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HELICES OF THE 3-DIMENSIONAL FINSLER MANIFOLDS

MUNEVVER YILDIRIM YILMAZ AND MEHMET BEKTAS

ABSTRACT. Simply a helix is a twisted, three-dimensional shape. There has been
growing interest for analysis of helices. This growing trends due to the following
features. It has a large importance scale from mathematics to biology. Natural
scientists have long held a fascination, some bordering on mystical obsession for
helical structure in nature. They arise nanosprings, a-helices, DNA double and
collagen triple helix, [5, 9]. Helices are also can be used in the fields of computer
aided design and computer graphics [10].

T. Ikawa obtained in [7] the following characteristic ordinary differential equa-
tion

VxVxVxX -KVxX=0, K=k -1

for the circular helix which corresponds to the case that the curvatures k and 7
of a time-like curve a on the Lorentzian manifold M are constant.

N. Ekmek¢i and H. H. Hacisalihoglu generalized in [6] T. Ikawa’s this result,

i.e. k and T are variable, but — is constant.

In [2] H. Balgetir, M. Bekta:r§ and M. Ergiit obtained a geometric characteriza-
tion of null Frenet curve with constant ratio of curvature and torsion (called null
general helix).

Our study is inspired by the recent studies indicated above. In this paper after
a short description of Finsler manifolds, we give two characterizations for a curve
with respect to the Frenet frame of the 3-dimensional Finsler manifold F3.

1. PRELIMINARIES

Finsler geometry is the most natural generalization of Riemannian geometry.
It started in 1918 when P. Finsler wrote his thesis on curves and surfaces in what
he called generalized metric spaces. Due to its importance it has a huge research
field from geometry to biology, physics and also engineering and computer sciences,
[1], [4], [8]. The following part of the study is on the basic concepts of the Finsler
manifolds

Definition 1.1. Let M be a real m-dimensional smooth manifold and T'M be the
tangent bundle of M. Denote by II the canonical projection of TM on M.
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Let M' be an non-empty open submanifold of TM such that H(M ') = M and
O(M)N M = @, where  is the zero section of TM.

We now consider a smooth function F: M — (0,00) and take F* = F2. Then
suppose that for any coordinate system {(u’, i)l);:ri, y’} in M /, the following con-

ditions are fulfilled:
(F1) F is positively homogeneus of degree one with respect to (yl, .. ,ym) i.e.
we have

F(a:l,...,mm,kyl,...,kym) =kF (wl,...,xm,yl,...,ym)

for any (z,y) € @ (U’) and any k > 0.
(F3) At any point (z,y) € ® (U/)
1 9*F* .
gij(X’Y):aniZ?yj (X,Y), ’L,_]E{l,...,m}
are the components of a positive definite quadratic form on R™, [3].
We say that the triple F™ = (M, MI,F) with satisfying (F1) and (F2) is a
Finsler manifold and F' is the fundamental function of F™.

Definition 1.2. Let F+l = (M, M, F) be a Finsler manifold and F' = (C, c’, F)
be a 1-dimensional Finsler submanifold of F*! where C is a smooth curve in M
given locally by the equations

' =a"(s), ie€{l,...,m+n}, s€ (a,b)

s being the arclength parameter on C. Denote by (s, v) the coordinates on C'. Then

we have
1

- d
y’(s,v):vdxs, i€{0,...,m}

0 0
Moreover ¢ — } is a natural field of frames on C where E® is a unit Finsler

ds’ v v
vector field, [3].

Definition 1.3. Let F3 = (M, M, F) be a 3-dimensional Finsler manifold and C
be a smooth curve in M given locally by the parametric equations

o= (s); (x’l(s), 22, 23 (s)) £ (0,0,0)

where s is the arclength parameter on C.
Then we have

0

*_:k

V%Bv n,

v* ——ki-l- b (1.1)
A= e T '

V% b=r1n,

Js
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where n and b called principal normal Finsler vector field and binormal Finsler vector

field on C respestively. We are entiteled to call {82’ n, b} be the Frenet frame for
v

the curve C in F3. As in the Riemannian case we call k the curvature and 7 the
torsion of C respesctively, [3].

2. CHARACTERIZATIONS OF A HELIX IN F3

Definition 2.1. Let C be a curve of a Finsler manifold F3 and {g,n, b} be the
v

Frenet frame on F? along C. If k and 7 are positive constants along C, then C is
called a circular heliz with respect to the Frenet frame.

Definition 2.2. Let C be a curve of a Finsler manifold F3. C is a general helix with
0

respect to Frenet frame {8_’ n, b} be the Frenet frame on F? along C. A curve C
v

such that
k
T
is called a general helix with respect to Frenet frame.

