K → K be a contraction. Let {αn}, {βn} and {γn} be real
sequences in [0, 1] satisfying the following conditions:

(C1) lim
n→∞αn = 0;

(C2)
∞∑

n=0

αn = ∞;

(C3) 0 < lim inf
n→∞ βn ≤ lim sup

n→∞
βn < 1.

For initial guess x0 ∈ K, then the sequence {xn} defined by (3.1) converges
strongly to p ∈ F (T ) which solves the variational inequality:

〈f(p)− p, j(z − p)〉 ≤ 0 for all z ∈ F (T ).
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Proof. We first show that {xn} is bounded. Indeed, take a point p ∈ F (T ) to get

‖xn+1 − p‖ = ‖αn(f(xn)− p) + βn(xn − p)
+γn[(1− δ)(xn − p) + δ(Txn − p)]‖

≤ αn‖f(xn)− f(p)‖+ αn‖f(p)− p‖+ βn‖xn − p‖ (3.2)
+γn‖(xn − p) + δ(Txn − xn)‖.

From Lemma 2.1 and (1.2), we obtain

‖(xn − p) + δ(Txn − xn)‖q ≤ ‖xn − p‖q + qδ〈Txn − xn, jq(xn − p)〉
+ cqδ

q‖Txn − xn‖q

≤ ‖xn − p‖q − qδλ‖Txn − xn‖q

+ cqδ
q‖Txn − xn‖q

= ‖xn − p‖q + (cqδ
q − qδλ)‖Txn − xn‖q

≤ ‖xn − p‖q,

which implies that

‖(xn − p) + δ(Txn − xn)‖ ≤ ‖xn − p‖. (3.3)

By using (3.2) and (3.3), we get

‖xn+1 − p‖ ≤ αnα‖xn − p‖+ αn‖f(p)− p‖+ βn‖xn − p‖
+ γn‖xn − p‖

= [1− (1− α)αn]‖xn − p‖+ (1− α)αn
‖f(p)− p‖

1− α
.

By induction, we obtain, for all n ≥ 0,

‖xn − p‖ ≤ max
{
‖x0 − p‖, ‖f(p)− p‖

1− α

}
.

Define xn+1 = βnxn + (1− βn)yn, n ≥ 0. It follows that

yn+1 − yn =
xn+2 − βn+1xn+1

1− βn+1
− xn+1 − βnxn

1− βn

=
αn+1f(xn+1) + γn+1((1− δ)xn+1 + δTxn+1)

1− βn+1

−αnf(xn) + γn((1− δ)xn + δTxn)
1− βn

(3.4)

=
αn+1f(xn+1)

1− βn+1
− αnf(xn)

1− βn

+
γn+1((1− δ)(xn+1 − xn) + δ(Txn+1 − Txn))

1− βn+1

+
(

γn+1

1− βn+1
− γn

1− βn

)
((1− δ)xn + δTxn).
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Again from Lemma 2.1 and (1.2), we have

‖(1− δ)(xn+1 − xn) + δ(Txn+1 − Txn)‖q

= ‖(xn+1 − xn)− δ[xn+1 − Txn+1 − (xn − Txn)]‖q

≤ ‖xn+1 − xn‖q − qδ〈xn+1 − Txn+1 − (xn − Txn), jq(xn+1 − xn)〉
+ cqδ

q‖xn+1 − Txn+1 − (xn − Txn)‖q

≤ ‖xn+1 − xn‖q − qδλ‖xn+1 − Txn+1 − (xn − Txn)‖q

+ cqδ
q‖xn+1 − Txn+1 − (xn − Txn)‖q

= ‖xn+1 − xn‖q + (cqδ
q − qδλ)‖xn+1 − Txn+1 − (xn − Txn)‖q

≤ ‖xn+1 − xn‖q,

that is,
‖(1− δ)(xn+1 − xn) + δ(Txn+1 − Txn)‖ ≤ ‖xn+1 − xn‖. (3.5)

Combining (3.4) and (3.5) yields

‖yn+1 − yn‖ ≤ αn+1

1− βn+1
(‖f(xn+1)‖+ ‖(1− δ)xn + δTxn‖)

+
αn

1− βn
(‖f(xn)‖+ ‖(1− δ)xn + δTxn‖)

+
γn+1

1− βn+1
‖xn+1 − xn‖.

Since αn → 0, γn+1 ≤ 1− βn+1, the last inequality implies

lim sup
n→∞

(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0.

Apply Lemma 2.2 to get
lim

n→∞ ‖yn − xn‖ = 0.

Consequently,

lim
n→∞ ‖xn+1 − xn‖ = lim

n→∞(1− βn)‖yn − xn‖ = 0.

