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HIGHER ORDER GEOMETRY ON ALMOST LIE STRUCTURES

PAUL POPESCU AND MARCELA POPESCU

Abstract. Lifting of almost Lie structures to higher order using connections are
constructed. In the case of algebroids and Lie algebroids the lifts are canonical.

1. INTRODUCTION

The present paper is a natural continuation of [18], where the basic geometric
structures of higher order anchored vector bundles (vertical vector bundles, connec-
tions, semi-sprays) are defined. The next step is considered in this paper, where
the almost Lie structures of higher order are constructed. The relation between the
almost Lie structures of higher order and the vector bundles constructed in [18] are
related by some isomorphisms which depend on the almost Lie structures, in the
case of order one and two; the general case is still a mystery for us.

An anchored vector bundle (AVB) (or a relative tangent space, see [14, 17])
is a couple (θ,D), where θ = (E, p,M) is a vector bundle and D : θ → τM is a
vector bundle morphism called an anchor (an arrow, or a tangent map). The vector
bundle τM = (TM, p0,M) is the tangent bundle of M . For example, if θ is a vector
subbundle of τM and i : θ → τM is the inclusion morphism, then (θ, i) is an AVB.

A bracket (or a Lie map) on an AVB (θ,D) is a map [·, ·] : Γ(θ)× Γ(θ) → Γ(θ)
which enjoys the properties that it is bilinear over R, is skew symmetric and

[X, fY ] = (DX)(f)Y + f [X,Y ], (∀)X,Y ∈ Γ(θ) andf ∈ F(M).

An almost Lie structure (ALS) is a triple (θ,D, [·, ·]θ). Linear and non-linear
connections associated with AVB’s and ALS’s are studied for the first time in [14, 15],
where they are called R-connections. The (non)linear R-connections are known as
Wong connections [20] and they were recently considered for example in [5] and [6].

An algebroid is an ALS (θ,D, [·, ·]θ) which enjoys the property that
[DX,DY ] = D[X,Y ]θ, (∀)X,Y ∈ Γ(θ), where the first bracket is the Lie bracket on
X(M). A Lie algebroid is an algebroid (θ,D, [·, ·]θ) which has a null Jacobiator, i.e.

J(X,Y,Z) ≡
∑
cicl.

[
[X,Y ]θ, Z

]
θ
= 0, (∀)X,Y,Z ∈ Γ(θ).
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The linear R-connections defined using Lie algebroids are used in [4] (where they
are called A-connections).

A theory of higher order spaces and geometric structures is considered in [7, 9].
We use the point of view of these papers concerning higher order extensions, and
also the local calculus, which is used in the mainly part of the basic constructions.

We consider below some cases where the constructions in our paper applies, the
same as in [18].

1. Let M be a smooth manifold. Any subbundle θ ⊂ τM defines an anchored
vector bundle.

2. A Lie algebroid.
3. Let M be a smooth manifold. Let M be a smooth manifold and

{·, ·} : F(M) × F(M) → F(M)

be a Poisson bracket. It is well-known that the association df → Xf (the hamiltonian
vector field which correspond to a real function f ∈ F(M) is given byXf (g) = {f, g})
extends to an anchor D : τ∗M → τM . The bracket of functions defines also by
extension a bracket of real forms. A Lie algebroid is defined in this way on τ∗M .

4. Let M be a smooth manifold. A two-vector field P ∈ Λ2(M) define an anchor
D : τ∗M → τM . In particular, if ω comes from the inverse of a symplectic form on
M , then a (non-singular) Poisson bracket follows (thus 3 applies).

5. Let M be a smooth manifold. The canonical symplectic form on T ∗M defines
an anchor D : τ∗T ∗M → τT ∗M (thus 4 applies).

The first section contains the basic constructions of the prolongations of order
r ≥ 2 of an AVB and the other vector bundles associated with these prolongations, as
studied in the first section of [18]. Anchored vector bundles, connections and almost

Lie structures of higher order, as well as isomorphisms of the vector bundles ξ(r)

and η(r) for r = 1, 2, depending on the almost Lie structures, are considered in the
second section. The Appendix explains the simple construction of an isomorphism
of the middle therm of two exact sequences of vector bundles, used in the paper.