= const.

Theorem 2.1. Let C be a curve of a Finsler manifold F3. C is a general heliz with

0
respect to the Frenet frame {—,n, by if and only if

ov
V% V¥ V*Q—Kv*g—Sk’V*n (2.1)
EE I T 5 '

!

where K1 = % + 72— k2.

0
Proof. Suppose that C is general helix with respect to the Frenet frame {8_’ n, b}.
v

Then from (1.1) , we have
0 0

Vi Vi Vi o = —3kk'% + (K" + kr? = k) n + (3k'7)b. (2.2)

Now, since C' is general helix with respect to the Frenet frame then by

— = const.
’

and this upon the derivation gives rise to
k't =kt (2.3)
If we substitute the equations (2.3),

1 0
-V — 2.4
ko &ov (2:4)
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and
k 0
= — 2.
v ds Tav ( 5)
n (2.2), we obtain (2.1).
Conversely let us assume that the equation (2.1) holds. We show that the curve
C is a general helix. Differentiating covariantly (2.4) we obtain

K 0 0

% — * * 2‘
V%n k2vas 81} + kv svas 81} ( 6)
and so
K 0 k 0 0
* * * * * * * * 2.
v@s 85 ( k2> Vas (91) v svas 81) + v@svasv&s U ( 7)

If we use (2.1) in (2.7) and making some calculations, we have

¥\ K o 0 (K} K7
* * _ M « 9 'Y o )
VaVven [( k2> k]vasﬁv Koo Tmntgt (28

Also we obtain

V% Vin= k/g — (K =) n+7'b (2.9)
25 os ov

since (2.8) and (2.9) are equal, routine calculations show that C is a general helix. [

Theorem 2.2. Let C be a curve of Finsler manifold F3. C is a general heliz with

0
respect to the Frenet frame {— , if and only if

0
* * * a * a 6_ I *

' , k
where Ko = 3k27—— — 3kk and A\ = — = const.
T T

Proof. Let us suppose that C' is a general helix with respect to the Frenet frame

{%,n,b}. Using (2.2) we write
* * * a ! a 3 ’
Vi Vg Vi :—3k7€8—+(k: +km? —En+ (3k 7)b

Bs ds Bs 81}

Considering (2.4) and (2.5) in the above equation we obtain (2.10).
Conversely assume that (2.10) holds. Using (2.6) and (2.7) in (2.10) then making
some routine calculations as in Theorem 2.1 we conclude that

K
— = const.
’

This means that C is a general helix. O

According to the theorem above we have the following corollary.
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Corollary 2.1. Let C be a curve of Finsler manifold F3. C is a circular heliz with

0
respect to the Frenet frame {8—,n, b} if and only if
v

0 0
V% V% Vi — = (12 = k*) V% —. 2.11
2VaVag T E)Vag (211)
Proof. From the hypothesis of corollary 2.1 and since C is a circular helix, we can
show (2.11) easily. O

Theorem 2.3. If C is a curve of Finsler manifold F3. C is a general heliz with

0
respect to the Frenet frame {—,n, b}, then

ov
* * * 8 iy * i *
V3V3 3——KVab:3kV3n, (212)
s @9s 95OV ?s ?s

~ k" k3
where K (u) = — + k1T — —.
T T

Proof. Suppose that C' is a general helix with respect to the Frenet frame { 82’ n, b}.
v
Then from (2.2) and (2.3)

v%v%v%g%=—M%§%+@/+k#—k%n+%ha (2.13)
If we substitute the equations
1 V% n+ lzai
n=-V4yb b=-2___9 (2.14)
T s T
and (2.5) in (2.13), we obtain (2.12). O

Theorem 2.4. If C is a curve of Finsler manifold F3. C is a general heliz with

0
respect to the Frenet Frame {8—, n, b}, then
v

o ) N
V% V% VS — — KV5b=3k(3\7 —k )=— + 3\7'V* 2.15
2V Vg KVpb= 3k —k)go 48 Van o (219)
~ " 3
where K = — 4+ kT — — and A = — = const.
T T T
Proof. Tt is similar to the proof of Theorem 2.3. O

Corollary 2.2. Let C be a curve of Finsler manifold F3. C is a circular heliz with

respect to the Frenet frame {g,n, b} if and only if
v

0 3
vgvgvz——:<m--—)vgb (2.16)

ds ds ds 81} T ds
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Proof. From the hypothesis of corollary 2.2 and since C is a circular helix, we can
show easily (2.16). O

(1]
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