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NONEXISTENCE OF THE CONFORMALLY FLAT
PROJECTIVISED TANGENT BUNDLE OF A FINSLER SPACE
WITH THE CHERN-RUND CONNECTION

HIROSHI ENDO AND SHIGEO FUEKI

ABSTRACT. In a Riemannian manifold (M, g) K. Bang (e.g., [5] p. 141) showed
that the tangent bundle T'M with the Sasaki metric g is conformally flat if and
only if the base manifold (M, g) is flat, in which case (T'M,g) is flat. For this
fact, we consider the conformally flat projectivised tangent bundle PT M with the
Sasaki metric on a Finsler space (M, F') with the Chern-Rund connection. Then it
is shown that there does not exist a conformally flat projectivised tangent bundle
PTM on a Finsler Space (M, F).

1. PRELIMINARY

Let M be an m-dimensional C°° manifold and z* (1 < i < m) be local co-
ordinates on M. It is said to be a Finsler manifold if the length s of any curve
t e (z(t),...,2™(t)) (a <t < b) is given by an integral

b 1 m
dx dz
= Flz'@),....2" ), —,..., —
s /a (x (t),...,x"(t), T >dt,

i
. Our convention for

d
where F' has the first-degree homogeneity with respect to *

indices is as follows: Latin indices run from 1 to m (except m). Greek indices run
from 1 to m. Greek indices with bar run from 1 to m — 1. A Finsler manifold M
has a tangent bundle 7w: TM — M. From T M we obtain the projectivised tangent
bundle of M, PT M, by identifying the non-zero vectors differing from each other
by a real factor, Geometrically PT'M is the space of line elements on M. Then a
non-zero tangent vector can be expressed as

X =4'0, (y' not all zero),

0 0 o
where we shall write shortly d,: (resp. 0,:) instead of Fye (resp. 87341) The o', y*

are local coordinates on T'M. They are also local coordinates on PT'M with 4 being
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homogeneous coordinates (determined up to a real factor). We can consider PT'M
as the base manifold of the vector bundle p*T M, pulled back with the canonical
projection map p: PTM — M defined by p(x?,3) = (2%). The fibers of p*TM are
the vector spaces of dimension m and the base manifold PT M is of dimension 2m—1
(see [4] and [6]). From now on fyi, fyiyi, ... etc. denote the partial derivative(s) of

a smooth function f with respect to the coordinates y'. Adopt a similar notation
for the partial derivatives with respect to the coordinates x*. From the first degree
homogeneity of F, we have

ylei =F
and

Y Fyiyi = 0.

A differential form on PT'M can be represented as one on T'M provided the
latter is invariant under rescaling in the y* and yields zero when contracted with
ylayi.

Then the Hilbert form

w=F,dx'
is intrinsically defined on PT M. Let
o = U, 0,
be an orthonormal frame field on the bundle p*T M, and
w® = v dz®
be its dual coframe, so that
(ea,e8) = uafggkuﬁk = dap (1.1)
and
(eq,w?) =07, (1.2)
(1.1) means the orthonormality condition with respect to the Finsler metric (positive
definite).

. , 1 . ,
G = gijda' @ dx’ = <2F2) dx' ® da’
yiyd
= (FF, iy + F,iF;)da’ ® da’
defined intrinsically on PT M, and (1.2) is the duality condition, which is equivalent
P kuak =6,
We now distinguish the global section
,L' .
em = yfaxi = 0"0,i

and
wm = FyidacZ = w.
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Then, taking the exterior derivative Hilbert form w™ on PT M, we have ([6])

dw™ = w* Aw™, (1.3)
where wg™ is
ut

I (Fpi — 1y Fiyi)w™

wgt = —’U,aiFyiyj dy? + y

+uaiUBsziyj W’ 4 /\agwﬁ
(see [6] about')\ag). A
Define N* j and 0y’ as follows:

) 1 . iy )
N'j= =Gy, 0y = % + N da,

A A 1 1
Gt :gzﬂ {ys <2F2> é _ <2F2> e} ]
ytas x

Moreover, we see that the dual orthonormal vectors in T'(T'M\0) to the basis
set w® = v%dr! and w,,* = v;0y’ in T*(T'M\0) are given by

where G* denotes

Co = Uy 0, (1.4)
and
Crmta = Uy 6y, (1.5)
where
Syi = Opi — FN,0,
and

dyi = FOy.
The set {51.1', (Syi} is naturally dual to the set {da:i, 5yi}, and these form local
bases for T(T'M\ {0}) and T*(T'M\ {0}), respectively.

