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THE POINT SPECTRA OF GENERALIZED
HAUSDORFF MATRICES

B. E. RHOADES

ABSTRACT. In this paper we obtain the point spectra of generalized Hausdorff
matrices andtheir adjoints, when considered as bounded operators on ¢, spaces
forl < p < oco. We also obtain the spectrum of the Gamma generalized Hausdorff

matrices.

Hausdorff matrices were shown by Hurwitz and Silverman [5] to be the class of
triangular matrices that commute with C, the Cesaro matrix of order one. Hausdorff
[3] reexamined this class, in the process of solving the moment problem over a finite
interval, and developed many of the properties of the matrices that now bear his
name.

Several generalizations of Hausdorff matrices have been made. In this paper we
shall be concerned with the generalized Hausdorff matrices as defined by Hausdorff
[3] and Jakimovski [6].

Let {\,} be a sequence satisfying

0< <M< <\

such that
|
d — =o0. (1.1)
n=1 )\n

For any sequence {u,}, a generalized Hausdorff matrix is a lower triangular
matrix with entries

hnk = Ak:—l—l cee A'n[,uk:: ey ,Un]a
where the divided difference is defined by [un] = pn,

_ [,uka' --a.unfl] B [,uk-i-la" . ,,Un}
(ks -« o s pin] = I :
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and where it is understood that A1 -+ A, =1 when k = n.

Hausdorff [4] made this definition for Ay = 0, and Jakimovski extended it to
the cases in which Ay > 0. If A\, = n, then the definition reduces to that of an
ordinary Hausdorff matrix. If A, = n + «, then the definition reduces to the E-J
generalization developed independently by Endl and Jakimovski [1], [2] and [6].

We shall call such a matrix H an H-J generalized Hausdorff matrix, and will
determine the point spectrum of H and its adjoint, H*, considered as bounded linear
operators over the /P spaces, for 1 < p < .

It is of interest to note that, if A\g = 0, then each row sum of H is ug. A proof
of this fact appears in [4]. We now supply a different proof.

Lemma 1.1. Let 0 < j <n+ 1. Then, for Ay =0,

J J
> bk = hnk = A1 Aalin o g
k=0 k=0

Proof. For j = 0, since A\g = 0,

hnt10 = A1 Apg1ltos - - fint1]
= A An([pos - - s ] = (B - - -5 i)
= hn() — )\1 e )\n[/,l,l, P ,/,Ln+1].
Assume the finite induction hypothesis. Then

j+1 J
D gk =Y hngrg+ A2 At Al
k=0 k=0

J
= Pk = A1 Anliiens o Al X2 gl Anga]
k=0

j
] = g A
- Zhnk + X2 A X (A1 — Ajg1) (e \ ] _['Li\JH +1))
k=0 n+1 j+1
J
= Zhnk + Njr2 s Anlltg41, -5 An] = [Bg420 -5 Anga])
k=0
j+1
=D hak — Ajr2 - Anlpjpe, - Angal.
k=0
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Theorem 1.1. Let H be an H-J matriz with \o = 0. Then, for each n,

Z Pk = po.

Proof. The result is trivially true for n = 0. Assume the 1nduct10n hypothesis. Then,

n+1 n+1
from Lemma 1.1, with j =n + 1, Zhnﬂkuh k—O—Zhnk—uo O
k=0 k=0 k=0

An infinite matrix A is called conservative if it is invariant over ¢, the space of
convergence sequences. The necessary and sufficient conditions for this to happen
are the well-known Silverman-Toeplitz conditions:

(i) [IA]l : sup > |ank| < oo,
n
n
(ii) ag := lim a,y, exists for each k,
(ii) £:=1im ) ap exists.
A conservative matrix is called multiplicative if each a; = 0. For a space X,

B(X) will denote the set of bounded linear operators on X. We shall denote the
point spectrum of an operator A by o,(A).

Theorem 1.2. (a) Let H € B(c) be a multiplicative H-J generalized Hausdorff
matriz with the w, distinct. If \g > 0, then o,(H) = @. If \g = 0, then

op(H) = {po}.
(b) If H € B(¢P),1 < p < oo with the p, distinct, then o,(H) = Q.