2. THE R-PROLONGATIONS OF AN ANCHORED VECTOR BUNDLE

Let (θ,D) be an anchored vector bundle. We define θ(0) = M , i.e. the trivial
vector bundle over M , and θ(1) = θ = (E, π,M) = (E(1), π(1), E(0)). Assume that

{gα′
α (xi)} is the cocycle (structural functions) of E. Thus, on the intersection of two

domains of two adapted charts, the local coordinates on E(1) change according to
the rules

xi
′
= xi

′
(xj), y(1)α

′
= gα

′
α y(1)α.

Consider now the local vector field on E(1) defined by Γ(1) = y(1)βDi
β

∂

∂xi
. The

association to an open domain of the adapted coordinates with the local vector field is
called in [19] a vector pseudofield. We define the affine bundle θ(2) = (E(2), π(2), E(1))
using, for the coordinates on the fibers, the change rules

2y(2)α
′
= 2gα

′
α y(2)α + Γ(1)(y(1)α

′
).



Higher order geometry on almost Lie structures 99

Assuming, for r≥2, that the affine bundles θ(0), θ(1), . . . , θ(r)=(E(r−1), π(r−1), E(r−2))

and the vector pseudofields Γ(0), Γ(1), . . . ,Γ(r−1) has been defined, we define:

(1) the affine bundle θ(r) = (E(r), π(r), E(r−1)), according to the formula:

ry(r)α
′
= Γ(r−1)(y(r−1)α′

) + ry(r)βgα
′

α

for the change rule of the coordinates on the fibers of E(r)and
(2) the vector pseudofield Γ(r) (on E(r)) according to the formula

Γ(r) = Γ(r−1) + y(r)β
∂

∂y(r−1)β
.

It is easy to see that
∂y(r)α

′

∂y(r)α
= gα

′
α , (∀)r ≥ 1.

It follows that the change rule of the coordinates on the manifold E(r) is:

y(1)α
′
= gαβ y

(1)β ,

2y(2)α
′
= y(1)βDi

β

∂y(1)α
′

∂xi
+ 2

∂y(1)α
′

∂y(1)β
y(2)β ,

...

ry(r)α
′
= y(1)βDi

β

∂y(r−1)α′

∂xi
+ 2y(2)β

∂y(r−1)α′

∂y(1)β
+ · · ·+

+(r − 1)y(r−1)β ∂y
(r−1)α′

∂y(r−2)β
+ ry(r)β

∂y(r)α
′

∂y(r)β
.

Proposition 2.1. The bundles θ(r) = (E(r), π(r), E(r−1)), r ≥ 1, are affine bundles.

Proof. See [18, Proposition 1.1]. �

The local adapted coordinates on E(r), r ≥ 0, used above, are called adapted.
An important particular case is obtained when θ = τM is the tangent bun-

dle of M (i.e. E = TM) and the anchor D = 1TM is the identity. In this case

(τM)(n) = T (n)M is the total space of the acceleration bundle of order k, studied
for example in [8, 9, 7].

Notice that for every r ≥ 1, using local coordinates which are adapted, the
natural local basis in TE(r) change according to the rules:

∂

∂xi
=

∂xj
′

∂xi
∂

∂xj′
+

∂y(1)β
′

∂xi
∂

∂y(1)β′ + · · · + ∂y(r)β
′

∂xi
∂

∂y(r)β′ ,

∂

∂y(1)α
=

∂y(1)β
′

∂y(1)α
∂

∂y(1)β′ + · · ·+ ∂y(r)β
′

∂y(1)α
∂

∂y(r)β′ , (2.1)

...

∂

∂y(r)α
=

∂y(r)β
′

∂y(r)α
∂

∂y(r)β′ .
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On the intersection of two domains of coordinates one has:

Γ̄(r) = Γ(r) − Γ(r)(y(r)α
′
)

∂

∂y(r)α
′ . (2.2)

Indeed,

Γ(r) = y(1)βDi
β

∂

∂xi
+ 2y(2)β

∂

∂y(1)β
+ · · ·+ ry(r)β

∂

∂y(r−1)β

= y(1)βDi
β

(
∂xj

′

∂xi
∂

∂xj′
+

∂y(1)β
′

∂xi
∂

∂y(1)β
′ + · · ·+ ∂y(r)β

′

∂xi
∂

∂y(r)β
′

)

+2y(2)β

(
∂y(1)β

′

∂y(1)α
∂

∂y(1)β
′ + · · ·+ ∂y(r)β

′

∂y(1)α
∂

∂y(r)β
′

)
+ · · ·+

+(r − 1)y(r−1)β

(
∂y(r−1)β′

∂y(r−1)α

∂

∂yr−(1)β′ + · · ·+ ∂y(r)β
′

∂y(r−1)α

∂

∂y(r)β
′

)

+ry(r)αgβ
′

α

∂

∂y(r)β′ = y(1)β
′
Di′

β′
∂

∂xi′
+ 2y(2)β

′ ∂

∂y(1)β′ + · · ·+ ry(r)β
′ ∂

∂y(r−1)β′

+Γ(r)(y(r)β
′
)

∂

∂y(r)β′ = Γ̄(r) + Γ(r)(y(r)β
′
)

∂

∂y(r)β′ .