On the other hand, concerning the connection on M, S. S. Chern ([4] and [6])
proved the following theorem, however, afterwards, M. Anastasiei [1] proved that the
Rund connection coincides with the Chern connection. So we have the following:

Theorem 1.1 (Chern-Rund). There exists a torsion-free and an almost metric-
comparability linear connection p*T'M — PTM, that is the Chern-Rund connection

D:T(p'TM)—-T(p*TM @ PTM),
given by De,, = waﬂeg, w,™ =0, that is dw® = WP A wg® and
Wag + wWga = —2A08,W,),- (1.6)

In particular
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where wag = wa 0yg and the Cartan tensor A = Aypw® ® WP @ WY is given by

F /1 . .
Aagﬁ,:? (2F2> N uazuﬂ]uyk.
y'yiyk
Here we define the Chern-Rund connection in natural coordinates as follows:
D:T(p*TM) —T(p*TM @ T*(TM\0))
given by ‘
D@xz = wi](’?ﬂ,

where wij are the components of the connection matrix in natural coordinates. Since
the Chern-Rund connection is torsion-free, we can see that (see [4] and [6])

da’ /\wij =0, (1.8)

which is equivalent to the torsion-free condition of the Chern-Rund connection in
natural coordinates (see [3], [7], [8] and [9] for another connections of Finsler Geom-
etry, and [2], [3] and [8] for the interesting application of Finsler Geometry). Wedge

product of w,” and dz' is zero in (1.8), so they are linearly dependent. We can write

w,” in terms of dz' as

J_1J 1
w;” =17, ,dx",

where the quantities
) gis
Fljk = 7 (5a:’€gsj - 5xsgjk + 5mjgks)
are called the Christoffel symbols of the first. Then we obtain
Here we have the following lemma:
Lemma 1.1. The dual orthonormal vectors (in T(PTM)) to the basis set
w® = v%da) and wy,® = 00y’ (in T*(PTM)) are given by
Ca = Uy Oy (1.10)
and .
gm—&-ﬁ = uajdyj. (111)
Proof. By using the Cartan formula, we obtain the following Lie bracket (cf. [4]):
.. VA ,
[(5xk,5yz] = {Alkg + F(FFyk):ce — Elng} 5yi, (1.12)
where the quantities A’ e are
Ay = (5333,4",% + Al T g = AT T — Aikhrhﬂs> .
On the other hand, by straightforward calculations we obtain

1 . .. .
[(Szk,(;yé] - §G1ykyg($yi — {Azkg +sz€}6yi. (113)
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On PTM, there are the quantities which are homogeneous of degree zero in the y’.
Let f be a smooth function on PT M. Using the Euler’s theorem, we have

o (f)=y'f, =0. (1.14)
From (1.12) and (1.14), it follows that

g /i .
[5xk, (5?/] (f)= {Alkg + f(FFyk):p“ - KZNM} (5yi(f)
= A8, (f). (1.15)
On the other hand, by (1.13), we have
(0005 8,e] () = Ay () + T8y () (1.16)
(1.15) and (1.16) imply '
By (1.9) and (1.17), we obtain
N6, (f) = €°T";6,:(f) = 0. (1.18)
Hence, by (1.4), (1.5) and (1.18), we have (1.10) and (1.11). O

Here, on the manifold PT'M, we consider a natural Riemannian metric (a Sasaki
type metric on TM\ {0})

g° = gijdazi ® dx’ + gij5yi ® oy’ (1.19)

For {€,(resp. w®), €nia(resp. w,) in T(PTM) (resp. T*(PTM))} , we can rewrite
(1.19) as

9° = Sapw® @ WP + (5m+am+3wma ® w,P. (1.20)

Concerning the orthonormal frame field {ey, €t} on PTM in Lemma 1.1, we
have the following lemma:;:

Lemma 1.2. The Lie brackets for the orthonormal vectors €y, €mia are as follows:

