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ON A STUDY OF DISTINGUISHED STRUCTURES OF
HESSIAN TYPE ON PSEUDO-RIEMANNIAN MANIFOLDS

GABRIEL BERCU, CLAUDIU CORCODEL AND MIHAT POSTOLACHE

ABSTRACT. In [4], [10], [11] the Hessian Geometry is studied using a function
defined on the Euclidean space R™. In our paper we replace the initial Euclidean
space R™ with an arbitrary pseudo-Riemannian manifold (M, g) and consider a
function f: M — R whose Hessian with respect to the initial pseudo-Riemannian
metric g is non-degenerate. Then we study properties of the pseudo-Riemannian
manifold (M, h), h = Vﬁf, in terms of local computation. This allows us to solve
and generalize an open problem stated by C. Udriste in [12], [13].

The paper is organized as follows. In §1 we remind some notions on pseudo-
Riemannian Geometry. In §2 we deduce the Christoffel symbols and the system
of geodesics of pseudo-Riemannian manifold (M, k), h = Vg f. We determine the
conditions for which the Christoffel symbols of (M, h) coincide with the Christof-
fel symbols of (M, g) and give some examples. We also consider the simplest
non-homotetic deformations of a pseudo-Riemannian Hessian metric, namely the
conformal ones. In §3 we establish a relation between the components of the
curvature tensors field of (M,h) and (M, g). Then we discuss two examples of
pseudo-Riemannian metrics which have constant sectional curvature. In §4 we
consider remarkable metrics of Riemannian-Hessian metric type from Optimiza-
tion Theory and Statistics and we study their geometries.

1. INTRODUCTION AND PRELIMINARIES

In [10], [11], H. Shima and K. Yagi studied the geometry of Hessian manifolds.

The basic idea is that the Euclidean space R" is endowed with a Riemannian metric
82
hij = 5z‘73¢j’ where ¢: R” — R is a C*°-class function. In [7], Y. Nesterov and M.
' Ox

J. Todd considered the Riemannian geometry defined on a convex set (included in an
n-dimensional real vector space) by the Hessian of a self-concordant barrier function
and found its associated geodesics in several cases. In his paper [16], P. Wilson
showed that for a Fermat form f of any degree d and any number of variables n,
if the associated Hessian metric is of signature (1,#*) on a nonempty open subset of
R™, then the associated Riemannian metric on M = {f = 1} has constant sectional
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d2
curvature ——. Hitchin [5] characterized the Hessian Riemannian structures in
terms of Lagrangian submanifolds of the cotangent bundle. For other significant
developments of these problems, see [1]+[16] and the references therein.
To develop the theory in this paper it is necessary to recall some notions of
pseudo-Riemannian manifolds, [9], [10].

Definition 1.1. A pseudo-Riemannian metric of signature (p, q) on a smooth man-
ifold M of dimension n = p+ ¢ is a smooth symmetric differentiable 2-form g on M
such that, at each point = of M, g, is non-degenerate on T, M with the signature
(p,q). We call (M, g) a pseudo-Riemannian manifold.

Theorem 1.1. Given a pseudo-Riemannian manifold (M, g) there exists an unique
linear connection V, on M, called the Levi-Civita connection (of g), such that'

a) Vg is metric (i.e. Vgg =0);

b) Vg is torsion-free (i.e. T =0).

Definition 1.2. Given a pseudo-Riemannian manifold (M, g), the curvature tensor
field R of the Levi-Civita connection is called the Riemannian curvature of (M, g).

Let (U,z',...,2") be a coordinate chart on M. Then the Christoffel symbols
Ffj of the Levi-Civita connection are related to the functions g;; by the formulas

k. — l ke (09 | Ogie _ 0gij
Y2 Oxi ~ Oxt Ozt )’

Also, the curvature R has the components ng’k given by
Y l

R, = Oy _ %

Wk ™ gxi  Oxk

Note that in local coordinates a geodesic (t) = (xi(t))izlw’n satisfies a system
of n second order differential equations

r 1l r 1l
+ il — Tl -

i+ Thdlah =0, i=1,...,n.

