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AN IMPLICIT ITERATION METHOD FOR A FINITE FAMILY
OF PSEUDOCONTRACTIVE MAPPINGS

YONGHONG YAO

ABSTRACT. Strong convergence theorems for approximation of common fixed
points of pseudocontractive mappings are proved in Banach spaces using an im-
plicit iteration scheme. The results improve and extend the corresponding results
of Osilike [5], Xu and Ori [9], Chidume and Shahzad [2] and others.

1. INTRODUCTION

Let F be a real Banach space and let .J denote the normalized duality mapping
from E into 28" given by J(z) = {f € E*: (z,f) = ||z|> = | f|?}, where E*
denotes the dual space of E and (-,-) denotes the generalized duality pairing. If
FE* is strictly convex, then J is single-valued. In the sequel, we shall denote the
single-value duality mapping by j.

Let K be a closed convex subset of E. Recall that a self-mapping f: K — K is
a contraction on K if there exists a constant a € (0,1) such that

[f(z) = FW)ll < allz —yl, forall z,y € K.

We use IIx to denote the collection of all contractions on K. That is,
g ={f|f: K — K a contraction}.

A mapping T with domain D(T') and R(T') in E is called pseudocontractive if,
for all z,y € D(T), there exists j(z — y) € J(x — y) such that

(Tz — Ty, j(x —y)) < ||z -yl
Numerous papers have been written on fixed point problems of nonlinear map-

pings. Related work can be found in [1]-[9]. Recently, Xu and Ori [9] have intro-
duced an implicit iteration process for a finite family of nonexpansive mappings. Let
N

T1,T5,...,Tn be N self-mappings of E and suppose that F' = m # @, the set of
i=1
common fixed points of T;,7 = 1,2,..., N. An implicit iteration process for a finite
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family of nonexpansive mappings is defined as follows with {t¢,} a real sequence in
(0,1), zg € E:

x1 = tizg + (1 — t1) Tz,

xg = toxy + (1 — to)Thxo,

N =tyen—1+ (1 —tn)INzy,

N1 = tnpen + (1 —tvp) TNy,

which can be written in the following compact form
Ty =tnZp—1+ (1 —tp)Than, n>1, (1.1)

where T, = T}, mod N-

Xu and Ori proved the weak convergence of this process to a common fixed
point of the finite family defined in a Hilbert space. They further remarked that
it is yet unclear what assumptions on the mapping and/or the parameters {t,} are
sufficient to guarantee the strong convergence of the sequence {z,}.

In 2004, Osilike [5] first extended Xu and Ori [9] from the class of nonexpansive
maps to the more general class of strictly pseudocontractive maps in Hilbert space.
He proved the following convergence theorems.

Theorem 1.1. Let H be a real Hilbert space and let K be a nonempty closed convex
subset of H. Let {Tz}f\; be N strictly pseudocontractive self-maps of K such that

N
F = ﬂ F(T;) # O. Let o € K and let {a,}5° be a sequence in (0,1) such that
i=1

lim a, = 0. Then the sequence {zn}72 defined by

n—o0
Tp = a1+ (1 —ap)The,, n>1,
where Ty, = T, mod N, converges weakly to a common fixed point of the mappings

{13},

Theorem 1.2. Let E be a real Banach space and let K be a nonempty closed convex
subset of E. Let {Tz}fL be N strictly pseudocontractive self-maps of K such that
N

F = ﬂ F(T;) # 9, and let {a,};2 ¢ be a real sequence satisfying the conditions:
i=1

() 0<om<1; (i)Y (1—ap) =o0; (i) Y (1-an)? < occ.
n=1 n=1

Let zg € K and let {x,}22 be defined by

Tp = Qp = QpTp—1 + (1 - an)Tnxna n > 1,
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where T, = Ty, moda N- Then {x,} converges strongly to a common fized point of the
mappings {T;}Y_, if and only if lirginf d(zn, F) = 0.
n o0

Remark 1.1. We note that Theorem 1.1 has only weak convergence even in a
Hilbert space and Theorem 1.2 has strong convergence but imposed condition
lim inf d(z,,, F') = 0.

n—oo

In 2005, Chidume and Shahzad [2] proved the strong convergence of an implicit
iteration process (1.1) to a common fixed point for a finite family of nonexpansive
mappings. They proved the following theorem.