Note that
‖xn − Txn‖ ≤ ‖xn+1 − xn‖+ ‖xn+1 − Txn‖

≤ ‖xn+1 − xn‖+ αn‖f(xn)− Txn‖
+ βn‖xn − Txn‖+ γn(1− δ)‖xn − Txn‖,

that is,

‖xn − Txn‖ ≤ 1
αn + γnδ

{‖xn+1 − xn‖+ αn‖f(xn)− Txn‖} → 0.

Next we prove that

lim sup
n→∞

〈f(p)− p, j(xn − p)〉 ≤ 0, p ∈ F (T ).
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Let zt be the unique solution to the equation

zt = tf(zt) + (1− t)Tzt.

From Lemma 2.3, we know that zt → p ∈ F (T ) which solves the variational
inequality

〈f(p)− p, j(z − p)〉 ≤ 0 for all z ∈ F (T ).
We can write

zt − xn = (1− t)(Tzt − xn) + t(f(zt)− xn).
It follows that

‖zt − xn‖2 = (1− t)〈Tzt − xn, j(zt − xn)〉+ t〈f(zt)− xn, j(zt − xn)〉
= (1− t)(〈Tzt − Txn, j(zt − xn)〉+ 〈Txn − xn, j(zt − xn)〉)

+ t〈f(zt)− zt, j(zt − xn)〉+ t〈zt − xn, j(zt − xn)〉
≤ (1− t)‖zt − xn‖2 + (1− t)‖Txn − xn‖‖zt − xn‖

+ t〈f(zt)− zt, j(zt − xn)〉+ t‖zt − xn‖2

= ‖zt − xn‖2 + (1− t)‖Txn − xn‖‖zt − xn‖
+ t〈f(zt)− zt, j(zt − xn)〉,

and hence
〈f(zt)− zt, j(xn − zt)〉 ≤ 1− t

t
‖Txn − xn‖‖zt − xn‖.

Since ‖xn− Txn‖ → 0 and {zt} and {xn} are bounded, using the standard proof, it
is easy to obtain

lim sup
n→∞

〈f(p)− p, j(xn − p)〉 ≤ 0, p ∈ F (T ). (3.6)

Finally we claim that xn → p in norm. From (3.1) and (3.3), we have

‖xn+1 − p‖2 = αn〈f(xn)− p, j(xn+1 − p)〉+ βn〈xn − p, j(xn+1 − p)〉
+ γn〈(1− δ)(xn − p) + δ(Txn − p), j(xn+1 − p)〉

≤ αn〈f(xn)− p, j(xn+1 − p)〉+ βn‖xn − p‖‖xn+1 − p‖
+ γn‖xn − p + δ(Txn − xn)‖‖xn+1 − p‖

≤ αn〈f(xn)− f(p), j(xn+1 − p)〉+ βn‖xn − p‖‖xn+1 − p‖
+ αn〈f(p)− p, j(xn+1 − p)〉+ γn‖xn − p‖‖xn+1 − p‖

≤ αnα‖xn − p‖‖xn+1 − p‖+ (1− αn)‖xn − p‖‖xn+1 − p‖
+ αn〈f(p)− p, j(xn+1 − p)〉

≤ [1− (1− α)αn]
1
2
(‖xn − p‖2 + ‖xn+1 − p‖2)

+ αn〈f(p)− p, j(xn+1 − p)〉,
that is,

[1 + (1−α)αn]‖xn+1− p‖2 ≤ [1− (1−α)αn]‖xn− p‖2 + 2αn〈f(p)− p, j(xn+1− p)〉,
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which implies that

‖xn+1 − p‖2 ≤ [1− (1− α)αn]‖xn − p‖2 + 2αn〈f(p)− p, j(xn+1 − p)〉. (3.7)

From (3.6), (3.7) and Lemma , we conclude that ‖xn − p‖ → 0. This completes the
proof. ¤

As direct consequence of Theorem 3.1, we obtain the following result.

Corollary 3.1. Let K,C, T , {αn}, {βn} and {γn} be as in Theorem 3.1. For initial
guess x0 ∈ K, let the sequence {xn} be defined by

xn+1 = αnu + βnxn + γn((1− δ)xn + δTxn), n ≥ 0,

where δ ∈
(

0,min

{
1,

(
qλ

cq

) 1
q−1

})
is a constant. Then {xn} converges strongly to

p ∈ F (T ).

Remark 3.1. It is clear that the importance of well-known Halpern iterative algo-
rithm lies in the fact that the strong convergence is achieved for nonexpansive map-
pings. Our algorithms studied in this paper can be reviewed as significant extensions
of the Halpern iterative algorithm. At the same time we obtain strong convergence
results concerning strictly pseudo-contractive mappings under very weak restrictions
on parameters in the setting of Banach spaces.
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