5] (o7 0 - (55)) a2

[ga, am] = w (ea)emiy — w0 (60, 5)%, (1.22)
[5m+a,5m+ﬁ} = (Wg(gnwa) - Waﬁ(gnwg)) Em+7, (1.23)
i particular, B
(e, em] = —w. (em) &5 (1.24)
and
[gm, gm+a] = (,da’y ('ém)'ém+7 - ga (125)

Moreover the following formulas hold good:

v5m+a€m+ﬁ = wgv (Em+a)em+7 + Awagfevm—kﬂ (1.26)
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Venias = Wy (Emia)y + Az ge,, (1.27)
Veulmis = A”CYBE7 + wﬁ”(éa)amﬁ, (1.28)
Ve, €8 = wy' (€a)ey — AT glmim, (1.29)

where V is the Levi-Civita connection on PTM with respect to g°.
Proof. Let f be a smooth function on PT'M. By the definition of Lie bracket and

wo” = vﬁi(duai + uajwji) = vﬁi(duai + uajFijkda:k),

we get

5] 0= g 0

= ug'ug (00,00 (f) + g (Opite )0, () — w5 (D5 ) 0y ()

= (' Og) = 0 D)) 0us(F)
= (u,yiwﬁ7 (ga) - Ua,iwav <gﬁ>> Uéigé(f)
= (w0 @) — " (%)) (1),

from which (1.21) holds. Similarly, we have (1.22) and (1.23).
Using (1.6), (1.22) and (1.23), we obtain

QgS(ng+agm+B, 67) = gs([€m+a, gm+5], e,y) — gs([em+ﬁ, /éiy], €m+a)
_i_gs([g% €m+a]> gm+ﬁ)

= w5 (&) + wiz(Ey) = —2455w,7 (€,) =0

and

29° (Ve iaCms em+7) = 9" ([Emta: €45 €max) — 9°([€,,15) Em7]s Emia)
+9°([em+x, €m+al, €,,15)
= wg(emta) — way(€,,45) — wyal€, 5)
Wiz (Emiy) + wag(miy) — wig(€mia)
= 2wz~ (€m+a) + 2455,
Hence we have (1.26). Similarly we get (1.27), (1.28) and (1.29). O

Using Lemma 1.2, we have

Vxem =Y g°(X,Cmia)tx (1.30)

[0}
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for any X € x(PT'M), from which,
R(X,Y)ém = VxVyén — VyVxém — Vix,y)€m

—ZZ{Q X, ea)g’ (Y:e,,15)

—g (Y, €a)9’(X,€,,3 }Azﬁ% (1.31)

for any X,Y € x(PTM), where R is the curvature tensor on PTM with respect to
g9°.
By being torsion-free, we have
Ve, X = 0°(X,nia)ea + [6m, X] (1.32)
@
for any X € x(PTM).
Finally, the curvature form of the Chern-Rund connection is given by

1 _
Qﬂa = iRﬁafyﬁw’y A wd + Pﬁa,yguﬂ A wme

1 _
= §Rﬁa75“ﬂ Aw® + Py ew? AW, (1.33)

where Rﬂo‘,w; and Pﬁa»yz are the first and second Chern curvature tensors on M
respectively.

2. THE CURVATURE TENSOR R ON PTM

For the curvature tensor R on PTM with respect to Sasaki type metric g°, we
have two following lemmas:

Lemma 2.1. For the curvature tensor R on PTM with respect to g° we have

- L Y
R(ém, €a)ez = Ry 5ty — AY ﬁemJW Aﬁfaﬁw7 (€m)e, 15

+w;(5m)A§m s T g (Cm) A’ 58,5 (2.1)

R(em,ex)e. €miB = Rg e + AT 767 + A’Y (em)e5

5 = o
- Bv(em)A av6 — wav(em)A 75637 (2.2)

R(am,'émﬁ)ag:Pgmaaﬁﬂ@ey+A1ﬁ (&)
—wg(gm)ﬁmaa wJ(em)AfS 05— A Fmim, (2.3)

R(em, emia)e,, +8 — P i maém+7 + AT *emﬂ + AW (em) €m+3

_Wﬁv (em)AéaﬁgnHS - wav (em)A 7g6m+3+ Avaggﬁ- (2.4)
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Proof. We show (2.1). From (1.32), (1.29), (1.24), (1.25) and (1.33) we have

