J. Adv. Math. Studies
Vol. 1(2008), No. 1-2, 143-156

http://journal.fairpartners.ro
NULL LAGRANGIAN FORMS AND EULER-LAGRANGE PDEs

CONSTANTIN UDRISTE, OLTIN DOGARU AND IONEL TEVY

ABSTRACT. The paper offers fresh light and novelties on the variational problems
whose Euler-Lagrange PDEs are identically satisfied. §1 underlines that the Ja-
cobian is a null Lagrangian. §2 proves an equivalence theorem between multiple
and curvilinear integral. §4 studies the multi-time Lagrange 1-forms and their
primitives as path independent curvilinear integrals. §5 finds the Euler-Lagrange
PDEs associated to path independent curvilinear functionals. §6 gives the hyper-
bolic primitive of a Lagrangian. §7 describes the connection between single-time
Lagrangians and the single-time total derivatives. §8 shows that a multi-time
null Lagrangian is a multi-time total divergence. §9 proves that a multi-time null
Lagrangian is a multi-time total derivative.

1. JACOBIAN AS NULL LAGRANGIAN

The term null Lagrangian [1], [3], [4] pertains to a Lagrangian L whose integral
over any domain 2 C R™ can be reduced via integration by parts to an integral
over the boundary 9. An important special case is furnished by the Jacobian
determinant L = J(x)(t) associated to a diffeomorphism z: R™ — R™, which is
used in the volume functional

V(a:(-)):/QJ(x)(t)dtl...dtm.

Null Lagrangians owe much of their importance to recent advances in the calcu-
lus of variations (polyconvex energy integrals), nonlinear PDEs (compensated com-
pactness), geometric function theory (quasiconformal deformations) and some fields
of applied mathematics: nonlinear elasticity, material science and crystals (rank-one
connections). Adding null Lagrangian to any integrand does not affect the varia-
tional Euler-Lagrange equation. The present paper offers fresh light on these topics
involving curvilinear functionals (see also [2]).
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2. EQUIVALENCE BETWEEN MULTIPLE AND
CURVILINEAR INTEGRAL

Many problems reduce to extremizing a multi-time cost functional. On the other
hand, the multi-time cost functionals can be introduced in at least two ways:
- either using a path independent curvilinear integral,

Pa() = [ XYt,a(t), oy ()dt?, B=1,....m,
Lo,z
where I'g 4, is an arbitrary C' curve joining the points 0 and tg, the running cost
w= Xg(t,x(t),xw(t))dtﬁ is a closed (completely integrable) 1-form (Lagrangian 1-
form);
- or using a multiple integral,

Qz()) = X (t,x(t), zy(t))dt" ... dt"™,
Qo,t
where the running cost X (t,z(t), z(t)) is a continuous function (Lagrangian).

Let us ask if the functional P is equivalent to the functional Q.

Theorem 2.1. The multiple integral
I(tg) = X(t)dt'...at™,
QO,tO
were X is a continuous function, is equivalent to the curvilinear integral
J(to) = Xg(t)dt”,
FO,tO
where w = Xg(t,x(t),xy(t))dtﬁ is a closed (completely integrable) 1-form and the
functions Xg have partial derivatives of order m — 1 and
—150
" X5
oth...otx...o0tm
where the symbol “"7 posed over 0t® designates that Ot* is omitted.

=X,

Proof. The multiple integral I(tg) suggests to introduce a new coordinate
29(t) = X(s)ds'...ds™, t€ Qo 2°(to) = I(to).
Qo,¢

Taking

0 oz
Xt z(t),z4(t) = ﬁ(t)a

we can write 2°(¢) as the curvilinear integral

xo(t) = g Xg(s)dso‘, .’Eo(to) = J(to),
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where Iy is an arbitrary C'! curve joining the points 0 and ¢ in Qg4,. Also
8m_1Xg B 8mx0
otl...oth .. otm  Oth...o9tm

=X.