Lemma 2.1. The equality

∂y(r+1)α′

∂y(u)β
=

∂y(r)α
′

∂y(u−1)β
, (2.3)

holds for 2 ≤ u ≤ r + 1.

Proof. See [18, Lemma 1.1]. �

3. THE HIGHER ORDER ANCHORED VECTOR BUNDLES
AND ALMOST LIE STRUCTURES

We call the vector subbundle kerπ
(r)
∗ ⊂ τE(r) the partial r-vertical bundle of the

anchored vector bundle (θ,D). We call it partial in order to distinct from a total
r-vertical bundle, defined as follows.

Let us consider the sequence of applications

E(r) π(r)→ E(r−1) π(r−1)→ E(r−2) → · · · → E(1) π(1)→ E(0) = M.

Then Π(r) = π(1) ◦ π(2) ◦ · · · ◦ π(r) define a fibered manifold (E(r),Π(r),M) over the

base M , for every r ≥ 1. We say that the vector subbundle V θ(r) = kerΠ
(r)
∗ ⊂ τE(r)

is the total r-vertical bundle.

Proposition 3.1 ([18], Proposition 1.1). There is a vector bundle

ξ(r) = (F (r), p
(r)
0 , E(r)), over E(r),
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such that the total r-vertical bundle V θ(r+1), over E(r+1), is canonically isomorphic
with the vector bundle

(
π(r+1)

)∗
ξ(r).

Proof. On the same intersection domains(
Π(r+1)

)−1
(U) ∩

(
Π(r+1)

)−1
(Ū) =

(
Π(r+1)

)−1
(U ∩ Ū) ⊂ E(r+1),

of local adapted charts on E(r+1), the structural functions of the vertical bundle

kerΠ
(r+1)
∗ are the local matrices:

MŪ∩U =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂y(1)α
′
0

∂y(1)β0
0 · · · 0

∂y(2)α
′
1

∂y(1)β0

∂y(2)α
′
1

∂y(2)β1
· · · 0

...
...

...

∂y(r+1)α′
r

∂y(1)β0

∂y(r+1)α′
r

∂y(2)β1
· · · ∂y(r+1)α′

r

∂y(r+1)βr

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂y(1)α
′
0

∂y(1)β0
0 · · · 0

∂y(2)α
′
1

∂y(1)β0

∂y(1)α
′
1

∂y(1)β1
· · · 0

...
...

...

∂y(r+1)α′
r

∂y(1)β0

∂y(r)α
′
r

∂y(1)β1
· · · ∂y(r)α

′
r

∂y(r)βr

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3.1)

It is easy to see that the component local functions of these matrices do not
depend on the variables {y(r+1)α, α = 1,m}, thus the matrices MŪ∩U are induced by
the local matrices MŪ∩U , which have the same form, but defined on the intersection

domains
(
Π(r)

)−1
(U) ∩ (Π(r)

)−1
(Ū) =

(
Π(r)

)−1
(U ∩ Ū) ⊂ E(r). Thus there is a

vector bundle ξ(r) = (F (r), p
(r)
0 , E(r)), over E(r), as required. �

3.1. Anchored vector bundles of higher order. Let us consider an other an-
chored vector bundle (μ, ρ), where μ = (Q, q,M) is a vector bundle and ρ : μ → τM
is the anchor. Let consider the fibered product TE(r) ×TM Q, the canonical pro-
jection Λ(r) : TE(r) ×TM Q → TE(r) and λ(r) : TE(r) ×TM Q → E(r) obtained as
λ(r) = u(r) ◦ Λ(r), where u(r) : TE(r) → E(r) is the canonical projection.

Proposition 3.2. There is a vector bundle η
(r)
μ = (TE(r) ×TM Q,λ(r), E(r)) and

(η
(r)
μ ,Λ(r)) is an anchored vector bundle.