If f: M — R is a smooth function, then the second covariant derivative

2 . .
V?]f:( o°f —I‘kﬁ)da;”@dx]

OztoxI 4 ok

is called the Hessian of f.
Throughout this paper, we shall use the following notations:

_of o°f 0f.j
- Ozt W 9ridrd Oxk

Y 4
fi —Tifms fak = ~ Dhifei = Vay e

IFundamental theorem of pseudo-Riemannian Geometry
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2. CHRISTOFFEL SYMBOLS OF PSEUDO-RIEMANNIAN
MANIFOLD (M, h), h = V2f

Suppose that the Hessian h = Vg f is non-degenerate. Then h is a pseudo-
Riemannian metric which produces the Levi-Civita connection V}, and the Chrisoffel
symbols Ffj

Theorem 2.1. Let f,P* be the contravariant components of the pseudo-Riemannian
metric hpy, = fpr and Rg?k be the components of the curvature tensor field pro-
duced by the pseudo-Riemannian metric g;j. Then the components of Levi-Civita
connection Vy, are given by the following formula

- 1
Y = T8 + S 1 [faje + (R + Rip) fom)-
Proof. We use the fomulas h;; = f;; and

Ohji | Ohix  Ohi;

2h,, TP, = ‘ s .
Pk K oxt ox) axk
Then
Ohij »Bf ory )
T 9500k m = L3} fem — 3T 2.1
xk 0x'0zI Oxk oxk f J ka ij kmf,f (2.1)

h; h;
and similar formulas for —2 k and Ohi

ot ozl
(o o

. We may write

2f I = ——= i ;
FrT 0ziOxI Oxk ozk  Oxi  Oxt

+F2;‘Lf,km - F?zf,jm - F?};f,zm

¢ ¢ ¢
+ D =Lkl — ?}crim) fe

(2.2)
Using the formula for f;;;, the equality (2.1) becomes

83Jc 8P€.
O 0riozk Fijk +Tiifei + Fijf,&' + Ffjf,kf + —(%jkj fe+ F;?Fimf,g. (2.3)

Substituting (2.3) in (2.2), we obtain

l
T f, T )
6$k B 1] md

2f pkTh; = Fijn + Tiifei +Thfei + Thifue +

¢ ¢
ory; org Ol
oxk  OxJ ox'

R 0 S ) rﬁrfm) fo

+75 fkem — Ui f jm — Tip fim.-
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We reduce the terms Fiif,fj with —I'7} f im and Fijf,fi with —I'7} fim and we have

14 4 Y4
or;;  ory; B 81“@ B 8ij L pmpt L pmr
Oxk ok oxJ Oxt i+ km i+ km

2f k15 = faji + 2T, f e + (
e - F;-”krfm) fi

= fijk + 205 fre + (Rl + Ripi) fo-
Finally the expression of f‘fj is f‘fj = I‘fj + 3P [fan + (Rfkj + R?ki)f,é]- U

Remark 2.1. If the initial Riemannian manifold (M, g) is the Euclidean space, then

I’ =0, R, =0, fi; = f and f;i, = L Therefore the formula for
o Tk T BT i 5 kT Hrigni 9k

_ _ 1

Ffj takes the form Ffj =3 f Pk Wfaxk or, for the Christoffel symbols of the first

1 o3f
2 0xi0xI OxP
Corollary 2.1. The differential system of geodesics is

1 o
'+ [Fﬁ} + S <§f,z-,,~k + Rfkjf,z)} #il =0, p=1,...,n.

kind, fijp = , a well-known formula.

Remark 2.2. Corollary 2.1 is the generalization of Theorem 2.1 from [7] in the
pseudo-Riemannian case.

= .. . Y Y
Corollary 2.2. T}, =T7,, for alld,j,p = 1,...,n, iff fi + (Ri; + Rjy;) fe = 0,
foralli,j,k=1,...,n.

Example 2.1. Let us consider M = R? endowed with the metric
1+4(21)? —201
It is known [3] that the Christoffel symbols are given by
1—‘%1 = F}2 = F%l = F§2 = F%2 = F%l = F§2 =0 and F%l =—2.
Also, (R?, g) has zero sectional curvature, K = 0, therefore Rfjk = 0, for all indices
1,7, k, £ =1,2. Taking the Rosenbrock’s banana function
fiRT SR, f(ah2?) =100 [22 — (21)?] + (1 — 21)?,

we deduce
f 1 2 1\2
fa= o) (Trfa+T1f2) =800(z")”" + 2,
*f 1 O f
a2 =Tz Ox1ox? 002" and - f22 9(z?)? "0
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800(x1)2 42 —400z!
—4002" 200

nite, hence (R?, Vg f) is a Riemannian manifold. It is a straightforward computation
to show that f;;, = 0 for all 4, j, k = 1, 2. Therefore, 1_“% =17, forall i,j,p = 1,2.