Conversely, the curvilinear integral J(ty) suggests to define a new coordinate by

xo(t) = Xg(s)dsﬂa :L‘O(tO) = J(tO)v
Fo,t
0 8 . . 0 dx"
where w = Xj3(s)ds” is a closed (completely integrable) 1-form. Since X3 = 55
we can define
gm—1 Xg oM 0
X — = = .
ot'...oth .. orm  Oth...0tm
Then the new function can be written as
2V(t) = X(s)ds'...ds™, t€ oy, 2°(to) = I(to).
Qo,¢
]

Using the above theorem, one can convert variational problems with multiple
integrals into problems with curvilinear integrals and reciprocally. On this way there
naturally arise the following questions (see also, [5]-[10]):

(1) In what conditions the curvilinear indefinite integral (primitive) of a closed
Lagrangian 1-form is also a Lagrangian?

(2) In what conditions the hyperbolic indefinite integral (primitive) of a La-
grangian is a Lagrangian too?

3. LAGRANGE 1-FORMS OF THE FIRST ORDER AND THEIR
PRIMITIVES AS SIMPLE INTEGRALS
A Lagrange 1-form of the first order on the jets space J*(R, M) has the form
w = L(t,z(t), & (t))dt + M;(t,x(t), &(t))dz’ + N;(t, z(t), &(t))di’,
where L, M;, N; are Lagrangians of the first order. The pullback
r*w = (L + Mg + N;it)dt
is a Lagrange 1-form of the second order on M. The coefficient
L+ M;3' + N

is a second order Lagrangian, which is linear in accelerations. To the form w one
attachs the Pfaff equation w = 0 and the differential equation

L+ M;i" + N;#' = 0.
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Generally, the primitive of a Lagrange 1-form L(t,z(t),%(t))dt can be written
either as (definite integral)

o(t) = / L(s, 2(s), &(s))ds, (ty) =0

to

or as (differential equation)

d(t) = L(t, x(t), (1)), p(te) = 0.

If would exist a Lagrangian-like primitive

K(Lx(t)?x‘(t)) :/ L(‘g?x(s)ax"(s))d& K(x(tO)vi(tO)JO) =0

to

d
or in another form %K = L, then it arises the relation

oK N s 0K N i oK oy .
@(t,x(t), z(t))x (t) + @(t,x(t),x(t))x () + E(t,x(t),:z(t)) = L(t,z(t), z(t)).
This relation is fulfilled by any function x(t) iff % = 0. It results K = K(t,z(t)),

and L is a linear function in z°.

4. LAGRANGE 1-FORMS OF THE FIRST ORDER AND THEIR
PRIMITIVES AS CURVILINEAR INTEGRALS

A Lagrange 1-form of the first order on the jets space J(T, M) has the form
w = Lo (t, 2(t), () dt® + Mi(t, 2 (t), x4 (t))da’ + NP (t,x(t), 2 (t))da,

where L, M;, Nf are Lagrangians of the first order and z(t) = g;(t) The pull-

back
2w = (Lo + Mzl + Niﬁx%a)dto‘
is a Lagrange 1-form of the second order on M. The coefficients
L.+ Mza:’a + fo%a

are second order Lagrangians, which are linear in the partial accelerations. To the
form w one attachs the Pfaff equation w = 0 and the partial differential equations

Lo + Mzl + fof@a = 0.
Let Lg(t,z(t), 2 (t))dt’ be a closed Lagrange 1-form (completely integrable),
i.e. DgL, = DyLg, or explicitely
OLgdx' 9Lz Oxl, OLg 0L, da' 9L, Ox, . OLa
Ox' Ot>  Qxl ot ote Gzt ot Ozl otF  9t8
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We remind that a closed 1-form in a simple-connected domain is an exact one.
Generally, its primitive has the form

o(t) = / Lo (5,2(s), 24()) ds®, 6(to) = 0,

i.e.

% (1) = La (t,z(t), 24(t)) , (to) =0.