If μ = θ and ρ = D (i.e. (μ, ρ) is the initial anchor bundle (θ,D)), then we

denote η
(r)
μ = η(r). It follows the anchored vector bundle (η(r),Λ(r)).
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An other important case arise for an almost Lie structure. Let us suppose that
(θ,D, [·, ·]θ) is an almost Lie structure on θ. The local components of the bracket
[·, ·]θ are the local functions {Bα

βγ} on E (the total space of θ), defined by the

relations [sβ, sγ ]θ = Bα
βγsα. The formula

Γ(θ ⊗ θ) � X ⊗ Y → D(X,Y ) = [D(X),D(Y )]−D([X,Y ]θ) ∈ X(M)

define an anchor on the vector bundle θ ⊗ θ (since D is skew symmetric, it can be
considered, as well, a bracket on the exterior product vector bundle θ ∧ θ). If the
almost Lie structure is an algebroid or a Lie algebroid, then D = 0. It follows the
anchored vector bundle (θ ∧ θ,D).

Using local coordinates, the local structural functions of the vector bundle η
(r)
μ

on a domain
(
Π(r)

)−1
(U) ∩ (Π(r)

)−1
(Ū ) =

(
Π(r)

)−1
(U ∩ Ū) ⊂ E(r) are

C
(r)

Ū∩U =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

hab 0 · · · 0

ρib
∂y(1)α

′
1

∂xi
∂y(1)α

′
1

∂y(1)β1
· · · 0

...
...

...

ρib
∂y(r)α

′
1

∂xi
∂y(r)α

′
r

∂y(1)β1
· · · ∂y(r)α

′
r

∂y(r)βr

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (3.2)

where (hab )a,b=1,m1
are the structural functions on U ⊂ M .

For η(r) the structural functions have the form:

AŪ∩U =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

g
α′
0

β0
0 · · · 0

Di
β0

∂y(1)α
′
1

∂xi
∂y(1)α

′
1

∂y(1)β1
· · · 0

...
...

...

Di
β0

∂y(r)α
′
1

∂xi
∂y(r)α

′
r

∂y(1)β1
· · · ∂y(r)α

′
r

∂y(r)βr

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3.3)

For every r ≥ 1 there is a natural π(r)-epimorphism p(r) : ξ(r) → ξ(r−1) of vector
bundles. In an analogous way one can define an π(r)-epimorphism q(r) : η(r) → η(r−1).
The vector subbundles ker p(r) ⊂ ξ(r) and ker q(r) ⊂ η(r) are both isomorphic with

the vector subbundle ker π
(r)
∗ ⊂ τE(r), called here the partial r-vertical bundle of

the anchored vector bundle (θ,D). We call it partial in order to distinct from
the total r-vertical bundle, defined previously. We can also consider, for u = 1, r,

Π
(r)
u = π(u) ◦ π(u+1) ◦ · · · ◦ π(r) and the vector subbundles

ker
(
Π(r)

r

)
∗
⊂ ker

(
Π

(r)
r−1

)
∗
⊂ · · · ⊂ ker

(
Π

(r)
1

)
∗
= kerΠ

(r)
∗ ⊂ τE(r)

(they are involutive subbundles of τE(r)). Analogously to the partial r-vertical

bundle, these vector bundles can be also obtained as a subbundles of ξ(r) and η(r),

as follows. The vector subbundle kerP
(r)
u ⊂ ξ(r), for 1 ≤ u ≤ r, defined by the vector
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bundle epimorphism P
(r)
(u) = p(u)◦· · ·◦p(r) : E(r) → E(1) = E, is obviously isomorphic

with the total r-vertical bundle ker
(
Π

(r)
u

)
∗
; we denote it as V θ

(r)
(u). Analogously one

can consider the vector subbundle V η
(r)
(u)

, isomorphic with the vector subbundle

V θ
(r)
(u). for every 1 ≤ u ≤ r. Notice that:

(1) the canonically isomorphic vector bundles V θ
(r)
(1)

not.
= V θ(r) and V η

(r)
(1)

not.
=

V η(r) are isomorphic with the total r-vertical bundle and
(2) for any anchored vector bundle (μ, ρ), one can consider the total r-partial

bundle V η
(r)
μ(u), isomorphic with the vector bundle V η

(r)
(u); particularly the

vector bundle V η
(r)
μ(1) is isomorphic with the total r-vertical bundle.