The Riemannian Hessian Vg f(zt, 2?) = ( > is positive defi-

Proposition 2.1. Let k;; be the components of the pseudo-Riemannian metric V,QL 7,
where h = ng and let h;; be the components of the pseudo-Riemannian metric ng.
Then

1
kij = hij = 517 | fage + (Rl + Biyi) fe] £
Proof. Indeed,
0% f _=p

OztOxI Lijl

kij = (Vif)ij =

O’ f L ok ¢ /
= 5ioad Ui fo = S 177 Wagk + (Rigg + Rjea) Fel fop
1
= hij — = FP% [fajn + (Rip; + Rogi) f.al f e

2
O

As an application of the Theorem 2.1, we consider the simplest non-homothetic
deformations of a pseudo-Riemannian Hessian metric, namely the conformal ones.
More precisely, we shall deduce the necessary conditions for f such that f belongs
to the set F, = {f € F(M),Vif = eg}, where u € F(M). Firstly, we remark that
Vg f = €?'g is equivalent to h;; = e?“g;;. Then h¥/ = f U = e=2ugiJ,

Since h and g are conformal, we may write

fZ = Ffj + 5f’u,j + 5§u7i — gijgpkuvk.
Substituting l;fj from the Theorem 2.1, we obtain
Fiik + (Rig; + R fo = 2¢*"[gpn (60w + 6Fu;) — gijug]- (2.4)
Hence, if f € F, then f satisfies the system (2.4).

Remark 2.3. a) In (2.4) we have a system of partial differential equations on
manifolds.
b) If f € F,, then we call f a metric potential, because it generates the metric.

The simplest example is a graph hypersurface f in the Euclidean space, with its
first fundamental form g.

The following two items are particular cases of (2.4).
1) If the pseudo-Riemannian manifold (M, ¢g) has the constant sectional curva-
ture K, then Rfkj = K(0%gij — 5fgik)- Therefore the system (2.4) takes the form

Fijk + K(2019i — S5gie — 0L gjn) f.o = 2¢**[gpi (6P j + 67w ) — giju gl
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2) If u € F(M) is a constant function, then u; = 0 for all j = 1,...,n. The
system (2.4) takes the form

f,ijk + (Rzk‘] + Rsz)f,é =0

Example 2.2 (conformal metric, [14]). Let us take M = R’} be the positive orthant
endowed with the metric g = (g;;), where

L 0
(x1)2(a:—l)
gij(a:l,...,x”): , a>0.
1
0

2(a+1)
a

(z™)

It is known that (R”}, g) is a noncomplete Riemannian manifold with sectional curva-

a+1
ture K = 0, having the Christoffel components of V,: ', = forallp=1,n
and 0 otherwise.
We choose the function
2 2
:R? - R, Lo =—2 Yy iy a ny-2
f -+ 3 f(wv 7'7;) 2(a+1)(x) + + (a+1)( )
Let us compute h = Vg f- We find
) 1 1 o
o°f 5 T am M=)
hij= 55—~ Tigfm=14 T2 (@)
0 if 1#£j

1
Therefore (R}, h) is a Riemannian Hessian manifold and h = P g. Hence f € .

3. CURVATURE TENSOR OF PSEUDO-RIEMANNIAN MANIFOLD
(M, h), h=V2f

Suppose again that the Hessian h = V?] f is non-degenerate.