If would exist a Lagrangian-like primitive

L(t, (1), 24(1)) =/ La (8,2(s), m4(s)) ds®; L(to, z(to), (to)) = 0

Figt

or in another form D,L = L, (the above pullback is the given closed 1-form), then
it arises the relation

daiotF " dxi 918 T a8

which can be understood as a completely integrable system of PDE (of the second
order) with the unknown function z(t), too.
A smooth Lagrangian L(t,z(t),z(t)), t € R} produces two smooth closed
(completely integrable) 1-forms:
- the differential
OL

OL oL

dL = ——da' —dz! + —dt?
R T R A T
L OL L . .
of components <§t“/’ %, gﬂy), with respect to the basis (dt”,dz", dz?);

- the restriction of dL to (t,z(t), z~(t)), i.e. the pullback

OL 9z' 9L 0% OL\ 4
AL|(ta(t).2- () = (&Eigtﬂ T dal 01° + atﬁ) di”,

of components (which contain partial accelerations)

oL ox’ oL &cg

Dl = (), (1) g5 6) G, 0) (0 33 0+ 0, 00), (1),

with respect to the basis dt? (for other ideas, see [5]-[10]).

5. THE EXTREMALS OF THE FUNCTIONALS REPRESENTED BY
PATH-INDEPENDENT CURVILINEAR INTEGRALS

Let I'yy+, be an arbitrary piecewise C'-curve joining the diagonal points ty and
t1 of the parallelepiped €2, ;, C R!". Let us introduce a new problem in the calculus
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of variations asking for a m-sheet x*() : 4, — R" to minimize the functional
represented by path-independent curvilinear integral (action)

T(z(-) :/F Lot a(), 2 (£)dt, B=1,....m,

such that the functions z(-) have to satisfy the boundary conditions z(tg) = =z,
z(t1) = 1 or x(t)|aq,,,, = given, and variations (functions) constrained by bound-
ary conditions and by closedness conditions (completely integrability) for the La-
grange 1-form.

Fundamental problem. Characterize the function z*(-) which solves the vari-
ational problem associated to functional J.

Theorem 5.1. Suppose that it exists a Lagrangian L(t, z(t), z~(t)) with the property
DsL = Lg.

1) If the m-sheet x*(-) is an extremal for L, then it is an extremal for the
differential dL also.

2) If the m-sheet x*(-) minimizes the functional J(x(-)), then x*(-) is a solution
of the multi-time PDE

oL oL ,
%— Wﬁzai,Z:17...,n,’)/:17...,m7 (E—L)Q
v

which satisfies boundary conditions, where a; are arbitrary constants.

The second part of this theorem shows that if the system (E — L), of PDSs has
solutions, then the minimizing function for the functional J (supposing it exists) lies
between these solutions.

Proof. 1) First, we have
0—d oL D oL _ a(dL) —D,ya(dL)
ox? ox!,

ozt K am%

For the components, this means

-D 0

-D 0

o
6961 8x9 K ze ozl
0 or
axl axa v 0361 aaj'zy

0 (OLY 0 (9L _
Oz ata Toai \ote )

2) The following equalities lied us to the result.
0(dL) D d(dL) 4 <8L D 8L> '

ozt 7 c%ciY ozt 7 c%cg

0:
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Theorem 5.2. If the m-sheet z*(-) minimizes the functional J(z(-)), then x*(-) is
a solution of the multi-time PDE

O0Lg O0Lg
- —D :
oxt K &L"i/

which satisfies boundary conditions.

=0, 8,y=1,...,m, (E—L)s

The theorem shows that if the system (E — L)s of PDSs has solutions, then
the minimizing function for the functional J (supposing it exists) lies between these
solutions.

Proof. Let us consider that z(t) is a solution of the above problem. It has to satisfy
the complete integrability conditions of the 1-form Lg(t, (t), x~(t))dt?, i.e.