Proof. From a result of Jakimovski and Tietze [7], we may write H in the form
H = T~ 'diag uT, where T is a lower triangular matrix with entries

n
1
v=k+1

n—1

[T -2

v=~k

bnk = (_1)k

b

and diag p is the diagonal matrix with diagonal entries {y,}. Let Ag > 0. Suppose
that Hx = £x.This equation can be written in the form
(T~ diag uT — €I)x = 0,
or
T~ Ydiagp — £I)Tz = 0,
or
(diagpu — &I)Tx = 0. (1.2)
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Let N denote the smallest integer for which p, # 0. Then, for n = N we have
un = &. Since the p, are distinct, this leads to Tx = 0 for n > N.
For n = N + 1 we have

IN+1,NTN T EtN+1,N+1ZN4+1 = O,

ie.,
-1 N)\N 1TN
(—1)N+1xN+1 - _()—+’
AN+1 — AN
which implies that
- _ AN+1ZN
N+t AN41 — AN

It can be shown by induction that

N+m

V—IZ;[+1 )\U N A
IN+m = N, =z ] (m)

v=N-+1
N+m

o 11 (1 575)

v=N+1

Since Z — diverges, the product diverges to +o00 and {z,} ¢ c.

If \g =0, then every row sum of H is ug. Thus e is a characteristic vector with
characteristic value . O

It is necessary to assume that H is multiplicative, since the matrix generated
by p ={1,0,0,...} for n > 0 with A\g = 0 is conservative, but has point spectrum
{0,1}.

Special cases of Theorem 1.2 appear in [10]. The special case of Theorem 1.2(b)
for ordinary Hausdorff matrices appears as Theorem 2 in [8], and, for the E-J ma-
trices, as Theorem 2 in [9].

Associated with each conservative matrix A is a number x(A) defined by x(A) =

t—Zak.

Theorem 1.3. Let H be a conservative H-J Hausdorff matriz. Then H* has a total
set of eigenvalues.
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Proof. Suppose that H € B(c). Then H* takes the form

x(H) 0 0
H* = ap HT
0

Consider the set {eg, 5o, 51, - -, }, where eg = {1,0,0,...}, and
Bn — {OatTLOa e tnna 03 .- }
Clearly H*eg = x(H )eo.

n+1
((H/Bn m+1 Z h’ +lk/3n Z hmk 1tnk I—Zhymn
k=m+1 k=m+1

I ™
= Z )\m+1 /-’LTTU . a/j’]] n—1 V:]+1

[Tw =)

v=j
n n—1
—1)™\ W -
= ( n)—l m+1 X (=)™ [y« -, 115] H (An = Aj).
H (/\n _ )\y J=m v=m

n 7—1
Lemma 1.2. For each 0 < m < n, Z(—l)mfj [Bmy « - s 145] H (A —A) =
=m

j=m

Proof. The result is trivially true for m = n. Assume that it is true for m. Then

n j—1
> =)™ s omg) ]
j=m—1 v=m—1
n Jj—1
= > D™ ] [T On = ) x
j=m—1 v=m
X (An = Aj+Aj — Am—1)
n J

_ (D)™ o) [T O = 2)

j=m-—1 v=m
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n j—1
+ (D)™ (s s 1] = [y -5 i]) < [T O = )
j=m—1 v=m

_ (=)™ 1] T On = A7)

j=m—1
n—1 ) J
+ Z (=)™ [lm—1y « <« 5 ] H (An —A)
i=m—2 v=m
n 7j—1
- (_l)m_l_J [/J'ma s 7/'Lj] H ()"fl - )‘V)
j:mf]_ v=m
=\
Therefore H*(), = tnfBn.- O

The set of eigenvalues is total, since each coordinate sequence can be written as
a finite linear combination of the 3, and eg.
Theorem 1.3 for the E-J matrices appears in [11].

Corollary 1.1. Let H € B({P),1 < p < oc. Then H* has a total set of eigenvalues.

Proof. For each of the (P spaces, H* = HT. Therefore a simple modification of the
proof of Theorem 1.2 yields the result. O

The special case of Corollary 1.1 for Hausdorff matrices appears as Theorem 3
of [8], and, for the E-J matrices, in [11].

Let I'{ denote the H-J matrx with mass function x(¢) = t*. Then I'{ is the H-J
version of the ordinary Hausdorff gamma matrices defined by Hausdorff [3].

Let 0(A) denote the spectrum of a matrix A, considered as a bounded linear
operator on c.

Theorem 1.4. ) .
ort) = {e: e -5 <3}
Proof. Clearly I'? € B(c).

! A 1 1
= [ tratoldt = .
p= [ e

By finite induction it can be shown that

1
N

H()"’ +a)

v=Ek
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Therefore
Mot Ay
hnk = nk_Hi = anbka
[T +a)
i=k
where
n k—1
11> [T +a)
v=1 v=0
an = n ) bk‘ - L )
[T +a) 1>
v=0 v=1

and H is factorable.

A lower triangular matrix A is called factorable if its entries can be written in
the form a,; = a,by, where a,, depends only on n and by depends only on k. The
result now follows from Theorem 1 of [12]. O

Let C' denote the H-J version of (C, 1), the Cesdro matrix of order one.

Corollary 1.2.
{3 <2}

Proof. Set a =1 in Corollary 1.1. O
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