Theorem 3.1. The curvature tensor field R of the pseudo-Riemannian manifold
(M,h), h = V2f, has the components:

1(9f,
2 Oxd

Lof,w

Rka: Rz]k +5 [f kip ( kpi + Rlpk')f } §W[f,jzp (R;,;zln + R:Z])f ]

1 r r 0 r TS 0 s r s
+§f’hp {( k'ifJ?"P - Fjif,k?”p) + Oxd (Rkpz Fpi k:r) ox a9k (R]pz - szF]r)
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m m 81_‘};’; T m S m m 8F.7;L T m S
H{ Bipk + Bpi + 5+ Dral'pr | T = Bipy + Rjpi + 5 + Tjilpr | Tk

+%<%+mm%mm+ﬁmpﬁ

ors. ors,
+ (stpk + Rlscpz + 6:ch + FZz ;r + aﬁ) f,js

S S 81—‘;1 T S 81_‘;"
— Rlp] ‘I’ R]pl + 81[,'1) ‘I’ Fjirpr + 8x] f’ks
ors.  ars. ors. or¢
Ji ki pj " pk )
+ (63:’“ Oz ) T ¥ (89:’“ I ) Lsi
Of s Of si Ofsj Of s Of si Of sk
s »SP s > s »SJ s »SP s St s, ’
+ L Oxk 1 Oxk i ok R g TP g L oxJ

1 r m m m m
+§fa P {[f,kip + (Rkpz + Rzpk)f,m]r‘;lr - [f7jip + (iji + Ripj)f,m]FZr}

1
+h7 P U ip + (Rigs + Ripy) fan] (£ jre + (B + Ry fom]

= [fgip + (B + Rigi) fanl [f ke + (Ripy + Rp) foml} -
Proof. By denoting

1 m m
Ajj = 1P L+ (Rigj + Rpi) fml,

the relation from the Theorem 2.1 becomes f‘fj = Ffj + Afj. Then

9 f‘;cli af?i

R?ﬂc = (9.I'j - amk + FZZF?T - fng‘ﬁr
ark.  9Ah.  orh.  9AM
= ot i = o = ok + Dl + Tl + AT, + A Aj,
DAl DAl
= Rl + ( (%j - 3xif + (Tp Al = T3 AR

HALT], + LAY, — AGTY — AT AL).

ki gr
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By a direct computation,
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Ay OAL 19fhw
&TI; - (91'?“ =2 95 [fkip+ (Ripi + Ripe) fm]
s g e B g1 [ 2z Gl
ORy,, ORy, GR;’;H B 8Rf;] ;
dxI dxI Ok "
62f " 82]0
+( kpi + Rzpk) OxiHx™ B ( Jpt + RZPJ) 8&7"’337’”] :
(3.2)
. 8.f kip af]zp
In the following, we calculate W - 8’ 7+ The relation (2.3) from Theorem 2.1
becomes
Pf ore,
Fiv = 5t gmio0r ( 6:5]; Ff;m) o= Chifop + Tpf i + Thif an)

or equivalent

_f
Orkoxioxr

o,
f,kn'p = - Rzpk ok

Then we obtain

im) fo— (Chifep + Tppf i + Tpif an)-

Of i o OR! 9T,  orm ors.
f,k‘p _ ‘ kf ‘ . ipk + ' pk Pt +ngl f,l +
oxd 0x? 0xk0x*OxP ol o0z’ 0x oxJ oxJ
R o, frmrL, 0% f
Oxk OxI 0zt
ar rt afgp f;k r 3f€z Zz ¢ Of on
( Flkiggr g Tt Tokgy + i Tt oy
and a similar formula for 88f ’J;p Therefore, the relation (3.2) is equivalent to
oAk, AL 19fMw 19f,w -
633]; - (91‘; = 5 o) [f,kip+( kpz+Rzpk) ,m] - EW[]CJZP (R]pz +Rlp])f ]
1 h, 0 r S 0 s r T8
+§f7 P { |:(9 J (Rkpz i kr) - ox a .k (R]pz FpZF]T)
ory s
+ ( ipk + Rkpz dP M + sz pr) F
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m m aFm m s
(Rzp] + R]pz P ]zrpr> km:| f75

ors L
zpk kpz 8 .@k f,js

S.
pr
B ) f,ks

r
Ry or,, or, . Of s
5o) S ( G2 oL

fL‘k

ipj ]pz OxP Jt pT

8Fﬂ 8
( + RS + I8

Ofsi | Ofs af Ofsi Of sk

S ] s S SP 1S St SR s

oi gak T gk v T i T ok gar T g i

The expression FZZA;’T —TI% AR from the relation (3.1) has the equivalent form

1 T T S S

Efvhp {( kifJ’“p - Fjif,krp) + [ (Rn)r + R’r‘p]) (Rkpr + Rrpk fvs}
and also, the expression AzlP';T + A, Ah A;iFZT - A_’;Z-AZT from the relation (3.1)
takes the equivalent form