OLgdx' 9Lz Oxl, OLg 0L, da’ 9L, Oxl, . OLa
dxt ot Oxl Ot ote  dxt ot dxl o8 OtF

Construct, nearly z(¢) another function having the form z(t) + eh(t), with
h(tp) = 0,h(t1) = 0. Here ¢ is a “little” parameter, and h is a “little” variation.
The functional becomes a function of ¢, i.e. an integral dependent on parameter,

J(e) = /F L (b, (t) + eh(t), 2 (£) + e (£)) b,

to,t1

We accept the variation h satisfies the complete integrability conditions on 1-form
Lg (t,2(t) + eh(t), . (t) + ch.(t)) dt’.
These conditions add PDEs
OLg O OLg Ol AL, dh' AL, Ohl
Ozt ot Jxl otc  Oxt tP - Oxl OtF’

which shows that the set of the functions h(t) is a vector space and the set of the
functions z(t) + eh(t) is an affine space. One imposes

L L
d _(...)_/ aﬁh]+3gh] dtP
e=0 Ciy,tq Ox? 8377

0= —J(e)
_BT+/ a—L‘?_DaLﬂ K dtP,
Ft():tl 83’}7 3337

de
where D, is the total derivative operator acting by the rule

D (%hﬂ') = WD, <6L5> L ap b
v J

O0x?, o, o,
Let us add the hypothesis

A 8 A a
<h ozl ) <h ozl 7) ’
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which restricts the vector space of the variations h(f) to a subspace. Then on
boundary we can evaluate

OLg ., . Ly Ly
BT = / D, | =2hi ) datf = / Dy OLy 13\ g — VL
Loty o, Loty da?, o,

The terms BT vanish since h(tg) = 0, h(t;) = 0. It remains

OL OL ,
0:/ =8 _ D20 i atP
Tto .ty Oz 6%2),

Since the curve I'y, 4, is arbitrary, we find the PDEs system involved in theorem. [J

t1

to

For other ideas regarding the path independent curvilinear functional, see [5]-
[10].

6. THE HYPERBOLIC PRIMITIVE OF A LAGRANGIAN

Let be the parallelepiped €2, ; C R and the smooth Lagrangian L(t, z(t), z(t)),
t € R". The hyperbolic primitive of L has the form

O(t) = /Q L(s,2(s),2,(s)) ds ...ds™, ®(tg) =0,

1) = Lt x(t). 24 (1) D(t0) = 0.

If would exist a Lagrangian-like hyperbolic primitive

K(t,z(t),z(t)) = /Q L (s,2(s),z~(s)) ds'...ds™, K (to, z(to), z,(t9)) = 0,

then Dy... Dy, K = L.

7. NULL LAGRANGIANS AND THE TOTAL DERIVATIVE

There exist Lagrangians whose Euler-Lagrange ODE are satisfied identically. If
this case, each functions may be an extremal one and such a Lagrangian is called null
Lagrangian. The definition of null Lagrangians does not depend upon the choosing
of coordinate system. Generally, a Lagrangian having the form L(¢t,x(t),4(t)) =
DK (t,z(t)) is a null one because

t1
/ L(t, (t), &(t))dt = K (t, (1)),

to
i.e. the integral depends upon the values of the function z(¢) taken on the bound-
ary only and it is not affected by variations h(t). Fortunately, these only are null
Lagrangians.

Theorem 7.1 ([3]). A Lagrangian L(t,x(t),2(t)), t € Ry is a null one if it is a
total derivative.
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Proof. Suppose that it exists a Lagrangian K = K(t,z(t),%(t)) with L = D,K.
Obviously, L is a second order Lagrangian. The Euler-Lagrange equations

oL oL oL
— D DiDi— =0
o toai Tt g
are satisfied identically, i.e. L = D;K is a null Lagrangian.
Conversely, suppose the Fuler-Lagrange equations of the Lagrangian
L(t,z(t),z(t)), t € Ry are satisfied identically.
Construct the function f(e) = L(t, ex(t), ex(t)) and note u(t) = ex(t). Calculate

the derivative
i o fL‘i 8L 8L
de? Gul

or, using the total derivative of a product,

i (oL oL oL oL
=l = (athau>+Dt( aw)‘Dt <‘” aal)'

Integrating we have

L .oL
L(t, (1), 2 (t) — L(1,0,0) = D, / o de.