In the case when θ = τM is the tangent bundle of M , the vector bundles ξ(r) and
η(r), are equal. In general they are different, but isomorphic (see 4.1 in Appendix).
Nevertheless, there is not a canonical isomorphism of these vector bundles. In the
next section we show that for r = 1 and r = 2, an adapted almost Lie structure on
ξ(r) define an isomorphism of the vector bundles ξ(r) and η(r). It seems that this
fact is also true for r ≥ 3, but we have not yet a proof.

3.2. Connections on anchored vector bundles. In the sequel we use the previ-
ous notations.

A connection on η
(r)
μ is equivalently given by

(1) a left splitting of the inclusion i : V θ(r) ∼= V η
(r)
μ(1) → η

(r)
μ of the total r-vertical

subbundle (i.e. a vector bundle map C : η
(r)
μ → V θ(r), called the r-connection

map) such that C ◦ i = 1V θ(r)) or

(2) a vector subbundle Hη
(r)
μ of the vector bundle η

(r)
μ (called the r-horizontal

bundle), such that η
(r)
μ = V θ(r) ⊕Hη

(r)
μ (Whitney sum).

The link between the connection map C and the horizontal vector bundle Hθ(r)

is Hθ(r) = kerC.
In local coordinates, consider a base {s(0)a, s(1)α, . . . , s(r)α}a=1,m1,α=1,m of local

sections on η
(r)
μ given by some adapted coordinates, corresponding to the structural

functions (3.2).
The connection map C has the local form:

C(s(0)a) =N
1

β
as(1)β + · · ·+ N

r

β
as(r)β, C(s(1)α) = s(1)α, . . . , C(s(r)α) = s(r)α.

The local functions N
1

β
a , . . . N

r

β
a are called the local coefficients of the connection.

It follows that the local sections {t(0)a}a=1,m1
defined by

t(0)a = s(0)a− N
1

β
as(1)β − · · · − N

r

β
as(r)β
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are a local base of the sections on Hη
(r)
μ . On the intersection of two local domains

on E(r), these local sections change according to the rule t(0)a = hba t̄(0)b. Notice that

the r-horizontal vector bundle Hθ(r) is isomorphic with each of the following vector
bundles:

(1) the quotient vector bundle η
(r)
μ /V θ(r) and

(2) the induced vector bundle (Π(r))∗μ, where Π(r) : E(r) → M is the canonical
projection.

Two coordinate systems change on TE(r) ×TM Q (the total space of

η
(r)
μ = (TE(r) ×TM Q,λ(r), E(r))) according to the rules

s(0)a = hb
′
a s̄(0)b′ + ρia

∂ȳ(1)β
′

∂xi
s̄(1)β′ + · · · + ρia

∂ȳ(r)β
′

∂xi
s̄(r)β′ ,

s(1)α =
∂ȳ(1)β

′

∂y(1)α
s̄(1)β′ + · · ·+ ∂ȳ(r)β

′

∂y(1)α
s̄(r)β′ , (3.4)

...

s(r)α =
∂ȳ(r)β

′

∂y(r)α
s̄(r)β′ .

Hence, the local components N
1

β
a , . . . , N

r

β
a of a connection change according to the

rules:

ha
′

a N
1

α′
a′ =

∂ȳ(1)α
′

∂y(1)α
N
1

α
a − ρia

∂ȳ(1)α
′

∂xi
,

ha
′

a N
2

α′
a′ =

∂ȳ(2)α
′

∂y(2)α
N
2

α
a +

∂ȳ(2)α
′

∂y(1)α
N
1

α
a − ρia

∂ȳ(2)α
′

∂xi
,

...

ha
′

a N
r

α′
a′ =

∂ȳ(r)α
′

∂y(r)α
N
r

α
a + · · ·+ ∂ȳ(r)α

′

∂y(1)α
N
1

α
a − ρia

∂ȳ(r)α
′

∂xi
.

The above formulas show that it is possible that a connection be constructed
inductively. In this case, for a given 1 ≤ k ≤ r, the local functions {N

k

α
a} depend

only on the coordinates {xi, y(1)α, . . . , y(k)α}i=1,n,α=1,m.

3.3. Almost Lie structures of higher order. We briefly recall the constructions
performed in [14, 15, 16], which are extended in this subsection.