(ema €a)€

Jeg

Ve, Vet — Ve, Ve, 63 — Vig,, 2165
Z Vea €5 eer“{)e’Y [emv v'éaeﬁ]
W

Ve 3 Y 9°(€5:Emi5)85 + [Em: €3] ¢ — Vie,2a1%5

7
= AT+ [y () — AT i
_v’éa(wgﬁ(gm)é%) - w*’y (’ém)v’c%gﬁ
=-A7 g7 T em(wgy(ea))% — (A7 5)emi5 + wg' (€)[Em, ]

— AT B, Emis] — Ealwy (Em)Er — wy (Em) Verby — Wy (6m) Ve, €5

~ S/~ \~
=-A ﬁew—l—em(way(ea))ew AY ﬁemﬂ—i-wﬁ 7 (eg)w w=" (€m) ez

AT Enles + Ay — Ealg B = g @’ ()
+wj(gm)A67;ém+6 waé(em)wﬁ6(€7)gg+wa( )A5*ﬁ~m+6

= dwﬁﬁ(gm, €g)ey + wﬁ'y([em, €a))ey — A7 eerW + Wy (ea)wﬁ‘s(em)eg

5
B

|

2
o =2
o«)\

el (€m)e 45 — wa 7@ m)wy (€a)€s
+wﬁ(em)A6a7~m+5 +wg (€ m)A° ~36m+3s
1 _ = o~ o~
= §R3765 we /\w‘s(em,ea)ey + P 75 WEA W (em,eoé)e7 A7 ﬁem+7

¥ S(> \x ~ 5 = (5
_AVEBWV <6m)6m+g + wﬁv(em)A a76m+3 + WEW (em)A 78 m+5
= = %~
= Rﬁﬂymaev - A’YaﬁeerW - A aB Wy (em) Cm+ts
= 5 - = _
+w37(em)A 27Cmas T Wa (&) A° BEm+5-

Similarly we get (2.2),(2.3) and (2.4). O
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Lemma 2.2. For the curvature tensor R on PTM with respect to g° we have

5 = S\ AT = ~ A5 \x 5 AT =~

= [l ,763 — W= (BB)AVagem_i_y — 65(14 Ek)em_,'_g — A - A”ageg

— A% ws¥ (Ca)em+v + wy (Ea) AT558m+v + E5(A S )5 T A5 A 5er
S

( B)A gm-i—m (25)

o S

5
+A’gmws (eﬁ)emJﬂ, +wg (ea)A ﬁemg -

R(Ex, 63)em 5 =

=R 8,5+ (A )% + A° w5 (G ' A”ag’émw—’ég(ﬁm)gg
—A% w5” ()8 + Agr AT o — w5 (82) AV 585 + wy (E5) A7 5
( )A” ,’evl, + wy (EB)A gﬁeg, (2.6)
]A%/(ea,gm_s_ﬁ)e7
= % 5 — w3 (6,,5) Angmsn + Ea( A% )85 + A wi” (E2)

— A A Bnip — w5 (8x) A58 + €, 5(A% ) Cnss + A5 (E0i5)mew
~ S~ \ AT ~ 5~ ~
A A” émtv — w5 (ea)A”ﬁe; — Wy (em_@)A”ﬁeer;, (2.7)

5 5 o\ 5 ~
—P - Emys T Wy (m+ﬁ)A ey—l—ea(A )m+5+A A” e
+A667w6 (€x)em+v — m+B(A6&7)66 A(Saﬁ 5ﬁ(€m+ﬁ)g7

+A% 105 5Em — A‘STAZ!e} — w75(’éa)AVBg’ém+p

_wﬁé(gE)A 576m+1/ +wy 5( m+g)A§§7€7a (2'8>

R(gm+a, em+B)’é/7 =

= uj75( m+ﬁ)AV € — (Sﬁfga + ngra(A(s )66 + A B,w (em+a)el, + A(S AV

_wﬁé(fém-f-a)A /65611 + 5047 3~ m_,’_ﬂ(Aéff)N* — A(Saﬁ gv(gm.;_ﬁ)eﬁ
A A 5565 — wﬁ‘;(eera)A 50 + w5 ‘@, 19 A%5 e, (2.9)