Moreover, it exists a function k with Dk = L(t,0,0). So
L(t,z(t),z(t)) = Dik + DK

here K = . 0
where / 8u1

8. NULL LAGRANGIANS AND THE TOTAL DIVERGENCE
Theorem 8.1. The tensor

oL oL
71 = 22§ .
5= g5 %x;

represents a conservation law with respect to Fuler-Lagrange evolution

OL OL

ar  P1oa =

Proof. Let us prove that Euler-Lagrange derivative is the curvilinear primitive of a
divergence. Indeed, the tensor Tgi satisfies

D.1}, - D; <8L oL > |

ox* 7 8:1:Z7
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There exist Lagrangians whose Euler-Lagrange equations are satisfied identi-
cally. If this case, each functions may be an extremal one and such a Lagrangian
is called null Lagrangian. The definition of null Lagrangians does not depend upon
the choosing of coordinate system.

Let be S = 092 and n the normal versor to S. If a Lagrangian can be written
as a total divergence L(t,x(t),2(t)) = Div P(t,z(t)), then by the theorem of the
divergence we obtain

/Lﬁ%dﬁ:/thwnmm:/}%ms
Q Q o0

In other words, the Euler-Lagrange equations are satisfied identically because the
functional depends upon the values of the function z(t) taken on the boundary only
and it is not affected by variations h(t). So the Lagrangian L = Div P is a null one.
Fortunately, only the Lagrangians as a total divergence are null Lagrangians.

Theorem 8.2 ([3]). A Lagrangian L(t,x(t),xz,(t)), t € R is a null one if it is a
total divergence.

Proof. Suppose it exists a vectorial field P = (P7), PY = P7(t,z(t),z,(t)) with
L = Div P = D,P7. Obviously L is a second order Lagrangian. The Euler-Lagrange
equations

% — Dy— oL + DD, oL
x (91: 7 0’ ;"
are satisfied identically. So the Lagrangian L = Div P is a null one.
Conversely, suppose the Fuler-Lagrange equations of the Lagrangian
L(t,x(t),2(t)), t € Ry are satisfied identically.
Construct the function f(e) = L(t,ex(t),ex(t)) and note u(t) = ex(t). Calculate
the derivative

=0

if— iai+ aL
de’ T 7auz

and using the divergence of a product

oL oL . 0L . 0L

Integrating, we found

L oL
L(t,:p(t)jxy(t)—L(t,O,O):DW/ o2 e
0 au,y

Moreover, it exists a vector p with divp = L(¢,0,0). So
L(t,x(t),xz(t)) = divp + Div P,

; OL

de. O
auZ

1
where P = (P7), P = /
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Proposition 8.1. A null Lagrangian L is the primitive of the closed Lagrange 1-

form
oL 0z' OL
— 4+ D, | =——=—| | dt°.
<8#’+ '7<0#18xg>>

Proof. Calculating we have successively
OL QL dx* 9L dxl\
dL(t,2(t), 7, (1)) = (é)t *oriow ax;ata> at

oL oL L\ Oz oz OL
= —dt° - — D - o D —_— n @
gro 1 T (835’ ”m«;) gro 1t T D (ata axzy) dt

oL dx' OL N

Open problem. What we can say about the Legendre duality when the
Lagrangian is null?

O

9. NULL LAGRANGE FORMS AND TOTAL DERIVATIVES

In the multi-time case, there exist closed Lagrange 1-forms whose Euler-Lagrange
equations are satisfied identically. If this case, each functions may be an extremal
one and such a Lagrange 1-form is called null. The definition of null Lagrange
1-forms does not depend upon the choosing of coordinate system.