Let (D, θ) be an anchored vector bundle, θ = (E, p,M) and D : θ → τM =
(TM, p0,M). An R-connection defined by (D, θ) on an fibered manifold ξ = (F, π,M)
was considered in [14]. In particular ξ may be a vector bundle as in [16]. Con-
sider the vector bundle Eξ = (EF, p1, F ), over the base F , which has as total
space EF = E ×TM TF , i.e. the fibered product obtained using D : E → TM
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and π∗ : TF → TM . The natural projection Δ: E ×TM TF → TF becomes an an-
chor. Using local coordinates (xi) on U ⊂ M , (xi,Xα) on p−1(U) ⊂ E, (xi, ya) on
π−1(U) ⊂ F and (xi, ya,Xα, Y b) on (π ◦ p1)

−1(U) ⊂ EF , the local form of Δ is
given by the local matrices

ΔU =

(
Di

α 0
0 δab

)
.

The natural projection Π: EF → F defines an epimorphism of vector bundles
Π: Eξ → θ. The vertical bundle V ξ = kerπ∗ and the vector bundle kerΠ = V Eξ
are isomorphic. A left splitting C : Eξ → V Eξ of the inclusion i : V Eξ → Eξ is an
R-connection on ξ.

In [15] was defined an adapted almost Lie structure, corresponding to the anchor
Δ, having the form as follows. Let us denote as {sα}α=1,m the local base of sections

on θ and {s̄α, Sβ}α,β=1,m the local base of sections on Eξ. Let us suppose that

(θ,D, [·, ·]θ) is an almost Lie structure on θ. The local components of the bracket
[·, ·]θ are the local functions {Bα

βγ} on E (the total space of θ), defined by the

relations [sβ, sγ ]θ = Bα
βγsα. The formula

Γ(θ ⊗ θ) � X ⊗ Y → D(X,Y ) = [D(X),D(Y )]−D([X,Y ]θ) ∈ X(M)

define an anchor on the vector bundle θ ⊗ θ (since D is skew symmetric, it can be
considered, as well, a bracket on the exterior product vector bundle θ ∧ θ). If the
almost Lie structure is an algebroid or a Lie algebroid, then D = 0. According to
[15, 16], an adapted almost Lie structure on Eξ is defined by an R-connection on
θ, using the anchored vector bundle (θ ⊗ θ,D). Using local adapted coordinates, if
Cα
βγ(x

i, y(1)α) are the local components of the R-connection, then

[s̄β, s̄γ ]Eξ = Bα
βγ s̄α + Cα

βγSα, [s̄β, Sγ ]Eξ = [Sβ, Sγ ]Eξ = 0.

If θ is an algebroid or a Lie algebroid (i.e. D = 0), then one take Cα
βγ = 0; in fact it

is the only situation when these coefficients vanish.
We consider now the general case r ≥ 1. We are going to construct brackets

[·, ·]η(r) , using the anchor Δ(r) on η(r).

The case r = 1 is that of the almost Lie structure (θ = η(1),D = Δ(1), [·, ·]θ).
The case r = 2 is that of an adapted almost Lie structure (η(2),Δ(2), [·, ·]η)2) )

as described above, with ξ = θ, when Eξ = η(2). The adapted almost Lie structure
is defined in this case by an R-connection on θ, using the anchored vector bundle

(θ ⊗ θ,D), i.e. an connection in the bundle η
(2)
θ⊗θ.

We suppose that the adapted almost Lie structure (η(k),Δ(k), [·, ·]η(k) ) was con-
structed for 2 ≤ k ≤ r−1, using the anchored vector bundle (θ⊗ θ,D), successively,
and the connections:

(1) C(2) on η
(2)
θ⊗θ, having as components

{
C
1

α
βγ

}
;

...
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(2) C(r−1) on η
(r−1)
θ⊗θ , having as components

{
C
1

α
βγ , . . . , C

r−1

α
βγ

}
.

The adapted bracket [·, ·]η(r−1) has the form

[s̄β, s̄γ ]η(r−1) = Bα
βγ s̄α+ C

1

α
βγS

(1)
α + · · ·+ C

r−1

α
βγS

(r)
α ,

[s̄α, S
(u)
β ]η(r−1) = [S

(u)
α , S

(v)
β ]η(r−1) = 0, (∀)α, β = 1,m, u, v = 1, r − 1.

Considering a connection C(r) on η
(r)
θ⊗θ, having as components

{
C
1

α
βγ , . . . , C

r

α
βγ

}
,

one construct, as in the case r − 1, the adapted bracket on η
(r)
θ⊗θ.

Notice that the following result is an immediate consequence of the above con-
structions.