R(gm+a, eerB)em'f‘ﬁ =
= wﬁ(s (ngrB)AvagngrP + ngra(A(SZr)ngrS + A(Sfrwgp(gm#a)gﬂwr? + A(SﬁfAV gerI/

5~ v = 5 T v s
—Wy (em""a)AVBSem""; - m-‘r,@(A ) Cm+3 —A ay 5V(em+B)em+g

_AéaﬁAUES€m+ﬁ — u)%(ngra)A SﬁngrP + Wa ( m+5)A 6,€m+1, (210)
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Proof. First we show (2.5). From (1.28) and (1.29), we have

VgaV’gﬁgﬁ = Vga(w76 (gﬁ)gg - Aéﬁﬁfém_*_g)

= al(ws’ (€5))¢5 + wy’ (€5) Ve, €5 — ga(Ag) — A% 5-Vealinis
=eq (w—‘s(eﬁ))eé + w5 (eﬁ) V(eg)er — w{s(ea)A —5Cm+D
—ea(A6 enis A5 A7 sE A%w{(’éa)gmw, (2.11)

from which
~Vz, Va, by = —5(ws’ (6a))85 — wy’ (Ea)ws” (65)85 + wy () A% 5emew
—5B(A5m)gm+g+A%A” &+ Apsws "(€g)emiw.  (2.12)
Moreover, from (1.21) and (1.29) we can see that
~Viepz,)0r = —(w5' (@) — g’ (¢5)) Vesey
= (w5 (Ca) — wa' (65)) (w5 (&5)er — A5 Cmiv) = —w5’ (€a)ws” (&5)er
+wg (€5)wy” (E5)éw + w3 () A% Cm+v — wsd (€5) A% Cmsv. (2.13)
Here, we get, by (1.33),

Pl (£3))% — Pl (0))05 = o’ (5 )05 + o (5005
= 0.0 (x, @ €5)€5 + ws A w 3 (eq, & 565 +wi’ (@ )%S(gp)gg_wag(gg)wﬁg(gv)%
= R 5 + w5 (Ba)wy’ (5)85 — wy (eg)wﬁ(ga)gg
g (@)’ (€)% — wel (Fg)r’ (@)% (2.14)

By means of (2.11), (2.12),(2.13) and (2.14), we obtain (2.5).
Similarly we prove (2.6).

Ve Vesbmiy = ga(Aéiy)g* +A° 5.5 (Ex)en A6 AT semy
+ea(w 6(65) €nas T Wy ( )AV gy + wx (65) (ea)em—s-z/a (2.15)
—Ve,Verlmiy = —eg(A ) E5— A5 (€ )ey+A5 A% = E5(wy ()2 5
—wv‘s(ga)A Bgeg — wv‘s(ea)wgg(eg)em+g, (2.16)

o1 |

Vs = 5 ) Ay o ) A v

oq |

= w3 (€a)wy (€5)€mqaw + wg (eﬁ) Y (€5)em1vs (2.17)
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- 76aggm+3 + wﬁv(,é/a)wﬁﬁ (gﬁ)ngrS - wig(’é/a)wits (ga)~m+6
oy e’ (@0)2, 45— wa (Eg)ws’ (E0)2, 45 (2.18)
By means of (2.15), (2.16), (2.17) and (2.18), we obtain (2.6). Similarly we get (2.7),
(2.8), (2.9) and (2.10). 5

3. MAIN THEOREM
First we have the following theorem.

Theorem 3.1. If the projectivised tangent bundle PTM of an m-dimensional Finsler
space (M, F) with the Chern-Rund connection has the Sasaki type metric ¢° as a
Riemannian manifold, then the base manifold (M, F') is Riemannian and the (first)
curvature tensor R of (M, F') satisfies

%57525575 5 50”, and Rﬁﬁmﬁ

=0.