1 m

Efarp {[chzp (Rkpz + Rzpk) 7m]F§'Lr - [fyjlp (R?;n + Rzp])f ]F;clr} +

1
+ngrp f)hé {[f,kip + ( kpi + Rzpk)f ][f,jrf + ( ‘;‘7}7‘ + Rn])f,m]_

— gin + (RY: + R ol [ re + (R, + BRI ] }-
Then the relation (3.1) becomes the relation from the Theorem 3.1. g

Remark 3.1. The formula for the components of the curvature tensor Rﬁ‘j i, involves
only first, second and third order derivatives of the function f, and no fourth order
ones as one would a priori expected.

Particular case. If the initial Riemannian manifold (M, g) is the Euclidean

space, then Fk 0, R, =0, fi = 82—f fiie = L and the formula
P N ak = % LT Griggd’ TR T 5rigpiogk
for R ., becomes
ij
s L (01 af, )
R;L]k = 5 < szp k szp + fa pf,hé (szpf]rf f]zpfkré)
Then

_ 0 ,hp af, e
Raijk fath]k f,ah < f fklp f f]zp)
1
5 (Fwinfgra = FiipFra)-
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On the other hand, we have f}P" [ ha = 04. If we make the derivative with respect
to 7, by multiplying with f;, and summing for p = 1,n we obtain

af,

fhaszp + fa f,jhaf,kip = 0.

Also we obtain

af,
f 2k 5 fhaljip + £ Jknalt jip = 0.

Hence .
ofp 0
f,ha < f’ szp f,k f]zp) = _fypr(f,jraf,kip - f,kraf,jip)-

Therefore, we obtained the well-known formula

1 1
Raijr = —if,pr (fjraf kip — Frraf jip) + Zf,pr (fripfjra — fjipfkra)
1
= —Zf,pr (fripfjra — fjipfkra)-

In the following, we give some examples of pseudo-Riemannian manifolds whose
curvatures vanish identically.

Example 3.1. Consider the Riemannian manifold (R?, g), where g;;(z) = ;; and
the subset A = {(z!,2%) € R? : (z!)? — (2?)? > 0}. We also consider the function
f: A= R, f(z!,2%) = In((z')? — (2%)?). The Hessian of the function f has the form

—2((@)? + (@) 12122
V2= ((@h)? = (%)) ((=')? = (¢2)?)?
4 4551332 _2((1,1)2 + (m2)2)
((@h)? = (22)?)>  ((=")? = (¢2)?)?
Then det(V3f) = (@) 4( 7y2)2 # 0 and VZf has the constant signature (0,2).
Hence (A, V3f) is a pseudo-Riemannian manifold. Moreover
B (') + (%) _plg2
_ 2
(Vif) =
ol @)+ @)?
2
Since I'¥; = 0, R, = 0 for all i, j,k, £ = 1,2 we have
83f TP 1 pk a3f
Tk = Oxdxi Ok and Iy = Ef’ 0x'0zIOxk”
—4(z?)? — 12(2!)?2?
Therefore f121 = fo11 = f112 = (Il))g_ m(2)2§3 , fo21 = fo212 = f122 =
4(x')3 + 1221 (2?)? 4(x')3 + 1221 (2%)? —4(2?)? — 12(21)%2?

= . From

(@2 @)2p 122 = (@ @)

= @Pp T
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Theorem 3.1, we deduce that

_ 1
Raijk = _Zf’pr (f,kipf,jra - f,jipf,kra) =0.
_ R
Hence the sectional curvature is constant K = 221 _ =0.
det(V f)

Example 3.2. Consider the Riemannian manifold (R?, g), where g;;(z) = 6;; and
the subset

A={(z},2?) e R?: (z},2%) # (0,0)}.

Also, we consider the function f: A — R, f(z!,2?) = In((2!)?+ (2?)?). The Hessian
of f has the form

AP - (@) | a2l
()2 + (@2)?)?  ((@1)? + (22)?)?

—4xtx? 2((z1)? — (22)?
()2 + (22?2 ((21)* + (22)?)