Proposition 3.3. In the case when (θ,D, [·, ·]θ) is an algebroid (D = 0) or a Lie

algebroid (D = 0 and J = 0), the components of the connections C(1), C(2), . . . , C(r)

can be taken zero and the almost Lie structures (η(k),Δ(k), [·, ·]η(k) ), 1 ≤ k ≤ r − 1,
are algebroids, respectively Lie algebroids.

Since the constructions involving r-connections (and also r-Lagrangians and r-

sprays, as in [18]) are based in principal on the bundles η(r), it is necessary to find

some isomorphisms of the vector bundles ξ(r) and η(r).

3.4. Second and third order isomorphisms of the vector bundles ξ(r) and
η(r), defined by almost Lie structures. In this subsection we construct isomor-
phisms of the vector bundles ξ(r) and η(r) for r = 2 and r = 3, which depends only
on the adapted almost Lie structure. The general case r > 3 is still a mystery for
us.

According to the formulas (3.1) and (3.3), the cocycles of the vector bundles

ξ(2) and η(2) are given by the second order matrices:

MŪ∩U =

⎛
⎜⎝ g

α′
0

β0
0

∂y(2)α
′
1

∂y(1)β0
g
α′
1

β1

⎞
⎟⎠ (3.5)

and

AŪ∩U =

⎛
⎝ g

α′
0

β0
0

Di
β0

∂y(1)α
′
1

∂xi
g
α′
1

β1

⎞
⎠ . (3.6)

respectively. There are two exact sequences of vector bundles over E:

0 → V θ(1) → ξ(2) → p∗θ → 0,

0 → V θ(1) → η(2) → p∗θ → 0

Proposition 3.4. Let (θ,D, [·, ·]θ) be an almost Lie structure. Then there is an
isomorphism of the vector bundles ξ(2) and η(2) which depends only on the almost
Lie structure on θ.
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Proof. Using the Appendix, it suffices to find a left splitting of the exact sequence
0 → V θ(2) → (η(2) − ξ(2)) → p∗θ → 0, which depends only on the almost Lie struc-

ture. The structural functions of (η(1) − ξ(1)) are⎛
⎜⎝ g

α′
0

β0
0

Di
β0

∂y(1)α
′
1

∂xi
− ∂y(2)α

′
1

∂y(1)β0
g
α′
1

β1

⎞
⎟⎠ .

Using local coordinates, the local form of this splitting can be taken Nβ
α = Lβ

αγy(1)γ ,

where {Lβ
αγ} are the local components of the bracket [·, ·]θ. �

According to the formulas (3.1) and (3.3), the cocycles of the vector bundles

ξ(3) and η(3) are given by the third order matrices:

MŪ∩U =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

∂y(1)α
′
0

∂y(1)β0
0 0

∂y(2)α
′
1

∂y(1)β0

∂y(1)α
′
1

∂y(1)β1
0

∂y(3)α
′
2

∂y(1)β0

∂y(2)α
′
2

∂y(1)β1

∂y(2)α
′
2

∂y(2)β2

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(3.7)

and

AŪ∩U =

⎛
⎜⎜⎜⎜⎜⎜⎝

g
α′
0

β0
0 0

Di
β0

∂y(1)α
′
1

∂xi
∂y(1)α

′
1

∂y(1)β1
0

Di
β0

∂y(2)α
′
1

∂xi
∂y(2)α

′
r

∂y(1)β1

∂y(2)α
′
r

∂y(2)βr

⎞
⎟⎟⎟⎟⎟⎟⎠

(3.8)

respectively. There are two exact sequences of vector bundles over E:

0 → V θ(3) → ξ(3) → p∗θ → 0,

0 → V θ(3) → η(3) → p∗θ → 0

Proposition 3.5. Let (θ,D, [·, ·]θ) be an almost Lie structure. Then there is an
isomorphism of the vector bundles ξ(3) and η(3) which depends only on the almost
Lie structure on η(2).