Moreover the curvature tensor R on PTM can be given by
R(fa,€5)em = R(Ea: 8y, 5)em = R(Ema: €y y5)em =0,
R(Em, ex)& €5 = = R(Em, ea)e, €5 =0,

(
R(&n, ;Em+ya)€z = R(Cm, msa)e €t = 0
R(Emia, €mip)em+7y =0, (3.1)
R(ea, m+ﬂ)€7_R<ea7 m+ﬁ)em+7 0,
R(ex ,€5)Cm+7 = 0a7€,, .5 — 05-Cm+ta,
(€

R ex ,eﬁ)e7 = R(eerOé,Nerﬁ)e7 = Oa~€; 3 %%e%.
Proof. By means of (2.8), we have

gs(R(ga, ,é/m_i_B)gm_i_ﬁ, g’m) = ABEW' (32)
On the other hand, from (1.31), it follows that
9" (R(%%, €, ,5)8m47 Em) =—9" (R(Ea: €,,,5)8m: em+7) =" (A 58e, Em47) =0. (3.3)
Hence we can see that (3.2) and (3.3) imply
Anpy =0, (3.4)

that is, the Cartan tensor vanishes.
From

gs(ﬁ(g@ gﬁ)gm-W’ em+v) = 9" (R(€mi7, Emiv)ea, 63),
(2.6) and (2.9), we get
R7a5 = —0vadsp + Oyadyp (3.5)
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Since we also have
G (R(X,Y)em, Z) = ¢°(R(Em, Z)X,Y),
by (1.31), (2.1) and (3.4), we obtain

Raena = 0. (3.6)
From the Cartan tensor A = 0, Lemma 2.1, Lemma 2.2, (1.33), (3.5) and (3.6), it
follows that (3.1). This completes the proof. O

Corollary 3.1. In Theorem 3.1, we assume that m = 2, i.e., PT M is a 3-dimensional
Riemannian manifold with Sasaki type metric g°. Then PTM is flat.

Proof. From (3.1), it follows that the curvature tensor R on PTM vanishes. O
From Theorem 3.1, we obtain the following:

Lemma 3.1. For any vector fields X,Y € T(PTM), the Ricci tensor Ric (Ricci

operator @) and the scalar curvature tensor v with respect to g° on PTM are as
follows :

P (QX,Y) := ch X,Y) Z ZZQ (X, e5)9°(Y, &5) {655(557 — (557} , (3.7)

r=—(m—1)(m—2) (non-positive constant). (3.8)
Proof. The Ricci tensor }f?,\z/c(X ,Y') is given by
Ric(X,Y) = ¢°(R(ém, X)Y, em) + Zg (éx, X)Y, e7)

+ Z: gs(é(em_@, X)Y, emia)- (3.9)

So, we will calculate g% (R(ém, XY, €m), Z ¢°(R(éx, X)Y, €5) and Z ¢*(R(Emia, X)
Y, €mta). By (3.1), we have

9*(R(Em, X)Y,Em) = —¢*(R(Em, X)Em, Y) = 0. (3.10)

Next we calculate Z ¢°*(R(ex, X)Y, &5). Putting
a
X =Y ¢*(X.&)e5+ " (X, em)em + Y _ ¢°(X.8,,5)815

B ]

and

Y=Y g*(V.&5)er+ g*(Viem)em + Y ¢° (Y, emim)emsm,
il el
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we get
Zg (ea, X)Y, e7) Z 9°( (Y, ey)g *(R(&x, €5)ey, €a)
a6
—i—Zg (X, e eﬂ (Y,em)g (R(ea,eﬂ €m, €7) Z 9’ (X, e e/B (Y, €mt)
a,py
gS<R<ea, &5)emi5,ea) + 3 9°(X,En)g* (Y, &5)g° (R(a, Em)E5, Ca)
7’y
‘1‘29 X em Y em) (R(Ea, gm)gmaga) + ng(Xa gm)gs(ya gm+7)
ay
9* (R, &m)emiz:6a) + Y 9°(X,€,,,5)9° (V. 5)9° (R(E, €,,,5)5, Ca)
@65

+Zg » m+ﬁ (K gm) (R(eou +5)gmaga)

+ Z g a m—l—ﬁ (K €m+7)gs (R(gav gm+B>gm+7a gﬁ)
@8,y

Here, using (3.1), we have

gs(ﬁ(g@ gﬁ)577 g&) = Waa,ﬁv: (555(5&7 - (535,
9*(R(ex, €5)ém, €x) = —g*(R(x, €5)ex, em) = 0,
9°(R(ew, gﬁ)€m+77€a) =Y