—4
5 # 0 and V3f has the constant signature (1,1).

(@)% + (2%)%)

This means that V2 5f is Lorentzian.
Using a similar technique, we find that the pseudo-Riemannian manifold (R?, VZf)
has the sectional curvature K = 0.

Then det(V3f) =

4. REMARKABLE METRICS OF RIEMANNIAN HESSTIAN TYPE

The aim of this section is to study remarkable examples of Riemannian Hessian
metrics and their geometries.

Example 4.1. Let us consider the Riemannian manifold (R?, g), where g;;(z) = d;;
and the subset A = {(z!,2?) € R? : 22 > a(z!)? + k, a > 0, k € R}. We also take
the function f: A — R, f(z!,2?) = —In(2? — a(2')? — k). The Hessian of f has the

form

2az% + 2a%(x')? — 2ak —2azx!
2?2 —a(zl)2 — k)2 22 —a(zh)2 — k)2
gy | TR @R
—2ax 1
(22 — a(z1)? — k)2 (22 — a(z1)? — k)2
2a

Then det(Vif) = > 0 for (x',2?) € A and V2f has the constant

(22 —a(z')? — k)3

signature (2,0). Hence V2 5f is a family of Riemannian metrics on A. We proved in
1

[14] that the manifold (A, AV 5f) has the sectional curvature K= ~7 We also found

the family of geodesic curves:
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Proposition 4.1. 1) For any points (z},23) # (x1,23) from A, the coresponding

geodesic has the form x> = 5@(&71)2 + ma' 4+ n for some constants m and n.

2) If (z§,23) = (x1,23), then the unique geodesic is reduced to a straight line.

Remark 4.1. We consider the set A in the form A = {(z!,2?) : 22 > (2!)?} and
f(z',2%) = —In(z?—(2')?). Since the set A is the interior of the parabola 22 = ()2

- 1
and (A, V3f) has the sectional curvature K = -7 e consider the diffeomorphism
6:R2 = R% - g(at,2?) = (¢'(a",2%), ¢*(a',2%)) = (&', 2% + (21)?).
We have the Jacobian J; = 1 # 0 and the inverse ¢ 1: R? — R? is given by
the formula ¢~!(z!,2%) = (z',2% — (z')?). We note that ¢ transforms the set

H = {(z!,2?) : 22 > 0} into the interior of the parabola {(x!,z?) : 2? > (z!)?}.

We recall that two Riemannian manifolds (M, g) and (M’, g’) are equivalent if
there exists a diffeomorphism ¢: M — M’ such that

99"
ozt

L 9¢°
. Oxl

9ij (%) = grs(d(2))

3
T

where ¢" = 2" 0 ¢.
Therefore, if the set H = {(2!,2%) : 22 > 0} is endowed with the Poincaré

1
: (22)? . oy
metric g = 1 , then we determine the metric ¢’ (defined on the
(22)?

1+4(21)? —22!
o (z2)? (z2)? N . o
set A) as: ¢’ = ool ) . Hence (A, ¢’) is izometric to the Poincaré

—2x
(z2)? (z2)?

plane (H,g). We also note that ¢’ is conformal to Rosenbrock’s banana metric
g = 1+ 4(21)? —22!
—2z! 1)

Example 4.2. Let us take M = R" endowed with the Euclidean metric g = (gi;),
where g;;(x) = d;;. Choosing the function

1
f: M — R, f(xl,...,x”)z—6_2“14—...—1—

1 n
12 —e 2" >0,
c

4c2
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1 i i —
we deduce f; = ——e 2" f., =e 2 foralli=T1,nand f;; =0 for i # j. Then

the Hessian 2
e2r 0 0 ... 0
A=V =] O e 0 .. 0
0 0 0 e—‘2‘c.z"

is positive definite, hence (R™, V3f) is a Riemannian manifold.
From Theorem 2.1, we have 5, = —c for all p = 1,n and 0 otherwise. From
Corollary 2.1, we get the system of differential equations of geodesics &P —c(&P)? = 0
_ 1
for all p = 1,n. Then we obtain 2P = ——In(apyt + b,), where a, and b, are real

constants. Since the definition domain of the geodesics must satisfy the positivity
of the values ayt + b,, p = 1, n, it follows that (R", V2f) is a manifold, which is not
complete. From Theorem 3.1, we deduce that the sectional curvature K of (R”, V(Qs f)
is null.