Proof. Using the Appendix, it suffices to find a left splitting of the exact sequence
0 → V θ(3) → (η(3) − ξ(3)) → p∗θ → 0, which depends only on the almost Lie
structure. Using local coordinates, the local form of this splitting can be taken

Nβ
α = Lβ

αγy(1)γ , where {Lβ
αγ} are the local components of the bracket [·, ·]θ.
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The structural function of (η(3) − ξ(3)) are

MŪ∩U =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂y(1)α
′
0

∂y(1)β0
0 0

Di
β0

∂y(1)α
′
1

∂xi
− ∂y(2)α

′
1

∂y(1)β0

∂y(1)α
′
1

∂y(1)β1
0

Di
β0

∂y(2)α
′
1

∂xi
− ∂y(3)α

′
2

∂y(1)β0

∂y(2)α
′
2

∂y(1)β1

∂y(2)α
′
2

∂y(2)β2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

We must find some local functions which verify a relation (4.2) for the above
structural function. Consider a linear R-connection on θ related by the anchor D

on θ ⊗ θ, which defines an adapted almost Lie structure on η(2); denote the local
components of this linear R-connection by {Bα

βγ} and the local components of the

bracket [·, ·]θ by Lγ
αβ. We define

Nβ
α = y(1)θDi

θL
β
αγ,iy

(1)γ +Bβ
αθy

(1)θ + Lβ
αθy

(2)θ.

By a straightforward and long computation, one verify that these local functions
and those that have been found in the previous step, define a left splitting of the
exact sequence 0 → V θ(3) → (η(3) − ξ(3)) → p∗θ → 0, thus an isomorphism of the

vector bundles ξ(3) and η(3), which depends only on an adapted almost Lie structure
on η(1). �

4. APPENDIX

4.1. Isomorphisms of vector bundles and exact sequences.

Lemma 4.1. Let 0 → ξ1 → ξ2 → ξ3 → 0 and 0 → η1 → η2 → η3 → 0 be two
exact sequences of vector bundle over the same base. If ξ1 and ξ3 are isomorphic
to the vector bundles η1 and η3, respectively, then the vector bundles ξ2 and η2 are
isomorphic.

In fact, the vector bundles ξ2 and η2 are isomorphic with the Whitney sums
ξ1 ⊕ ξ3 and η1 ⊕ η3, the isomorphisms being given, for example, by two splittings
of the exact sequences. It is interesting that in fact there is sufficient to give only
one appropriate splitting. We prove that if ξ1 = η1 and ξ3 = η3, then in order to
get an isomorphism of ξ2 and η2, it suffices to consider only one splitting, but of an
other exact sequence. Since most of constructions performed in the paper use local
coordinates, let us consider some coordinates. The local coordinates on the base
can be chosen such that the corresponding cocycles of ξ1, ξ3, ξ2 and η2 are {(gα′

α )},
{(ha′a )},

{(
gα

′
α 0

ua
′

α ha
′

a

)}
and

{(
gα

′
α 0

va
′

α ha
′

a

)}
respectively . Then the change rules
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of these cocycles, on the intersection of two domains on the base are:

gα
′′

α′ gα
′

α = gα
′′

α ,

ha
′′

a′ h
a′
a = ha

′′
a ,

ua
′′

a = ua
′′

α′ gα
′

α + ha
′′

b′ u
b′
α ,

va
′′

a = va
′′

α′ gα
′

α + va
′′

b′ u
b′
α .

Notice that a splitting of the exact sequence 0 → ξ1 → ξ2 → ξ3 → 0 is uniquely
determined by a set of local functions {Na

α} defined of the domains of the adapted
coordinates, which change on the intersection of two domains according to the rule
Na′

α′gα
′

α = ha
′

a N
a
α − ua

′
a .

It is easy to see that {wa′
a = va

′
a − ua

′
a } defines a cocycle

{(
gα

′
α 0

wa′
α ha

′
a

)}
of

an other vector bundle over the same base, denoted as η2 − ξ2. It follows an exact
sequence of vector bundles of the form:

0 → ξ1 → (η2 − ξ2) → ξ3 → 0. (4.1)

Lemma 4.2. A splitting of the exact sequence of vector bundles (4.1) defines an
isomorphism of the vector bundles ξ2 and η2.

Proof. A left splitting of the exact sequence of vector bundles (4.1) has the following
local form on the fibres: (Xα, Y a) → (Y a + Na

αX
α). The change rule of the local

functions {Na
α} is

Na′
α′gα

′
α = ha

′
a N

a
α − (va

′
α − ua

′
α ). (4.2)

Consider on the same domain U of the base, the local matrix given by the formula

ΦU =

(
δα
β

0

Na
β δab

)
. The relation (4.2) shows that

(
gα

′
β 0

ua
′

β ha
′

b

)(
δβα 0
N b

α δba

)
=(

δα
′

β′ 0

Na′
β′ δa

′
b′

)(
gβ

′
α 0

vb
′
α hb

′
a

)
, thus the matrices ΦU define a global isomorphism of

the vector bundles ξ2 and η2. �
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