Theorem 1.3. Let E be a uniformly convex Banach space, K be a nonempty
closed convex subset of E. Let {Tz}f\; be N monexpansive self-mappings of K with

N
F = ﬂ F(T;) # @. Suppose that one of the mappings in {T;}Y, is semi-compact.
1

1=
Let {t,} C [6,1 — 9] for some § € (0,1). From arbitrary zo € K, define the se-
quence {x,} by (1.1). Then {x,} converges strongly to a common fized point of the
mappings {T;}N,.

Remark 1.2. Chidume and Shahzad given an affirmative response to the question
raised by Xu and Ori [9] but they imposed compactness condition on mappings.

In this paper, we will extend the process (1.1) to a process for finite family of
pseudocontractive mappings with {«a,} and {3,} two real sequences in (0,1), and
an initial point x¢g € K, which is defined as follows:

y1 = B1f(zo) + (1 — B1)xo,
r1 = oqyr + (1 — o) Tz,
y2 = Baf(x1) + (1 — Ba2)z1,

Ty = agys + (1 — az)Thzs,

yn = Bnf(en-1) + (1 - Bn)zN-1,

zy = anyn + (1 — an)Tnzn,
yn+1 = Bniif(zn) + (1 = Byi1)zw,
TN+1 = an+1yYN+1 + (1 — ani1)TiTN 41,

The scheme is expressed in a compact form as

Yn = 5nf($n71) + (1 - Bn)xnfla n>1, (1 2)
Ty = apyn + (1 — an)Tnzn, '

where T,, = T}, mod N-
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Our purpose in this paper is to study the implicit iteration process (1.2) in the
general setting of a uniformly smooth Banach space and prove the strong conver-
gence of the process to a common fixed point of the mappings {7;}:°,. The results
presented in this paper generalize and extend the corresponding results of Chidume
and Shahzad [2], Osilike [5], Xu and Ori [9] and others.

2. PRELIMINARIES

Let E be a Banach space. Recall the norm of F is said to be Gateaux differen-
tiable (and F is said to be smooth) if

et ty]) el -
t—0 t
exists for each x,y in its unit sphere U = {x € E||z| = 1}. It is said to be
uniformly Frechet differentiable (and E is said to be uniformly smooth) if the limit
in (2.1) is attained uniformly for (z,y) € U x U. It is well-known that a Banach
space E is uniformly smooth if and only if the duality map J is single-valued and
norm-to-norm uniformly continuous on bounded sets of E.

Recall that if C' and D are nonempty subsets of a Banach space F such that
C is nonempty closed convex and D C C, then a map Q: C — D is called a
retraction from C onto D provided Q(z) = z for all x € D. A traction Q: C — D
is sunny provided Q(z + t(z — Q(z))) = Q(x) for all x € C and ¢t > 0 whenever
z+t(x — Q(x)) € C. A sunny nonexpansive retraction is a sunny retraction, which
is also nonexpansive.

We need the following lemmas for proof of our main results.

Lemma 2.1 ([8]). Let E be a uniformly smooth Banach space, K a closed convex
subset of E, T: K — K be a nonexpansiwe with Fixz(T) # @ and f € llg. For each
f €llg and every t € 0,1), then {x;} defined by

Tt = tf(a:t) + (1 — t)TJJt (22)

converges strongly ast — 0 to a fized point of T.
In particular, if f = u € K is a constant, then (2.2) is reduced to the sunny
nonexpansive retraction of Reich from K onto Fiz(T),

(Qu) —u, J(Q(u) —p)) <0, ue K, pée Fiz(T).

Lemma 2.2 (Reich [6]). Let E be a real uniformly smooth Banach space. Then
there exists a nondecreasing continuous function b: [0,00) — [0, 00) satisfying:

(i) b(ct) < cb(t), for allc>1; (i) tli%1+ b(t) = 0;

—
(i) 1z + oII? < llz]12 + 20y, j()) + max{lz], THylo(ly]), for all 2,y € z.
The inequality (iii) is called Reich’s inequality.