_Of
) . OxidxI
kii = 56_269”1 for all i = 1,n. Therefore k = V2 f = §h, hence k produces the same

In the following, let us compute V3 f: k;; = — l_“g'}fm =0if i # j and

connection as h. It appears a constant sequence
1
5—>h:v%f—>k:v§f:§h.

Remark 4.2. 1) As in example of conformal metric, we may write that f € F,.

2) The Riemannian metric h, introduced in Example 4.2, has been studied by
Antonelli [2], in relation with population ecosystems.

3) In [8], T. Rapcsdk and T. Csendes use the metric h in order to discuss
nonlinear coordinate transformations.

We remark that the study of the metric h is equivalent to a nonlinear coordi-
nate transformation. These transformations are discussed in order to clarify some
structural properties of global unconstrained optimization problems.

Example 4.3. We present a Hessian metric type which appears in Statistics [1].

A family S = {p(x, )} of distributions is said to be an exponential family when
the density function has the form p(x,0) = exp(6'z; — 1(0)) with respect to some
common dominating measure P, by taking an appropriate parametrization § = (6?)
and appropriate random variables x = (x;). The parameter € is called the natural
parameter of the exponential family.

In the following, we study the geometrical structures of the manifold S of an
exponential family in terms of the natural coordinate system 6.

From the relation I(z,6) = Inp(z, ) (equivalent to I(z,0) = 0'z; —1(6)), it fol-
lows that [ ;(x,0) = x; —1;(0) and [ ;;(z,0) = —1);;(6). Therefore the normalization
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factor 1(0) defined by ¥ (6) = In / exp(6'z;)dP plays a fundamental role. It is a
potential function.
Directly from the definition, E[f(z)] = /f(:c)p(x,@)dP, the expectation, co-
variance and third-order central moments of x; are given by
Elzil =v:(0),  cov [z, x;] = v,45(60),
El(zi, =) (zj — )@k — Yr)] = ¥,ijn(0)
respectively.

The next theorem states that the metric tensor is of the Hessian type.

Theorem 4.1 ([1]). The metric tensor and the a-connection of an exponential

a 1- . :
family are given by gi; = 1 ;(0), Fz(j,g (0) = 5 a¢,ijk(9) in the natural coordinate

system.
The proof results from the relations g;;(0) = —E[{;;(z,0)] and £; = z; — ;.

Also the a-connection I‘Z(;lk) (0) is obtained from the following relations:

E[l 1) = El— (i)l k(x,0)] = 0,
rie =E [{e,ij(x, o)+ ¢

£l 008520 | Lal2.0)]

1_
or equivalent FZ(]O‘,C) = Ff]l,)g + TaTijk, where 71 (0) = E[€i0 il ;] = 1 i1(0).
Moreover, the Riemannian-Christoffel curvature tensor has the form given by
Theorem 3.1
1—a?

4

Rijrn(0) =

which vanishes for a = £1.
For example, the family S = {N(u,0?)} of normal distributions is of the expo-
nential type. Indeed, the density function of N(u,o?) is

oot~ o { (1)~ (1) (£2) -t o}

gmn (Tksz‘Jhn - Tk:mj T’zhn) s

Consider a new two-dimensional parameter § = (#',6%) defined by 6! = %,
o
6% = _W and a new two-dimensional random variable z = (z1,z2) by =1 = =z,
o
ry = x2. The density function becomes p(z,6) = exp(@iz; — 1 (0)), where
eH? 1 9 1

Then S is an exponential family with the natural parameter § = (6',62). The
random variables z1 and z9 are related by xo = (xl)z, so that the dominating
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measure P(z) is concentrated on the parabola x3 = (x1)? in the (1, x)-plane. The
Hessian metric tensor is given by

o 2p0°

() =
9ii (%) 2u0?  4pPo? + 20t
where p and 2 are considered as function of the parameter 6.

The tensor T;j; has the components T111 = 0, T2 = 202, Tioo = 8u04,
(a) 11—«
ijk 2 Tijk-
The Riemannian-Christoffel curvature R;ji,, is given by Ri212 = (1-— ozz)oﬁ.

Thoo = 24/,4204 + 805 and the a-connection is T
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