If a Lagrange 1-form can be written as L, = D,L, then

/ Lodt® = D, L dt®
r

tot1 Ttoty

oL oL . oL
. O o OF i 4 0% gy
/f ot T g T gal M

tg,x(tg),z (to);t1,z(t1),z~ (1)
t
= L(t,z(t), 24(1))] , -
In this case the functional depends upon the values of the function z(¢) taken on the
boundary only and it is not affected by variations h(t). Hence the 1-form L, = D, L
is a null one. Fortunately, these only are null Lagrange 1-forms.

Theorem 9.1. A closed Lagrange 1-form Lo(t, 2(t), x,(t))dt*, t € R is a null one
if it is a total divergence.

Proof. Suppose it exists a Lagrangian L(t,z(t), z,(t)) with Lo, = Do L. Then L,dt®
is a Lagrange 1-form of the second order. The Euler-Lagrange equations
0L, OLq OLqa

- — D) -+ DyD -
I x| 783@&

=0

~
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are satisfied identically.
Conversely, suppose the Euler-Lagrange equations of the closed Lagrange 1-
form Lo (t,z(t),z4(t)), t € R are satisfied identically. Construct the functions

fa(e) = Lo (t,ex(t),ex,(t)) and note u(t) = ex(t). Calculate the derivatives
d fo = ;OLo 0L,
at’ =" e T dul,

and using the divergence of a product

d . (0La . 0L, OLa) (0L

Integrating, we found

1
La(t,2(t), () = La(t,0,0) = D, /0 7

oL
aug de = D, P].

Moreover, it exists a function p with Dy p = L4(¢,0,0). So
Lo (t,2(t),2+(t)) = Dap+ DyP.
]

Corollary 9.1. The total divergence of a tensor of type (1,1) is the total derivative
of a function.

Proof. Each Lagrange 1-form of as D, K dt“ (total derivative) is a null one. By
virtue of the previous theorem, this total derivative is in the same time a total
divergence. O

Proposition 9.1. If L,dt* is a null Lagrange 1-form, then the Lagrange 1-forms
0L, 0z’ OLg,
— 4+ Dy | =——+ | | dt*®
(atﬁ + (atﬁ axz))

Proof. The following equalities lied us to the result.

oL OLg Ozt  dLjz Ox! N
¥

_ <8La OLy 0z 0L, ax@) o

are exact.

017 " 92l 08 0t 017

OLa .. <8La 8La> o
= gy

~otP oxi 7 0xi ) 0tP

0L, Ox' 0L, o
- (atﬁ Dy (ww)) -

o 0x' 0L\ .,
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Proposition 9.2. If L,dt* is a Lagrange 1-form which satisfies the multi-time anti-
trace Euler-Lagrange-like equations

oL oL
25— D * =0
ort P A oxl, ’

0L 02 9L,
9% | p, (22 %La)) ) go
(atﬁ s <aﬂ ax;» dt

Proof. By direct calculation, we find

OLg OLsdx' 9Lz 0zl \ |
ot " out ot " ous ot ) "

then the Lagrange 1-forms

are exact.

dLs(t, (1), 2,(t)) = (

— %_’_%@4_%% dt®
S\ o8 oxt orP T dxl otP

0L, OLo 01 . OLa\ .4 0r' 0L\ .,

= o <8xi8tﬁ_x7D58x%> at" + Dp (atv a@)dt
oL, OLa o OLa\ .4 821 OLa\ ..
=57 +x <az(5 Dﬁa )dt +Dﬂ<8t78aﬁ%>dt

0L, 0x' 0L,
=| =5 +Dg dt”.
( op + <8t“f o >>
Open problem. What one can obtain from the relation

oL, OL, OL, 0L, oL, oL,
D - D - = T_D Dg —D,—— 7
”( (a%‘s ﬁax@)) & (6@5 5 o >+$ (a% ”6x;>
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