Lemma 2.3 ([7]). Let {a,}}2 be a sequences of nonegative real numbers satisfying
the property
Ap+1 < (1 - 'Yn)an + Ynon, N > 0,



An implicit iteration method for pseudocontractive mappings 103

where {1, }22 o C (0,1) and {0, };2 are such that:

[oe] oC
- _ o (55 o . < .
(i) nll)rrolo Y =0 and nE:O o = o00; (i) either llyrls;p on <0 or nE:O [nom| < 00

Then {an}2, converges to 0.

3. MAIN RESULTS

Theorem 3.1. Let E be a uniformly smooth Banach space and let K be a nonempty
closed convex subset of . Let {T,}f\il be N pseudocontractive self-maps of K such

N
that F = (\F(T;) # ©. Let f € Tk, 29 € K and {an}32,, {8}, be two
=1

sequences 1;’/;(0, 1) satisfying the following conditions:

(i) an = 0,8, = 0,n — 00; (i) Zﬁn = 00.
n=0
Then the sequence {x,} defined by (1.2) converges strongly to a common fized
point of the mappings {T;}Y,.

Proof. First, we take a common fixed point p € F, noting that

|zn —p||2 = (anyn + (1 — an) Tz — p, j(@n — p))
= an(yn —p,j(@n —p)) + (1 = n)(Tnzn —p,j(zn —p))  (3.1)
< (1= an)llen = pI? + anllyn — pllllzn — pll.
Thus we obtain from (1.2) and (3.1) that

[2n —pll < lyn — pll
= 18n(f(@n-1) = p) + (1 = Bn)(zn-1— )|l
< Bullf(@n-1) = fF@)II + Bull f(p) = pll + (1 = Bo) lzn—1 — pll
< aBnllzn-1—pll+ Bullf(p) — pll + (1 = Bu)l|2n-1 - pl|

= (1~ (1~ a)Bu)llans — ol + (1 - @)Bu £ (#) - p

<max { w1 = pll 22 106) o }-

By induction

1
o~ < max { o = pll = 10G) -l b n>0,

and {x,} is bounded, so are {y,}, {Tnz,} and {f(zn)}.
Observe that

|zn — Tnzn| = anllyn — Thzy|| = 0(n — o0),
lyn — Tn—1ll = Bullf(Tn-1) — Tn-1|| = 0(n — o0).
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Set A, = (2I —T,)~!, it is known that {4,})_, are all nonexpansive mappings and
F(A,) = F(T,) as a consequence of Theorem 6 of [3]. Then we have

lzn — Anzn| = ”AnA;Ixn — Annl|
< “A;lxn |
= ||zp — Thxnl.
It also follows from (3.2) that lim ||z, — Apzy| = 0.
n—oo
Next, we claim that
limsup(f(p) — p,j(zn —p)) <0, pé€F, (3.3)
n—oc

where p = Q(f) = }g% z¢ with z; being the fixed point of z — tf(2) + (1 — t) A,z

(see Lemma 2.1).
Indeed, z; solves the fixed point equation 2; = tf(zt) + (1 — t)Apz:. Then we
have z; — xp, = (1 — t)(Apzt — ) + t(f(2¢) — ). Thus we obtain

20 = @nll® < (1= )%l Anze — 2ol + 26(f (22) = 20, (20 — 20))
< (1= [ Anze — Apza|| + |20 — Apzall]? (3.4)
+2t(f(20) — 26,3 (2t — Tn)) + 2t] 21 — |-
Noting that
(f(zt) = 2,5 (2t — x0))
= (f(z) = F(P); 5 (2t — n)) + (f(P) — 20,5 (2t — @n))
< allz = pllllze — znll + (£ () — 26,5 (2 — n))-
Thus (3.4) gives
2 = @nll® < (1= 0)%[l2 — zall + ll&n — An@nll]® + 2at|[2 — plll|21 — za
+26(f (p) — 2, (2 — x0)) + 2t[|2 — @n|?
< (L= 6|2t — zall* + an(t) + 20tz — pll]| 2 — 2
+ 26(f (D) — 2, 5 (2 — &) + 2t]| 2 — 20|,