98(13(557 €m)ey, a) = g (R(E'yaea)emem) =0
9°(R(€7, em)em, €a) = —g°(R(€a ém)ea, €m) = 0,
gs(lj(g57 gm)em—i-'ya ea) = —gS(R(gm+7,ga)€a, Em) =0,
gs(ﬁ(ea, m—i—ﬁ)e’V’ ea) =0, B

95(@(%’ €mi3)Em, €a) = —g°(R(€x €,,,5)¢, €m) = 0,
9°(R(€x; gm+ﬁ)gm+fyaga) =0,

so that, we get

Zg EmX)Y,20) = Y ¢ (X.5)g" (Y. &) {555557 - %} . (3.11)
@,y
Similarly it follows that

Zg (em+a; X)Y, €mya) = 9°(X, e5)g°(Y, 57)gs(§(gm+a,5§)57, €m+a)

BA

( m+aa€5 €m; Cmta) Z g* (X, e 65
a,By

g (Y, €m+7)9° (E(em-i-m g)em-i-’wem-&-a +Zg X,em)g*(Y, ey)
7’7

—i—Zg (X,e5)9° (Y, em)g° (R
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9°(R(€mtar €m)ey, €m+a) + Z 9° (X, em)g°(Y, gm)gs(é(ngrm €m)€m, Em+5)
a
+ Zg X em)g’ (Y, €m+7)9 (R(gm+a7gm)€m+7>gm+a)

+ Z 9°(X.€,,,5)9° (Y. €5)9°(R(€m+a, €,,,5)€5, €m+a)
@By

+Zg C035)9° (Y, E) 9" (R(Emm: €, 5)m: Emsa)

+ Z 9°(X, €,,,5)9° (Y, €m17)9° (R(€mia, €, 5)€m+7, €mta)-
@by

Moreover, from (3.1), we see that
9*(R(Emia, e €5)€, Emta) = —gs(é(gﬁa €mta)€y, Em+a) = 0,
9 (R(Emim85)em, Emia) = —9° (R(Emia, E5)emia, &m) = 0,
9 (R(@Emtar €5)emi, emra) = —9°(R(E5,Emia)msm, Emia) = 0,
9*(R(@mtas em)e5, emta) = 0°(R(Emsa, €m)ems Emetar)

= 95<R(€m+a, gm)€m+7, €m+5> = gs(§(€m+av €m+ﬁ)€77 gm+a)
= g*(R(Cm+a: €, 5)m> miz) = 0,
98(§(5m+a7 5m+3)5m+7, €mta) = 0,
from which
Zg (Emias X)Y, Emya) = 0. (3.12)

Substituting (3.10) ~ (3.12) (3.9), we get (3.7). Finally, we calculate the Scalar
curvature tensor 7 on PTM. 7 is given by, from (3.7),

7= Ric(ée, &) + Y _ Ric(Emiz, emse).

From (3.7), it follows that

7= Ric(ee &) = 9 (€. 5)9° (@, &) {5,/3% %}
€ €a,8,9
= Z {(65¢)> =1} = —(m — 1)(m — 2)

This is (3.8). O
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From Lemma 3.1 and Theorem 3.1, we have the following theorem:

Theorem 3.2. If the projectivised tangent bundle PT M of an m-dimensional (m > 2)
Finsler space (M, F') with the Chern-Rund connection has the Sasaki type metric g°,
then there does not exist a conformally flat PTM on (M, F).

Proof. Assume that PT M is conformally flat. Then we have
¢ (R(X,Y)Z,W) =
1 s s s(N) s
= 5 {'(QY. 2)g" (X, W) = g"(QX, 2)g° (V. W)
+9°(Y, 2)g" (QX.Y) - ¢"(X, 2)g" QY. W) |

2m — 2)(2m — 3)

Putting ez, EE, €m+5 and €,,1g into X, Y, Z, and W in (3.13) (where @ # f3), we
get

+( (Y, 2)g°(X, W) — ¢°(X, Z)g°*(Y,W)}. (3.13)

9°(R(¢%,€5)%,,,5: Em+w) = 0. (3.14)
On the other hand, from (3.1), we obtain
9°(R(Ex, €5)€ 5> emw) = —1. (3.15)
(3.14) and (3.15) lead us to the contradiction. This completes the proof. O
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