where
an(t) = (2]|zt — x| + ||xn — Anznl])|zn — Anznl — 0 as n — oco. (3.5)
It follows that
. t 1
(2t = F(0),3 (2t = @) < Gl — 2all* + Syan(t) + @llz = plllz — @l (3.6)
Letting n — oo in (3.6) and noting (3.5) yields
. . t
limsup(z; — f(p), j(2t — 2a)) < M + aM|jz — pl. (3.7)
n—o0

where M > 0 is a constant.
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Since the set {z; —x, } is bounded, the duality map j is norm-to-norm uniformly
continuous on bounded sets of F, and z; strongly converges to p. By letting ¢ — 0
n (3.7), it is not hard to find that the two limits can be interchanged and (3.3) is

thus proven.
Finally, we show that x,, — p strongly.
Indeed, using Lemma 2.2, we obtain
20 = plI* < llyn — pII?
= [|(1 = Bn)(@n—1—p) + Bu(f(zn-1) _p)HQ
< (1= Bn)?llen—1 =0l + 28a(1 = Bn)(f(@n-1) = P, j(Tn-1 — P))
+ max{(1 = Bn)l|zn-1 — pll, 1}Bnl f (@n-1) = lIb(Bnll.f (zn—1 — plI)
< (1= Ba)Nzn—1 = plI* + 26a(1 = Bu){f (zn-1) = £ (p), j(xa—1 — p))
+ 28n(1 = Bn){f (P) = P, J(Tn-1 — P)) + M1Bnb(5n)
< (1= B0)*[len—1 =l + 28all f(zn-1) = FP) | 2n-1 — P
+ 280 (1 = Bn){f(P) = P, j(Tn—1 — P)) + M153nb(5n)
< (1= Bu)l|lzn—1 — | + 2Bl zn—1 — plll|@n—1 — p|
+ 280 (1 = Bn){f(P) = P, j(Tn—1 — P)) + M153nb(5n)
<1 =201 = a)Balllzn-1 = plI* +26(f(p) — P, j (21— P))
+ M2B,b(B,) + Maf;,

where M; > 0 and My > 0 are some constants.
Now we apply Lemma 2.3 and use (3.3) to see that ||z, —p|| — 0. This completes
the proof. [l

Remark 3.1. Theorem 3.1 prove the strong convergence in the framework of real
uniformly smooth Banach spaces. Our theorem extend Theorem 1.1 to the more gen-
eral real Banach spaces and also extend Theorem 1.2 without condition

liminfd(z,, F) = 0 and at the same time extend the mapping to pseudocontrac-
n—oo

tive mapping.

Corollary 3.1. Let E be a uniformly smooth Banach space and let K be a nonempty
closed conver subset of E. Let {T;}Y., be N nonexpansive self-maps of K such that

F = ﬂ F(T;) # Q. Let f € lIg, xo € K and {an}22q,{Bn}2 be two sequences in
(0, 1) satzsfymg the following conditions:

(i) an — 0,8, = 0,n — oo, (ii) Z/Bn =00

Then the sequence {x,} defined by (1.2) converges strongly to a common fized
point of the mappings {T;}Y,.
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Corollary 3.2. Let E be a uniformly smooth Banach space and let K be a nonempty
closed convez subset of E. Let {T;}Y., be N nonexpansive self-maps of K such that

N
F=(F(T,) # . Given a point u € K, zg € K and {on}321, {8}, be two
=1

sequences in (0, 1) satisfying the following conditions:
oo
(i) an = 0,8, = 0,n — 00; (i) > _ B = o0.
n=0

Then the sequence {x,} defined by

Yn = /Bnu + (1 - ﬂn)xn—lan > 1a
Tn = QpYn + (1 - an)Tnxna

converges strongly to a common fixed point of the mappings {Tl}f\il

Remark 3.2. Corollary 3.2 improve Theorem 1.3 without compactness assumption
of mapping.
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